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igure 3.6. () Construciion of the veciar field for (3, 14, th) the 5...2.:.:_.h.h«ub._..bz.

Exanple 3.4.2 and onre Lpiced trajoctory: (¢) the nbledines wih vecion field ar the nudiclings,

3.4 Qualitative Analysis of 2 x 2 Systems

W this section, we develop & qualitaive theory for systems of two differential equations.
much in the spiril of Section 3.2, where we introduced phase-line and vector-field analysis,
Here we will uge Phase-plane @ANYSIS. vegtorfiold analysis, and the Phase portvair, Wigh
these methads, the Quaiitative behavior of 4 SYstem of equations can be understood withour
solving the equations explicitly. Explicig solution methods can he found in other texthooks
on OBES (such ag Bovee and DiPrima {251).

Consider 2 sysiem of two differentin) eguations,

Vi (X, %20,

: : {314}
_u. = .\u‘.‘:. X3,

Ateach y = gy

v2) & B the ctor field fiy) = (Ar), Ay represents a vector, as
show in Figure 1.6, A solution x(7) == Lo, va)) represents a parameric CUrve in the
(Y v plane, called 5 rajectory or an ortiit, whose fangent vector v'(r) (rpfe), ) is
specified by the vector field fivg) = L), ). S ey, vty We <in obtain g
Lood impression of the overail dynantics if we plot many vectors in (he (¥p. 02} plane. For
cach chosen puint (X a). we ealculae ChiGey, xa), 2l x0)y and sketch this vecton In
Figure 3.5 (a), we show how 10 caleutue one such vector, We repeat this procedure at many
different points unii) the whole plane is filleg with vectars, 11 iy Sometimes convenient 1o
consider ony the. direction of vecior field and not the magnitude. This vields a divecition
Jield for the svstem (Fignee 3.6 (),

Since soltion CHrve

are tmngential to the vecror field, £, we often can lollow trajec-
U by following (he arews. i Figure 3.6 (b), g typical solution corve jg shown (in
“ise. we have a spirad Conrverging 1o the stabie origin). The vecior ficld can be used o
sketch more than one typical solution, tarting at different initig) cenditions. The sketch of
the (), va) plane with a mmber of typicad solutions is called a plse pertradt, Af course,
“typicat” is a rather Vagte notion and you need some experience to be able 1o decide which
solutions represent the qualitative behaviar, We will demonstrate and practice this in whsy
fedtows,

[OFies
1h

Many computer packages provide o rouline o draw the vector fiekd and the phase
pentrait of an ODE sysiem. 1y Chapter 8, we wil] fer 1 how 10 do this wigh Maple,

- —
7 mw

-
L

i

i id ¥ 4 ¢”ﬂ,
t i tative A a_/m._mC%N * 2 Systems

de Vips of o

A

67

Another helpful 53. for o
inesy. The 1y cnullcline, .
H AN

ay e A, )il

cline L8
arly. the vo-nulichne, na
iy 2

i f2 (. a2y = 0

PR R LAY

g qeld are veriic
Che vector field are ver
lch +1. all vectors of the vector f
dine. str .0 m
e yp-nuilchine, . o o e
" 1l veetors are horizontal ($10C :uuc_A )
Y ¢ ¢! = 0. Hence a steady-sta A
= () and . ady-siate o
L m . :w Fieure 3.6 (¢}, we show U
and 2. ¢

Geure 3.6 (b} .
| F:?_: general, equilibria, of 51

e ) = 0.

ta). The sicady states
n ~ases. if the
tn many cases. if

which we denote by :
e mv‘:":%_mwz. of salutions can et
o e ﬁcgw Un.“Zr. hehaviors which can 0cEw
e ?“mwnnmc:r I Sectien 3 \

M_m 10 arbitrary linear zv.mmn,”?r
tane analysis wilk ::..s. vm., ﬂv,n:o: ‘
demic model (in Se

cat :
the following twi
that. we generali
svstems. Phase-p anals
Section 3.4.3) and to the ep

in Sec

.w.&..— — :Nwﬂsm _mw——m }:mewum. P.:wmwu m(mnﬁm:w
m—m—..- 1 mmunﬂ_rh Linear mvmﬁmn:m

(1a) Real Eigenvalues
tem.

