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Notes:

| regret that | am unableto o er $1M for solutions.

Disclaimer: Namesin parernthesesre ect the personl heard the question
from. The actual sourcemay be di erent. Any corrections, new questions,
additional referencesclari cations, solutions and info welcome.

For questionswith a decidedly more conbinatorial a vor, see
http://www.grouptheory.in fo

Update (July 2004): Many questionson the list have beenanswered and
| tried to give credit where credit is due. Pleasesendme email if you notice
an inaccuracy In the next few months | will try to streamline the collection
of open questions.

1 Hyp erbolic Groups

1.1 Characterization and Structure

Q 1.1. Supmse G admits a nite K(G;1). If G does not contain any
Baumslag-Solitar sulgroups B S(m; n), is G necessarily hygerlolic? If G
emleds in a hyperbolic group, is it hyperbolic?

The answer is no if the \nite K(G;1)" assumption is replaced by
\ nitely presenied" by [Bra99].

Remarks: BS(m; n) =< x;yjx 1y™x = y" > for m;n 6 0. One consid-
ersZ Z asthe Baumslag-Solitar group B S(1;1).

The answer is not known even when 'Y = K (G;1) is a non-positively
curved 2-complex. In that case,the question becomes: If the universal
cover Y cortains a at, doesG cortain Z Z7?

It is possiblethat there are counterexamplesthat contain certain in nite
quotients of Baumslag-Solitar groups. A modi cation of the above question
would be:



Q 1.2. Supmwse G admits a nite K (G;1), does not contain Z Z, and
wheneverx 2 G is an in nite order elementsuchthat x™ and x" are con-
jugate, then jmj = jnj. Is G hyperbolic?

All known constructions of hyperbolic groups of large (rational, or inte-
gral for torsion-free groups) cohomologicaldimension usearithmetic groups
as building blocks. See[CD95], [Gro93]. Gromov loosely conjecturesthat
this is always the case. The following is an attempt to make the question
precise.

Q 1.3. For everyK > 0 thereis N > 0 such that every word-hyperholic
group G of rational cohomolaical dimension N contains an arithmetic
lattice of dimension K.

Note: An earlier formulation of this question required N = K for K
large. A counterexampleto the stronger formulation wasfound by [Mosher-
Sageev]seehttp://andromeda.rutgers.e du/ moser/ HighDHp.ps . See
also [Gro93, 7.VI]. One might want to allow certain quotients of arithmetic
groups as well.

The following is another instance of Gromov's looseconjecture.

Q 1.4. Conjecture (Davis): All hypertolic Coxeter groups have uniformly
bounde rational (or virtual) cohomolmical dimension.

Moussong[Mou] has a criterion for recognizingword-hyperbolicity from
the Coxeter diagram.

Update (May 2002): T. Januszkiewiczand J. Swiatkowski [JS03 have
constructed hyperbolic Coxeter groups of arbitrarily large dimension. This
answers both questionsabove.

Q 1.5. (Davis) If G is word-hyperholic, dces the Rips complex P4(G) have
an equivariant negatively curved metric for d su ciently large?

A potential counterexample is the mapping torus of a hyperbolic auto-
morphism of a free group, or perhapsthe quotient of a uniform lattice in
Sp(n; 1) by a\random" elemen. For a related example see[NR97].

1.2 Subgroups of Hyp erbolic Groups

The following question is inspired by the well-known conjecture that closed
aspherical 3-manifolds are virtually Haken.

Q 1.6. (Gromov) Doesevery 1-endal word-hyperbolic group contain a closel
hypertolic surface sulgroup?



And there is the opposite possibility:

Q 1.7. (Gromov) For a givenn is there an exampleof a hyperholic group of
dimensionn in which everyin nite index sulgroupis free? Or in whichthere
are no (quasi-convex) sulgroupswith codimension k for agivenk n 2.

Q 1.8. (Swarup) Supmse H is a nitely presentel sulgroup of a word-
hypertolic group G which has nite index in its normalizer. Assume that
there is n > 0 such that the intersection of n distinct conjugatesof H is
always nite. Is H quasi-onvexin G?

The corverseis a theorem [GMRS98]. A special caseworth considering
is when G splits over H when Gersten'scorverseof the combination theorem
might be helpful.

Remark(Gitik): The problem is open even when H is malnormal in G.

Q 1.9. (Mitr a) Let X be a nite 2-complexwith fundamentalgroup G. Let
Xy be a cover correspnding to the f.p. sulgroup H. Let | (x) denote the
injectivity radius of Xy at x. Doesl(x)! 1 asx! 1 imply that H is
quasi-isometrically emtedded in G ?

A positive answer to the above question for G hyperbolic would imply a
positive answer to Q 1.8.

