
Math 5110/6830Instructor: Alla BorisyukHomework 2.2Due: September 121. (dV 2.4.6) Verify the results, illustrated in class, for the second-iteratemap f2(x), where f(x) is the logistic map f(x) = r(1 � x)x. Namely, do thefollowing:a)Compute f2(x).b)Find the �xed points of f2(x). Verify that the non-trivial 2-cycle only existsfor r > 3.c)Compute ddxf2(x).d)Verify that the non-trivial 2-cycle is stable for 3 < r < 1 +p6, and unstablefor r > 1 +p6.The discrete-time logistic model that we have considered in class is from afamily of models that can be written asxn+1 = f(xn) = g(xn)xn:If xn is the population size, then g(xn) can be interpreted as the growth rate(number of o�springs per adult). If g(xn) 6= const, then the growth rate isdependent on the current population size or density-dependent. Di�erent modelswill assume di�erent type of dependence (form of g(x)). Logistic map is onepossible model. It has proven useful and is considered classical. However, as wediscussed in class, not all of its solutions exhibit logistic growth (that we saw inthe data) and for some parameter values the model does not make sense at all.In particular, for xn > K we have g(xn) < 0, which should not happen. Twomodels below overcome this by choosing di�erent form of g(xn).2. The Beverton-Holt Model. Considerg(xn) = r1 + r�1K xn ;with r > 0 and K > 0.a)Plot the graph of g(xn) and notice the di�erence with the logistic model.b)Find �xed points of this map.c)Study analytically the stability of the �xed points. Summarize your resultsin a bifurcation diagram.d)Verify your results from b) with cobwebbing (you'll need to draw separatepictures for several regions of r).e) Use your cobweb diagrams to sketch the solutions1



f) Based on your results so far, do you think there can be cycles and chaos inthis model?g) This model is one of the very few nonlinear ones for which the solution canbe written explicitly. Use the transformation u = 1xn to show thatxn = rx01 + rn�1K x0 :3. The Ricker Model. For this modelg(xn) = exp hr(1� xnK )i ;with r > 0 and K > 0.a)Plot the graph of g(xn) and notice the di�erence with the logistic model andsimilarity and di�erence with the Beverton-Holt model.b)Find �xed points of this map.c)Study analytically the stability of the �xed points. Summarize your resultsin a bifurcation diagram.d)Do cobwebbing and sketch the solution for some 0 < r < 2.e) Look at the setting for the cobwebbing for r > 2. Does is resemble the settingfor the logistic or Beverton-Holt model? What features determine that? Do youthink there will be cycles and chaos in this model as r increases?
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