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3.1 Introduction to ODEs

We have seen in the introductory section (Section 1.2} that the recovery of infected indi-
viduals can be modeled by a differential equation (equation (1.2, In general, differential
cquations ate extremely useful in modcling biological processes. Om the one hand, model-
ing with differential equations s guite transparent, even for complicaied biological sysiems.
On the other hand, there is an enormausly powerful mathematical theory avaitable. which
includes explicit solutions, approximate solutions, aumerical solutions, gualitative behav-
ior, and the theory of dynamical systems. As soon as a moded has heen derived, it can be
treated as o mathematical entity, General theoremns and anabytical methods can be applied
te generate useful results. These results can then be interpreted in biclogical terms.

The possibility of abstraction is the esseniial advantage of mathematical medeling.
For example, 1o understand the behavior of solutions of the CORaton

Ky =2x(n),

it does noL matter whether x(/) describes a growing fish population, a growing tumor, or
the increase in infected individuals, Mathematically, it is just the equation for exponential
growth which can be treated and solved withont referring to the interpretation at hand. Once
the results are established, they need fo be undersiood in biological terms.

An ardinary differential equation (ODE} is an cyuation for an wnknown function of
onie variable, say x¢7), which involves the function and some of its derivatives. For example,

. . ; }
Ay=2o Yy =31 = ) (3.0

are three differential cquations. A solution 15 a function which satisfies the differential

equation, For the above examples. (3.1), it is easy 10 check that the solutions are of the form
3. 1

Y=o, ¥ =S o, A1) = oye T 3.2
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Chapter 5. Ordinary Differential Equations

respectively, with constants of integration ¢, ¢», and e1. Fhe selutions as given in {3.2) are
catled general solurions. 11 we specily one value for v, v, or 2. then the value of o). o=, or
c3 s fixed and we obtain & unigue solulion. In many cases. we specily an initial condition,
for example,
syl WM =20 apd () = I

With wse of the above genera solutions. we find ¢ = |, oy = 2, and o2 = 1.

We say that x(i) = 2 -+ | solves the initial value problem

Xy =2, =1

Similarty. vé) = 27 4 2 solves the inhial vahue prablem (1) =
s{1} = ¢ solves the initial value problem = (7) = Az063 7(07 = |,

1o general, an ODE tor an unknown function, {7}

3, vy = 20 and

x4 = e, n,

has the following interpretation. The lefs-hand side. v'(r). describes the rare of change of the
quantity £(f) over time. The vight-hand side, £ (x(1), ). describes all sources of change in
£{t. For the vecovery from a disease (equation (£.2}). the change in the amount of infected
individuals, %::, is given by the recovery rate -~ times the number of infected 7 (1)
Toselve a differential equation means to use focal information (“Wha happensnex(?™)
Lo deduce tong-iime behavior (“What happens in the futare?™).

This iterpretation awkes ODEs useful Tor modeling biological processes. If we
know all factors for the process at hand, and if we know the rates of change these factors
invoke, then we can write down a differential equation, We analyze and solve it and find
explanations and predictions for our biological guestion.

Betore we come o modeling, we will inroduce some of the wondertul anakytical
methods for ODEs, which can be explained nsing elementary caleulus,

3.2 Scalar Equations
We fiest study sealar equations of the first order, that is, equations of the form
K0 = fixin.n,
where it} is a scalar function and the equation fvolves first-order derivatives, I the

function f(x, 1) does not depend on 1. we call the equation autonamaons. For first-order
autenomous scaiar GDEs,

X FAESN 3.3
the phase-fine anafvsis explains the quatitative behavior of solutions without even sobving
the equation. We consider (X} = x(1 — ¥)(2 — v3, for which the graph is shown in
Figure 3.1. The fonction £(x) has zeros at 0, |, and 2. We can easity cheek that v(1) = 0,
xlh = | oand X (1) = 2 are three constant sojutions fo the differential equation

N = — (T ey (3.4)

1.2, Scalar Equations

fi

i {x o — ¥ HZ - he arrowheads
Figure 3.8, Phase-line analvsis of f{x) = ;m : .,:r. .3‘. W___.m:a._,_.:.
indicate shether the solution of the corvespanding ODE is increasing or decreasing.
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Figure 3.2. Vector field of (3.A)