Q 1.10. (Canary) Let G be word-hypertolic and H a f.p. sulgroup of G.
Supmsethat for all g 2 G thereis n > 0 suchthat g" 2 H. Doesit follow
that H has nite indexin G?

Yesif H is quasi-corvex, sincethen ( H) = ( G).

Q 1.11. (Whyte) Let be a 1-enda hyperbolic group which is not virtual ly
a surface group. Can everyin nite index sulgroup be free?

Q 1.12. (Whyte) Let be a 1-endal hyperbolic group. Can a nite index
sulgroup of  be isomorphic to a sulgroup of  of in nite index?

Note: torsion-free 1-endedhyperbolic groups are cohop an [Sel97.

1.3 Relativ e Questions

Q 1.13. (Swarup) Prove the combination theorem for relatively hyperbolic
groups.

Update: Dahmani [Dah03 and Alib egwic [Ali] have versions adapted
for useto limit groups.



Q 1.14. (Swarup) There is a theorem of Bowditch sayingthat if G actson a
compact metrizable space X sothat the action is properly disoontinuous and
cocompact on triples, then G is a hyperbolic group and X is its boundary.
State and prove the analay in which one allows paralolics.

Update: Answered by Asli Yaman [YamO04].

1.4 Residual Finiteness

Q 1.15. Is every word-hyperholic group residualy nite?

Notes:

a) D. Wise [Wis] has constructed a nite 2-dimensionallocally CAT(0)
complex whosefundamental group is not RF.

b) Z. Sela[Sel99 shaved that torsion-free word-hyperbolic groups are
Hop an.

c) M. Kapovich pointed out that there are non-linear word-hyperbolic
groups. Start with a lattice G in quaternionic hyperbolic spaceand adjoin a
\random" relation to get the desiredgroup. Super-rigidity [GS97, [Cor92]
says that ewery linear represenation of G is either faithful or has nite
image.

Q 1.16. (Dani Wise) Let G" denote the Cartesian product of n copiesof
the group G, and let rank(G") be the smallestnumber of generatorsof G".
Conjecture. If G is word-hyperbolic then limn;  rank(G") =1 .

The Conjecture is true if G is nite and nontrivial, ascan be seenby a
simple pigeon-holeargumert. It is alsotrue if G has a quotient for which
the conjecture holds. In particular, it is true for groupsthat have a proper
nite index subgroup.

The Conjecture is falseif there is an epimorphismG! G G. Thereis
an example (Wise) of a 2-generatorin nitely preserted CO(%) small cancel-
lation group where the conjecture fails.

Q 1.17. (Dani Wise) Find \nice" (e.g. CAT (0), automatic,...) groups
whete this conjecture fails.

1.5 Algorithms

Q 1.18. (Epstein) Let G be a word-hyperbolic group and @ its boundary.
Is there an algorithm to compute H'(@B_) = H*1 (G;ZG)? In particular, is
there an algorithm to decide whetherH' (@) = H'(S?) for all i?



If @ hasthe cohomologyof S? then it is homeomorphicto S? [BM91]
and modulo a nite normal subgroup G is conjecturally commensurableto
a hyperbolic 3-manifold group.

Remark (Epstein, Sela) There is an algorithmic procedureto determine
the number of ends (i.e. H%@s)) of a hyperbolic group. First, one nds
algorithmically an explicit (of -hyperbolicity). Then one nds an auto-
matic structure, from which it can beimmediately read if the group is nite
or 2-ended. One can run an (enumeration) macdine that terminates if the
group nontrivially splits over a nite subgroup,i.e. if it hasin nitely many
ends. Finally, there is a macdiine (Gerasimov) that terminates if the group
is 1-ended. This is basedon the property of 1-endedhyperbolic groups with
locally connectedboundaries[BM91] that there is a universalbound on the
length of a shortest path connecting points on a sphere S(R) at distance
< 100+ 100 and disjoint from the sphereS(R 10 10). It was proved
by Bowditch [Bow98a] and Swarup [Swa9q that boundariesof 1-endedhy-
perbolic groups are locally connected.

Remark (Sela) For 1-ended torsion-free hyperbolic groups there is an
algorithm basedon Sela'swork on the isomorphism problem to decideif the
group splits over Z. This algorithm can be \relativized" to nd the JSJ
decomposition as well. The details of this have not appeared. The caseof
groups with torsion is open.

1.6 Maps Between Boundaries

Q 1.19. (M. Mitra) Let G be a word-hypertolic group and H a word-
hypertolic sulgroup. Does the inclusion H ! G extend to a continuous
map between the boundaries@ ! @s?

A theorem of Cannon-Thurston (unpublished; for a proof in the setting
of hyperbolic groups see[Mit98a]) says that this is the casewhen G is the
fundamertal group of a hyperbolic 3-manifold that b ers over S and H
is the group of the b er. The map S! ! S? is surjective and it can be
explicitly described in terms of the stable and unstable laminations of the
monodromy. When the manifold is closed,the map is nite-to-1.

