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Statistics of Spread for the Geometric Distribution with g =01

When g =0.1. we have

- 0.1
Var(T) = = =90
Or = 80~ 949
, or
= %0949
E(T)

The large value of the coefficient of variation indicates that waiting is highly unpre-
dictabie, as experience with infrequent phone calls confirms.

S

We summarize these results in the following theorem.

A random variable 7 follows the geometric distribution when it measures the time until
the first success, where the probability of a success on each step is independent and
equal to ¢. The probability distribution g, and the cumulative distribution G, are

grm=gl{l—g)™!
Gr=1—(1-g)

The mean E(T}, median 7, and variance of are
1
E(T) = —
i
in(0.5)
In{1 —~g)

1y
U:;m-——wq %

q°

T =

The geometric distribution can be applied in the same wide array of cases as the
binomial distribution because the two result from the same process.

Waiting Time Until an Experiment Exactly Maiches a Desired Resuit

In Example 7.5.6, we studied a case where an experiment exactly maiches the most
probable result (in this case, of finding exactly 17 out of 50 molecules inside a cell} with
2 probability of p A2 0.1178. If we repeal this experiment untif we achieve that result,
the number of replicates 7' is governed by a geometric distribution with g ~=0.1178.
Then

i
E{T)= — ~ 8,487

i
(05
7= 20 55
n{l —g)
. I —g
of = 2 n63.54
=
o7 %7971 A

The Exponential Distribution

The exponential distribution is the continuous-time version of the geomeiric distribu-
tion, This disuibution describes a random variable measuring the exger time when a
molecule leaves a cell. Finding the disribution reguires writing and solving a differen-
tial equation,
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Differential equations are described by rates, and therate in this problem 1s the rute -
at which the molecule leaves. This probabilistic rate differs slightly from an ordinasy
rate. A molecule, after all, is either inside or outside at any given time and does not -
leak out the way a volume of fluld does. We define a probabilistic rate as a limt g
simnilar way, however.

If an event occurs at a probabilistic rate A, the probability that it occurs in the shon :
time At is approximaiely LAz, More precisely, if p{Ar) is the probability that an evert

L . At s
occurs in time Az, then lima, o p(m Ly [

Because p{Ar) represents a probability, which has no units or dimensions, a proba-
bilistic rate has dimensions of 1/time.

Application of the Definition of a Probabilistic Rate

Suppose an event occurs at a probabilistic rate of A =10.0/s. In the short fime Al
0.01 s, the event occurs with probability 10.0-0.01=0.1. g

The Definition of a Probabiiistic Rate Applies Only for Small Values of As

If an event occurs at the probabilistic rate of A = 10.0/s, and we wish to know the
probability that an event occurs during a time A7 = 0.5 s, the definition gives a prob-
ability of AAf=10.0-0.5=25.0, This is larger than 1 and cannot yepresent a real
probability. i

Let P(1) be the probability that the molecule is inside at time . Towritea differential |
equation, we must compute the probability that it is inside a short time Ar later. Much
as in the derivation of the geometric distribution, a molecule is inside at r + Ar if time
was inside at fime 7 and did not leave in the next Ar. That is,

{probability inside at 7 ++ At) = (probability inside at 7}
% {probability did not leave in time A7)
1f the molecule leaves at probabilistic rate A. the definition tells us that
probability it did leave in time A1 =241
for small values of Ar. Therefore,
probability it did not leave in time Ar =1 — A 47
For small values of As,
Pl A = P01 — AL

This equation becomes exact as A7 — 0. Directly taking the limit of both sides’
gives
fim P A= lim P — A4 vake Himit of hoth sides
A R
Pi+M=Pel-i-0 poth sides are coniinuous
{Section 2,35 substiinte A7 =0

Piny=F{t) evalunte hoth sides

This is true, but 1t tells us nothing about the dynamics of P(7).
Insiead. we rearrange the equation by placing all the Ar's on the left-hand side.

Plr+ A= PO — LA Al eguaton
Pir+ Aty PO — LATP

Pir+ A1) — Pl = A PO

Pl 4+ Ary — Pir)

At

iohi-hand side

= — AP
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Upon rearranging, the left-hand side matches the definition of the derivative (“Limits
and the Derivative”, Section 2.1). Therefore,

. P4 An-— Py 4P

- -

i T —
ATl At ot

Thus P(r) obeys the differential equation

daP
ez} P2
= AP(1}

We have seen this differential equation before, describing the decline of a popuiation
(Section 5.4). With the method of separation of variables, we found the sofution of this
differential equation (Section 5.4) to be

Piiy=Ke ™

The constant K must be deduced from the initial condition. In this case, we know
for certain that the molecule is inside at 1 =0, so P(Q)=1. Therefore, P(O1=1=
Ke V=K. .1=K. Theconstant K = 1, s0

Pity=e ™,

We defined P(1) as the probability that the molecule has not left by time 7. Finding
the cumulative distribution function (e.d.f.}, and the probability density function (p.d.f)
describing the time 7 when it leaves, requires a few more steps. If the molecule has
not left at some time 7, then the fime T at which it does leave must be greater than 7, or
7 = t. Therefore,

Pty=Pr(T >1}
The c.d.f. F{7). is defined by
Fuy=Pr(T <1}
the probability that 7 <7, Therefore,
Fity=1— Pty —e™

The probability density function is the derivative of the cumulative distribution function
{Bection 6.6), s0

Flry=Flo)=he™

We summarize these resuits in a theorem,

Suppose an event happens at a constant rate . The random variable T measuring the
time until the first event has probability density function f{7) and cumulative distribution
function F{1) with formulas

iy =he™

Fliy=1~¢"

‘This is called the exponential distribution.

The Behavior of the Exponential Distribution with 2 = 0.1

Suppose that a molecule Jeaves at rate 2 = (.1, Then the probability density funciion is
Flry=0.1e7 %Y

(Figure 7.6.422). This is the p.df we swdied in Examples 6.7.7 and 6.7.11. The

cumulative distribution funciion is

N s
Fiijmt — 7"



Il

ith &

W1

distributio

the exponential

g
Ding

)

Gt




Probability density function Cumulagve dis on function Probability molecule still inside

-

3
=
ey
fone]
e

Fin

Py

i
o
/
/
i

4 Aty 0.4

, . a2 |/ 0.2 ¢

b g2 04 06 08 o 02 04 06 0% | 6 02 04 06 08
i i

Fiouue 7644

Prohability density function, cumulative disuribution function, and survivorship function with 3 = 10.0

Using the probability density function, we can And the basic statistics that describe
this distribution.

Theorem 7.18  Suppose the random variable 7' foliows an exponential distribution with parameter .
Then

1
E(T)= -

p
F o n(2)
~

Proof: The expectation of T i

-

E(T) = f L

apeTH g e T
A i
) Ase T g ]
= lim - -
HES 7 A
i
IS
hiy
where the integral was evaluated using integration by paris. checked in Exercise 33
Integration by parts can again be used to compute the variance of 7 (Exercise 34} as
follows:
£
. ‘\-?af{?"szj 2 fnydr =BT
£ W /
i
i E& 1
e LRz
2 :
v :