1 vy ine r
Consider the simplest linear 8}

W e S1eaGy 8 e 1% the dgan, (). X
W0SE U w_.r_ e steady state 15 the origr
hose U

:. Xy » .f ,Q
- s A
di \ 0
: s atrix
3 d 3. are the cigenvalues of the
Mote thal Ay and Az -
L0

Solutions to {3.15) are

a o
=0 " x4

aming ihsig e e s¢ pov
A into U ﬁ? & i)
Is nng inhsl ht oy e

is the se1 of _\._O_ﬂmn, ( Xy, 4] such that

al (since
= {1, At ingersections of 1y
- ; i H TS % al
epeilibrizim paint rx_,.ﬁ al ”
4 corresponding Lo 1

lay an impont cin e
ﬂm_wﬁ‘._an near cach steady sia
CIe
be uaderstood guite well, :
r o steady stae. -
e linear syslems.
ipst wreat specific linear 8 Aft
s :r..: .,M 47, we consider noniinear
tion 3.3,2, W
oty ¥
fied to the population
3.4.4),

it are nadiclines {of
= f(xp. oy =

= (. Shmitariy.
and 117 we have
any intersection a_.
veetor field of

are solutions of
eady stares of (314} are FI[HID

Fatay, xa) =

g p e
ans role in the understanding
,:_ known,
1t tumns out that we

we will do so in
After

aeraction model (in

(3.15)

= {sdii C G write
) (U] [n matnix form. we can v
4) == (0L O

Xy

X2

Aot

we (e




%3]

A AL

igure 3.7, Thiee qualiraiively different phase poitraiis for s A3y dlepes
ing ot the sen pattern of by and ko, (a) ha oz othyag w O, ks o« O (o) Ay
Here it is assimed thar Ay is the larger eigenvalue when sketehing (a) and (),

St (

Plotting the parmeric o

8 Lo o)) for different inida values (v (0), o4, w.
AV al three distinet phase pottraits, depending on the s of Ay and Ay, as shown o
Figure 3.7,

Case (a): i both eigenvalues 1, and Az are positive, ther: alt solutions diverge from (-
steady state (3, (). Iy Figure 3.7 (a). several ectories are shown for posHive. negative, o
mixed initial conditions, in this case, the g1 racly state (0, 0) s called a SGHICE OF AN sl
ik,

Case (b) If the eigenvalues have OPPOSte Signs, &y > O and hx = 0. say, then xy ()
is exponentially ncreasing. while 12(1) is decreasing. All solutions approach the v -axis.
as shown i Figure 3.7 ¢hy. In this case, the steady stase (0, 0) is called a saddie,

Case te): 11 both vigenvalues are negative, then b solutions converge to the steady
state (0. G), as shown ip Figure 3.7 (¢}, The s eady state is called 2 sink or stable node.

{b} Complex Eigenvalues

Conasider the linear syslem

o v f X' .
L2 A . 3.46)

ot s - s
For £ # 0. the system has the origin, (0, 0}, as its only steady state. The coefficient nmatrix
A= { 5 D) has twe complex conjugate eigenvalues

Py 4+ A7 angd Ay = -

We can verify (ser the exercises) that {3,10) has (wo special solutions. namely,

cos fi

ar f 810 fir
KOs A

Fhe superposition principle of linear systems implies that all solwions 1o (3.16) are of the
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COS{fir 4 by

- sin(AL oL ghy
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Case () o

0. 5o that both eigenvalues have negative read parts, The Cxponet
function ¢ decays for 1 = 0. AH uajectorics spiral towards the steady state (0, [
1w i Figure 3.8 (¢). The steady state is catled a sinble spived or & spivad sink.

Comesponding solusions v (/) lor each case are shown jn Figure 3.8,

Step 2: General Linear Systems

We now consider a general Hinear systom,

o o b
e \ (S

41,

mv. A=Y " . 1348

11 we make the transtormation of coordinates

Ry

= p!

> 2

where P is a2 x 2 invertible

marni. then v =

¥a) salisfies the sysiom
d fye
ot N3y

(3,19
where B oz PVAP. The matix B is similar 10 A—it hag identic
and Smale [86]). Hence,
Systems (3183 and (3.19) have the same phase portraits.
tt is known from linear algebra see | 10615 that if A has (w
Ag and As such tae A 3 ka.then we can choose P such that

al cigenvalues (Hirsch

© distinct real eigenvalues

o 0
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In vector matrix notation, we have

A

g |
dr v

2 X
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B
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We wrile §) = g {y with real vectors ¢ and

¥ oand obtain the tansfos
Bo= (i) tsee Perko [132]), naiely,

HETTIE IV

» —4 0
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P e

\M.;,_ N
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- —i 2
e pr »
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d o -1 2 w
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{3.22)

Note that the formula in 3,22

) helds only for 2
there is no simple form

= % 2 mawrices. For higher-order n atrices,
1 of this form.
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r VR cr ave a steady
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TFheorem 3.3, Foru linear system, {3.18), the falienving are equivalent:
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2. Case del A
then i,

DA < 0 IF (ra)?