By a theorem of Mitra [Mit98b], if G is a graph of groups with one ver-
tex group H, all vertex groups hyperbolic, and all edge-to-\ertex monomor-
phisms quasi-isometric embeddings, then the answer is yes.

Q 1.20. (Swarup) Supmse G is a hypertolic group which is a graph of
hypertolic groups suchthat all edgeto vertex inclusions are quasi-isometric
emleddings. Mitr a showsthat for each vertex group V inclusion V | G
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induces a continuous Cannon-Thurston map @/ ! @5. Descrike the point-
preimages. In particular, showthat the map is nite-to-one.

1.7 Miscellaneous

Q 1.21. (Thurston) Is every closal hyperlolic 3-manifold nitely covered by
one that bers over the circle?

Q 1.22. (Jim Anderson) Can the fundamental group of a hyperkolic 3-
manifold that b ers over the circle contain a sulgroup that is locally free but
not free?

There are such hyperbolic 3-manifolds, so the negative answer to this
guestion would provide a counterexampleto Q 1.21.

Richard Kent constructs an in nite family of examples. See
http://www.math.utexas.ed u/ rkent/cu ff

Q 1.23. (lan Leary) Is there a version of the Kan-Thurston theorem using
only CAT(-1) groups, or word hyperbolic groups? (The statementshouldbe:
for any nite simplicial complex X, there is a locally CAT(-1) polyheadral
complexY andamap Y ! X that is surjective on fundamental groups and
induces an isomorphism on homolayy for any local coe cients on X.)

Q 1.24. (lan Leary) Is there any restriction on the homotopy type of the
quotient Ry(G)=G for G word hyperholic?

Here Ry is the Rips complex, and d should be taken to be large (so that
R4(G) is a model for the universal proper G-space). Of coursethis spaceis
a nite complex, but is there any other restriction on its homotopy type?

Background: Leary-Nucinkis [LNO1b] proved that any complex has the
homotopy type of E G=G for somediscrete group G, where EG denotesthe
universal proper G-space. (This is a version of the Kan-Thurston theorem
for EG instead of EG.)

Leary can answer the analoguesof both questions above with CAT(0)
in place of CAT(-1) or word hyp., as well as the 2-dimensional casesof
both using either CAT(-1) groupsor small cancellation groups. The trouble
with getting to higher dimensionsis that most proofs of Kan-Th urston type
results usedirect products to make higher dimensional groups.

Update (Jan 2005): Any homotopy type occurs[JS, Corollary 22.5].



2 CAT(0) groups

Q 2.1. (Swarup) Is there a proof of Johannsors theorem that OQut( 1M) is
virtual ly generted by Dehn twists for M a Haken 3-manifold along the lines
of Rips-Sela's theorem that Out(G) is virtually generated by Dehn twists
for torsion-free 1-endal hypertolic G? Is this true for CAT(0) groups? In
particular, if G is a CAT(0) group and Out(G) is in nite, does G admit a
Dehn twist of in nite order?

By a Dehn twist we mean an automorphism  of the following form:
either G splitsasA ¢B,t2 Ciscertral, (a) = afora2 Aand (b) =t bt
for b2 B; or G is an HNN extensionand is de ned similarly.

Q 2.2. (Gromov) If G admits a nite dimensional K (G; 1), does G act
properly discontinuously by isometries on a complete CAT(0) space?

Q 2.3. (Eilenberg-Ganen) Is there a group G of cohomolaical dimension 2
and geometric dimension 3?

Q 2.4. (Whitehead) Is every sultomplexof an aspheri@l 2-complexaspher-
ical?

Q 2.5. (Exercise in [BGS85, p.2]) Take a closal surface S of genus 2.
LetV =S S andlet V denotethe diagonal. Let V be a nontrivial ly
rami ed nite coverofV along . Then ¥V hasa natural piecewisehyperholic
CAT(0) metric. Showthat ¥ admits no C?-smaoth Riemannian metric with
curvature K 0.

Q 2.6. Supmsea group G acts properly discontinuously and cocompactly by
isometries on two CAT(0) spaces X and Y. Croke-Kleiner have examples
whetre the boundaries @X and @ are not equivariantly homeomorphic. Is
there a compact metric space Z and cell-like mapszZz ! @, zZ! @?

A surjective map betweenmetric compactais cell-like if ead point preim-
ageis cell-like. A compact metric spaceis cell-like if when embeddedin the
Hilbert cube I (or I if it is nite-dimensional) it is contractible in eah
of its open neighborhoods.

Q 2.7. (D. Wise) Let G act properly discontinuously and cocompactly on
a CAT(0) smce (or let G be automatic). Consider two elementsa;b of
G. Does there exist n > 0 such that either the sulgroup ha"; bi is free or
ha"; i is akelian?

