
Numerical simulation of an in vitro �brin clotformation experimentEli BogartDecember 12, 20071 IntroductionThe complex process of blood coagulation must lead to the formation of ablood clot which is adequate to stop bleeding while avoiding the formationof a clot which pathologically disrupts circulation. However, the relationshipbetween the dynamics of enzymes involved in coagulation and the morphol-ogy of the �brin network in the resulting clot is not fully understood [1, 2].Here we present a model of recent coagulation experiments by Wolberg et al[3] which addressed this relationship between dynamics and clot structureand o�er some very preliminary results.2 The problem2.1 Biological backgroundThe biochemical processes involved in the intiation of coagulation are highlycomplex. For the purposes of this project we can drastically restrict ourattention to the following portion of the system: initiation of coagulationeventually leads to the formation of prothrombinase, a membrane-bound en-zymatic complex which catalyzes the proteolytic conversion of prothrombin,an (inactive) protein present in the plasma, to thrombin. Thrombin thencleaves peptides from �brinogen, another plasma protein, to form �brin,which can then polymerize, forming a mesh or clot [4].2.2 Experimental setupIn the experiments of Wolberg et al, layers of cells (�broblasts or humanvascular endothelial cells) were grown in the bottom of wells. When plasma1



was added to the wells above the cell layers, coagulation began, and overtime a �brin clot formed. The clot could then be sectioned and the sectionsimaged to reveal the structure (eg, density) of the clot at various distancesfrom the cell layer.Variations on the experiment allowed measurement of the total thrombinor �brin concentration in the well over time after the initiation of coagula-tion.Thrombin generation and clot formation were found to be considerablyfaster over �broblasts than over HUVEC. The clots had broadly similarstructure in that clots over both types of cell were denser near the cellsurface, falling to a uniform density from 10-50 micrometers above the sur-face (and possibly farther.) However, clots over HUVEC consisted of fewer,thicker �bers, while clots over �broblasts conisisted of more numerous thin�bers. This di�erence in clot quality was attributed to the di�erent levelsof thrombin generation, but the details of the relationship between throm-bin generation dynamics and clot structure are not clear [3, 5]. The needto explore this interaction further motivates our model of this experimentalsystem.3 ModelWe assume that concentrations depend only on vertical position in thewell and so model this experiment as a one-dimensional reaction-di�usionproblem, tracking the concentrations of prothrombin (z), thrombin (e),�brinogen (g), �brin (f) and (where we allow a nonzero rate of noncat-alytic thrombin-�brin binding) thrombin bound to �brin (ef ) on the do-main (0; xmax), where x = 0 is the cell surface and xmax is the height ofthe layer of plasma we will simulate (typically less than the actual depthto which the well was �lled.) Prothrombin, thrombin and �brinogen di�usethroughout the domain but �brin is assumed to be immediately incorporatedinto a larger polymer upon its production, so �brin and and �brin-boundthrombin do not di�use. Thrombin catalyzes the conversion of �brinogen to�brin with Michaelis-Menten kinetics and is inactivated (by antithrombinIII) with �rst-order kinetics. When thrombin binds to �brin noncatalyti-cally, the binding proceeds by mass-action kinetics with one binding site per�brin monomer (though in fact the availability of binding sites may dependon the polymer structure [6]).



We obtain the following equations governing concentrations in the well:zt = Dzzxx (1)et = Deexx � kone � (f � ef ) + koffef � kine (2)gt = Dggxx � kcate � gkm + g � �kcatef � gkm + g (3)ft = kcate � gkm + g + �kcatef � gkm + g (4)(ef )t = kone � (f � ef )� koffef (5)where � is the ratio of activity of bound thrombin to unbound thrombin.(Using the same km for bound and unbound thrombin is an approximation,as km for bound thrombin, like �, is unknown.)3.1 BoundariesNo-
ux boundary conditions are imposed except for thrombin and prothrom-bin at the cell surface, where we prothrombin is removed and thrombinintroduced by a 
ux given byr = Vproz(0; t)Km;pro + z(0; t) (6)corresponding to Michaelis-Menten kinetics for activation of prothrombin bya �xed amount of prothrombinase on the cell membranes.3.2 Initial conditionsFollowing normal values in human plasma, initial concentration of �brinogenis 8.2 �M [13] and the initial concentration of prothrombin is 1.4 �M [11],both uniform throughout the domain. All other concentration variables arezero initially.3.3 ParametersParameter values and their sources are listed in Table 1.In the absence of a realistic value for the prothrombinase density andcorresponding maximum catalytic rate at the cell surface, Vpro was chosen sothat (with the indicated km;pro) the maximum rate of thrombin generation inthe simulation{ the initial rate, before the prothrombin concentration at thecell surface is depleted{ equals the maximum observed 
ux of thrombin into