These special solutions are called ao.:r_:m:.a or tmwﬁ“.‘«_m..m..momﬂnmm hﬁfwﬁm H :m”Mwmr_Mw.:.sz Mw Mr
a solution has vatue O tor 1 or 23, 0 remains so o mes ¢ > 0. The B o e
sseribes the change of x{7} over ime; the solution x{1) 38 Em:w&.:wm i r. ‘
ﬂwﬂﬁw »N.Mrhn__vm_wﬁ.n:&sm whenever )y =0 .mw our example, x{{} Em:mﬁﬁ.ﬁ%mhﬂa%w
W:E.SWF 0. 1y and (2, cod it is decreasing in ;F,, :ﬁiuww {—00, c.w m:a .A ?n. indene
this behavior by adding anowheads 10 the -axisin Figure 3.1 mA% :_," _HHWE__ m#.: ° i
condition ¥ (0} is in {0, L), then the solution will grow M:E nc:/ﬁ_mnf X mlm colutions ﬁ.um.
To get an even better qualitative understanding of the gram“:v: % M,.m,o. m,ou:,ﬂ o
(3.4}, we plot the corresponding vector field. For Emm we aﬁ:sm:w. t aw.h .%M : ,..Ewmms:ﬂ.
xiry for many points (1, x) and draw m_m?ﬁ.u:.c«c ::mﬁ:_:m pmn 5 oﬁw_n: . r.Ec w:unné_
Since ¥ = F{x), the slope is given by fix). In m.:m:_.c ww,; we s m.ué »w me erve
of 10, [0} and the s-interval of [0, 2.5L A E%BEEE&.« L.E, ?:E?,”,M;“M Oy
the siope of the solution with a mrsﬂ m:.mi. ZM;” M.M”MM:J“ M Nmﬂ”w»» g&o ope it
snce solution curves are fangential 10 these sROI AITOWS. figare 3.3 we s .
HMMM. “o_z&o_;. Note how nicely they _,cmo,i e wmn_oa m.r,.:_. .:“n M@MWMHMMW Mw“c“ﬁp
which we discussed carlier, appear as lines with harizontal arrows. whic ans
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igare 3d. () Phase-Hne wis for Exv t
o et ) Pl :...3._...:., Jor Example 3.2.1, for v == 1 (b)Y vector field
pical soludon for v = 20 (e repical soliion for v = =2 .

is \rm:_, ﬁ..._, (1) = (. Solations which do not stan a8 0, 1, or 2 tend o get away from the twe
E:M ”._m_.._ &= 0and v = 2, while they converge oy = 1. Wesay thal v = 1 is a stable
: = 0a al .y o= s g
equilibrivm, and x = O and v = 2 are wnstable equilibria.
. _.5:3 ,:E :wcé _:__ﬂ.:,,.?_. ine analvsis and vecfor-field analvsis we get a very good under-
5 m_:r::w ﬁ”_ the qualitative properties of the solutions withow! solving (3.4) mauz&,c: (3.4)
can be solved ¢ ety as we ol ia H e 1t "
,EHH © Hc ved _cx_u_w::v as well, using separation and partial fractions (see the exercises)
ese classical solution technigues can be § ] i i such
: ound in most introductory OB w 5 (300
as Boyee and DiPrima [25]). Y OPEtextbosks (roch

o 3 Y i M N
] Fﬁ.:.:ﬁ_n 3.2.3: Exponemial Growilt ancd Fxponemtial Funcrions, Solutions 1o the
cxponeniial growth equation. . .
N =N, {3.5)
have the for = Noe'! . N, M i iaiti e
s MNMM_E N} = Npe™ . c.,.:n? Ny = N 33 the initial condiaon. The phase loe. (he
or field, and a typical sokuion lor 7 > Qare shown in Figaues 3.4 (ay and (b). Figure 3.4

¢} shows a soiution for r < for e > ¢ i i

Mz_v. _n :m Wncm:xr.ﬁ forr < c., For v > {). equation (3.5} describes exponential growth,

tich can be applied 1o population growth, Inthe case of r = 0. equation {3.5) describes

exponential decay. which can be apphi adioacts ecay of a ¢ :
t Y. plied 1o radioactive decay or to the decay of a drug i

the blood cireeiation. - o ofadrue

3.2, Scalar bauations 54
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igure 3.5, (a) Phase-line anaivsis for Example 3.2.4: (hy vector field and a typical
sohution,

Lagistic Growlh

I many cases, exponential growth is not an appropriate model. Ata certain size. & growing
poputation will reach & limit where all available yesources are used to sustain the high
population level, but the habitat will not support any more individuals. Hence, we alter the
previous model and consider the logistic equition, afse known as the Veriulst equation,

N’ N1l N (3.0}
EX - —1. 3.0
K

where r = 1 is the intrinsic growth rate and & i the carrying capacity, Compared 10 the ex-
ponential growih imodel €35, the logistic squalion contains the addifional term (e KN
This term can be undersiood as a competition term from individuals of the same species
who compete for the same fesources. We use phase-line analysis in Figure 3.5 to oblain
the gualitative behavior of the solution N{7). The population grows and converges 1o the
equifibrium solution N = K for 1 — oo, Moie that it will not reach K in finite time, since
solutions of ODEs do not intersect {see Theorem 3.2). in Section 10,1, we use a Jog i
equation (o modze! growth of cell populations.