: 13 A ddet A (above

A =l . A (above the parabola in B

o é__...; _”_mﬂmh.mw_wx »H:.:_pmu_m eigenvadues with real _”.%_ .E_E_.Mc_: T%:E e
Coe SPHAL AR = ddet A thelow the paratal; By e sl
have the same sign.and (0, 0 is a stabie e el e

‘ e,
3oCnsedet A = 0, e A s
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o cpending on the sign of (1r4)7 — 4 deg

or an unstable node, AL we have eithe

4 Casedet A = 0,

= O In this case we have g cener.,

3. The remaining cas
AImE cases (det 4 = Dor (r 4)°
refer to Hirsch and Smale {861 e v L O il e

lor these cases. el We

3.4.2 i
Nonlinear Systems and Linearization

{3.23)

where [ 3 an i
A«H._: and fy e contuously differe
# general. each pair (7, ©
r.,:_:::.:w:::. _._..TF: PAL Yy, ) satisfyving Jriv,. ¥
s oF i steady state for (3.23), We woutd i
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ntiable functions,
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e 1o understind the behavior of the

For inear s
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o (0.9 . 1€ venter case, they stay close by mn_, s
Eervations o nonlinear sys , : o rom
, OFBYSems, we need s "
(oo Bor e v s we need some

v diverge away
e b B we can generalize these
ons from dynamical systems theory

Definition 3.4,

(ar A steady s -

- Y Stuie (X0, Ta) s ealled o .
More 11 ) 23 is called stable i sedurion swhich SISty

wAenmally: (3% is stable if for al) FHeariy stays neaiby,

L H £

soelutions W indtial daa (xy

i . :\T_a.m. _”ME.@ rv/ _m a & 0 such that
B wilh i RIS satisdy {itx (), s —
Here, 1L} denotes the Euclidean .e.,cc:.w”. :W:.,W::

(Y 0l = ¢ for all time 1

(b} A steady st vy, T
eidy stcre (X, Yo} which is ior séable

solition which diverges from (¥}, X))
b= e " 2 "

called wostable (there j¢ af leasi pne

() A steady state (1), vy

b e § cilled i s
solutions near (3, iy . ey by stable i (3

Py e U is stable and afl

More for DXL By
formally: (¥, ¥a)is asympotically stable if (f,

Mu. MHV ,z._n_w that all sohutions with in; tal dirta (17
satisfy lim, . fHeptry vty — A.ﬁ..m;mm M .Mu“..

,C is stable. and there eXists
1) with :‘:T,.L — (¥ <,

We can determj
determine the stabili :
s similar o the 1 w.r__z,m:‘,\ ol a steady state (3. ) by lineaizi
arto the inearization of discrere_time Y Meanzing (123 The

Defmition 3.5, (¥
“.:3.‘& NOHTereG ._.‘.s.ﬂ...m .:2:..

Theorem 3.6 {Hartman-Grobman).

Then, ina small neighborood of (5, X2} the p
is equivalent o that of the tincarized systent, U

Remark 3
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ey = ..m.w 4z
() = X+ 2200).

ere £ (1) and 22 {7} are assumed o be sniait. so that they can be thonght of as perturbation
the steady state. We denoe T = (£, By and 2 == (2. 220, and write the Taylor expansion

W f e (f1. f2) about (8 820

i) = f(H+ DOt higher-order serms.

Df(%. 32} ¢ d

comtains the pantial desvatives of f evaluated at (§y, ¥2) (for o remindey on partial deriva-
_see Section 4.1). Fhe matrix Df(&y, X2} is called the Jacobian matrivof § al (X, 1)
We substitute the Taylor expansion inte (3.23) and we drop the higher-order terms.

Sinee vy, = w__wm.ﬂ gty =3 and X = 25, and since ,2.3Hc,s‘ccw:_:; _._:a.v:.,d._f.wcﬁ
governing the dynamics of the perfurbation (23, 220

o (s a4 b )

— = (3.24)
di S ¢ d In

We know already from the previous section how to treat linear systems. For most (bat

ol ally steady states, conclusions obtained for the Hncarized system indesd Carry Over o

the originai nonjinear sysiem.

T3 s called hyperbotic if all eigenvatues of the Jacobian Df (3 52)

Assime that {5, T2y is o Byperbolic equilibrivm.
faise portrait of the noidinear system, (3.23).
3.24).

1.

i. By Theorems 3.3 and 3.6, at a hyperbolic equilibriuat X, stabiBly properties are
determined by the gigenvalues of the facobian matrix, £ (%, F2). This method of
lincarization may fail for nonbyperbolic cquitibria

2, The phrase “equivalent w7 in the above theorem gefers w ropologival equivalence of

vector fields, This means thatina neighborhood of (Y, ¥2), there is a homeomorphism

(a continuous one-lo-one Map between open § 215) which maps the vector ficld of the

ponlinear system to the vector ficld of its Bnearization, In that case, the phase portrait

1e stationary point is one of those shown in Figure 3.10. The theory behind the

near ¢
Hacunan—CGrahiman theores is given in Perko (13721
The twe phase portraits in Figure 3.9 we

For an example. recall Example 3410
hism i given by the matrix .

topologically equivatent, and the homeomop