Parameter Value Units SourceDz 9.5 �m2=s ?De 9.5 �m2=s presumed to equal DzDg 2 �m2=s [13]kcat 10 s�1 [10]km 12 �M [10]kin 0.02 s�1 [9, 7, 8]kon 0.05 (s � �M)�1 completely �ctitiouskoff 0.0005 s�1 completely �ctitiouskm;pro 0.3 �M [11] citing [12]Vpro 10.7 �M�m/s See text� 1 or 0 dimensionless ratio hypotheticalxmax 200 �m arbitraryTable 1: Parameter values and their sources.the well (8.8 �M�m/s for �broblasts, corresponding to a 65.2 nM/minutemaximum rate of increase in thrombin concentration in a 225 �L volumeover a 0.28 cm2 base [3, 5].) As the prothrombinase levels in the experimentare not constant, this approximation is of limited accuracy, but should bereasonable if prothrombinase activity rises to near-maximal levels quickly.The rate of �rst-order inactivation of thrombin by ATIII was calculatedfrom a rate constant of 7:7�0:4 �103 (M � s�1) for the in vitro association ofthe substances [9], ATIII's molecular weight (roughly 58000), and a normalplasma ATIII concentration of roughly 150 �g/mL ([7], citing [8].) Theassumption that the concentration of ATIII remains nearly constant for theduration of the experiment or simulation remains to be validated.For short simulations the choice of xmax is adequate as the concentrationsof zymogens g and z far away from the cell surface are barely changed;however, on the 30-minute time scale, the supply of �brinogen is depletedthroughout the domain, so a larger spatial domain is called for on that timescale. Results from simulations over long times on a larger spatial domainwere not available by press time.4 ImplementationA numerical scheme for this model was implemented in matlab. For eachtime step the scheme simulates prothrombin di�usion by the Crank-Nicolsonmethod assuming the prothrombin 
ux set by the surface prothrombin con-



centration at the beginning of the time step remains constant; the results areused to predict the prothrombin concentration at the cell surface at the endof the time step, yielding a corrected 
ux term. Thrombin and �brinogendi�usion are then calculated and prothrombin di�usion recalculated (againby Crank-Nicolson), using the corrected 
ux for thrombin and prothrom-bin. Finally, the chemical reactions in the bulk medium are updated byfourth-order Runge-Kutta. The code is attached.The predictor-corrector step for prothrombin addresses problems result-ing from the nonlinearity in local prothrombin concentration of the pro-throminase reaction rate; as the reaction pulls prothrombin from the domain,the reaction rate falls more quickly than the local prothrombin concentra-tion, so it is easy to overestimate the net loss of prothrombin over one timestep (if, eg, the prothrombin concentration at the beginning of the timestep is used to estimate the 
uxes at both the beginning and end of thetime step), which can lead to oscillatory behavior and in some cases nega-tive thrombin and/or prothrombin concentrations near the boundary. Evenwith this predictor-corrector method these problems can still appear whena long time step (above about 10 ms, with the current parameter values) isemployed.The simulations presented here used a time step k = 0:005 s and a spatialgrid spacing of 10 nm in the �rst micrometer above the cell surface, 50 nmfrom 1 to 10 �m above, 100 nm from 10 to 30 �m above, 200 nm from 30to 50 �m above, and 500 nm from 50 above out to xmax.5 ResultsTo test the model and explore the issue of noncatalytic thrombin-�brin bind-ing, simulations with and without thrombin-�brin binding and with eitherzero activity of bound thrombin or a bound thrombin activity equal to thatof free thrombin.5.1 No thrombin-�brin bindingFig. 1 shows the results without thrombin-�brin binding. A substantialclot appers to have formed out to about 100 microns from the cell surface.The steep fall in �brin concentration in the �rst 10 microns followed by arelatively uninform concentration for some distance qualitativel agrees withexperimental results but the rise in concetration starting around 40 micronsfrom the base was not observed in experiments. Zymogen concentrations in