3.2.1 The Picard-Lindeldf Theorem

Let us setwrn to the theory of differential pquations, There is a general result which swates
that, under reasonahie assumptions. sciutions of differential equations do not intersect. To
formulate the corresponding theorem, we need the notion of Lipschitz-continuity. This
means that the function f(x) Is contimmous and. in addition, it satisfies a growth inequality.

Detinition 3.5, A function [ D - B ywith domein ¥ ¢ T is called Lipschitz continuous
if there is @ constant Lo O such that |3 — FON = Lix — yjforalix, v & .

Theorem 3.2 (Picard-Lindelsf).  Asswne the funcrion f @ > — Ris Lipschitz contin-
wens. Let the initial condition sy Lie in [}, Then there is an & = O such that the initial
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valiee problem

o

— X wm fly), p({h s
di

Y

Rers q wniquie solution v Vi) =g o

Remark 3.2.1.

L. Afthough the theorem is formulated for a sall time interval [0, £]. it implics that
sotutions to different inktial data neves intersect. Wiy
L The same resall holds e for systems of differential equations which can e wristen
ir veclor notation as
Ayl S TR TP
o . ,
ofi n
A1) v wt
In this case. we reguire that cach of the tunctions 7 . u 1s Bipschitz, continzous
i adt of i1s arguments.
3

A continuously differentiable function is always Lig
demain I3 ¢ JB). Hence as soon as Fuooo £ are differentiable, solutions will never
imtersect. Fhis inclides all differential cqrations which are bl from poly
exponentials. sine functions or cosine functions, ete,

schitz continueus (on a bounded

nomials,

3.3 Systems of Equations

For many biological processes, it js necessary (o follow the tme evolution of more than
axe factor or more than one species. For example, a predator-prey system nceds two
dependent variables: predator and prey. Similarly, an epidemic SIR model needs thiee
aiables: the susceptibles. 5. (he infected. 7. and the recovered. R, We are automatic
led (w systems of differemial equations, I
differential equations, we study chemi
of wy infections discase in the fo

ally
o introduce modeling with systems of ¢ hinary
cal networks, interacting populations. and the spread
fowing sections.

3.3.1 Reaction Kinefics

In this section. we ntroduce the Ly of Mass Aetion, and wi

e show how to use it 1o model
chemicat reactions.

This method is centainly impartant Tor the modeling of nmany physio-
logical processes. 1t also serves as a good tool for modeling populagions. In fact, as we

will sce shently. the epidemic model of Figwe 1.1 can be onderstood in tesms of re

action
kineti

Gl
3.3, Systems of Eguations

The Law of Mass Action
First. we consider an irreversible reaction process in which reactants A and B produce €
b
A4 B =

. , . N + s follows:
wiiere k is the reaction constant, We are interested in the product C and we argue as follov

sumher of probability that o
change of coliisions of collision has encugh
the product | =4 ecules A | kinetic energy to
aver tinw and B initiate a reaction

Let ¢ = i AL b = [B]. and ¢ = [C] denote the no:ncw:u:.o:z of the _.gn_“m_mﬂm_\,q,,_ﬂ‘mﬂ_m
¢, respectively. The product riab A1 is 2 good approsimation to ;.c,:._._E Z%, .ﬁmp.,ﬁ..ic_,ﬁ
in time A¢. The probability that a collision has enough energy .w 9,:»2Mn. Jr .F. _ cw. on
energy of this reaction is denoted by a constant ra. H we ket AC denote the change

produet  over time, then the above work equation can be writlen as

AC = abk .

where k = ryra. Dividing both sides by Ar, we obtain

AT
— kot B
At

In the limit of A7 — 0. we get
de
ez ko gp B,
dt

which is called the Law of Mass Action, Please note that although if is calied a Ta_‘ of Eumm
Action, it is indeed a mathematical model. 1t is no Jopger valid # the concentration of one
participating is many orders of magnitude larger than the other.

Reversible Reactions

For a reversible reaction, .
A+ B =C,
I
we assame that the molecuies of € break apart at a rate thal s _Euuozm:: o M.w_n ec:_.
cenration of € molecules. 1f we balance all production and consumption werms for each

pasticipating chensical, then we obtain she following syster of differential equations:
i 5 b .

ﬁ =h,ab—k_c,
dr
ﬁ mk_c—kyab,
dt
db =k —kyab

dr