Figure 1: Simulated concentrations of �brin (blue), �brinogen (green),thrombin (red) and prothrombin (black) vs height above the layer of cells atthe base of the well, 10 minutes after initiation of coagulation. No thrombin-�brin binding allowed.
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After 10 minutes

the far �eld are not substantially depleted after 10 minutes validating thischoice xmax.5.2 Thrombin-�brin binding but bound thrombin inactiveFig. 2 shows the results when we allow noncatalytic thrombin-�brin bind-ing. The resulting clot is found almost entirely within 40 microns of thecell surface (and within 20 microns of the surface is much more dense thanany part (except very close to the cells) of the clot we found above withoutthrombin-�brin binding. This indicates, and observed distributions of boundand free �brin con�rm, that binding to the growing �brin clot substantiallyhinders the di�usion of thrombin. Noting that the bound thrombin plot hasdi�erent units than the free thrombin plot, we see that much more boundthrombin than free thrombin is present, re
ecting the assumption (not nec-
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Figure 2: Simulated concentrations of �brin (blue), �brinogen (green), freethrombin (red), thrombin bound to �brin (dashed red line), and prothrombin(black) vs height above the layer of cells at the base of the well, 10 minutesafter initiation of coagulation. Thrombin bound to �brin is inactive.



essarily valid!) that bound thrombin is protected from ATIII inhibition.5.3 Thrombin-�brin binding, bound thrombin activeWhen the bound thrombin is allowed to retain its �brinogenic activity theresulting distribution of �brin (shown in Fig. 3) is a narrow peak at about25 microns from the cells (with a very thin layer of higher concentration nextto the cell surface.) It is not immediately clear how this is achieved. Notethat such steep variations in �brin concentration would in reality probablybe blurred by the di�usion of �brin monomers before the bind to the mesh.6 ConclusionThe results suggest �brin-thrombin binding could have substantial impact onclot structure. Further, the results are promising in that they demonstratethe potential of the model, as implemented, to produce vaguely plausibleresults and interesting if inexact predictions. Recent improvements in thespeed of the simulation should allow for exploration of more of the param-eter space, and the model can easily be extended to incorporate a basicrepresentation of the structure of the �brin clot (tracking concentrations ofmonomers, thin �bers, and thick �bers, eg,) which is one immediate goal offuture work.However, the primary obstacle to serious attempts to reproduce the ex-perimental results or to produce realistic results from hypothetical cases,remains the di�culty of accurately capturing the activity of the membrane-bound prothrombinase, for which better parameters and possibly a di�erentmodelling approach are necessary. Without more con�dence in this aspectof the the model it will be di�cult to address the major issue raised bythe current experimental results{ the di�erences between clots formed over�broblasts and vascular endothelial cells, which (presumably) originate inlevels of prothrombinase activity which evolve di�erently over time. A dif-ferent numerical approach to thrombin is also indicated as the problem ofoscillatory prothrombin concentrations near the boundary is currently whatlimits the choice of time step. Re�ning the approach to prothrombinase isconsequently the most urgent next step in developing the model.
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Figure 3: Simulated concentrations of �brin (blue), �brinogen (green), freethrombin (red), thrombin bound to �brin (dashed red line), and prothrombin(black) vs height above the layer of cells at the base of the well, 10 minutesafter initiation of coagulation. Thrombin bound to �brin is as active as freethrombin.
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