Q 2.8. Do CAT(0) (or (bi)automatic) groups satisfy the Tits alternative?
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Q 2.9. Doesevery Artin group havea nite K (G;1)?

Yesfor Artin groupsof nite type (meaningthat the assaiated Coxeter
group is nite) by the work of Deligne.

Q 2.10. (Bestvina) LetL;L,; ;L, bea nite collection of straight lines
in the plane R2. Does the fundamental group of

n
X=R* R°n (L Ly
i=1

admit a nite K( ;1)?

By [Del72] the answer is yesfor simplicial arrangemers. In generalX is
not aspherical,but in all examplesone understands, X becomesaspherical
after attaching nitely many  3-cells. It is not even known whether 1(X)
is torsion-free. A similar question can be asked about nite hyperplane
arrangemerts in R™,

Update (Jan 2005, Suciu?): There is an example consisting of 5 lines (a
square plus a generalline through a vertex) where the fundamertal group
is the Stallings' exampleKer (f : Fo F, F,! Z) wheref sendsall
6 standard generatorsto 1 2 Z. This group is nitely preseried but has
in nitely generatedH s.

Q 2.11. (Eric Swenson)Let X be a proper CAT (0) metric space and G a
nitely genemted group that acts properly discontinuously by isometries on
X.

1. Can G be an innite torsion group? The expected answer is yes.
Note (Yves de Cornulier): The answeris yesif the word \pr oper" is omitted
alove (as it waserroneously in earlier versions). The rst Grigorchuk group
is in nite torsion and a-(T)-meanable,soit acts properly on a Hilbert space.

2. If the action is cocompact, can G contain an in nite torsion sulgroup?
The expected answeris no.



Q 2.12. (Kim Ruane) Let G be a Coxeter group, e.g. right-angled, and
assumethat G acts properly discontinuously and by isometries on a CAT (0)
space X. How is X dier ent from the Coxeter complex? Sgeci ¢ ally:

Supmsethat H is a special sulgroup of G. Is there a closal convexsubset
of X on which H acts cocompactly?

Q 2.13. (Ruth Charney) Classify Coxeter groups up to isomorphism.

Interesting examplesof isomorphic Coxeter groups (and Artin groups)
with non-isomorphicdiagramswere given in [BMMNO2]. In the opposite di-
rection, conditions under which isomorphism of groupsimplies isomorphism
of diagrams were given in [CDO0Q], [Rad03, [Kau02].

Q 2.14. (Ruth Charney) Classify Artin groups up to isomorphism.
Q 2.15. (Ruth Charney) Are all nite type Artin groupslinear?

Braid groups are linear by the work of Bigelow [Big0l] and Krammer
[Kra02].

Update: A.M. Cohen and D.B. Wales [CW02] and independertly F.
Digne [Dig03] shaw that the answer is yes.

Q 2.16. (Ruth Charney) Are all [ nite type] Artin groups CAT (0)?

The answer is yesfor small numbers of generatorsby the work of Kram-
mer, Tom Brady, Jon McCammond, Robert Bell. The questionis openeven
for braid groups.

Q 2.17. (Ruth Charney) Are all Artin groups automatic?

Q 2.18. (RossGeoghegan) Let M be a proper CAT (0) space. We say that
M is almost geodesially completeif thereis R 0 suchthat for all a;b2 M
there is an in nite gendesic ray starting at a and passingwithin R of b.

If som(M ) acts cocompactly on M, is M almost geodesially complete?

Note: It is a theorem of Ontaneda [Ont] that if a discrete group acts co-
compactly by isometrieson M andif H,(M) 6 0then M is almost geadesi-
cally complete.

Q 2.19. (Dani Wise) A triplane is a CAT(0) spaceobtained by gluing
together three Euclidean half-planes along their boundaries. Say that a
CAT(0) spaceX hasisolated ats if X doesnot cortain an isometrically
embeddedtriplane.



Let G act ona CAT(0) spaceX . Recallthat asubgroupH is quasicorvex
relative to this action provided that for a point x 2 X there is a constart K
sudh that for any two points in the orbit Hx, the gealesicconnectingthese
points lies in the K -neighborhood of H x.

Conjecture: Let G act properly discontinuously and cocompactly on a
CAT(0) space X with isolated ats. Let H be a nitely genemted sulgroup
of G. Then the inclusion of H in G is a quasi-isometric emledding if and
only if H is a quasionvex sulgroup relative to the action of G on X.

Notes: C.Hruska [Hru] has proven this conjecturein the casethat X is a
CAT (0) 2-complex. A counterexample, without the isolated ats condition,
isprovidedby G=F, Z=<ab> <t>andH =< at;bt> with the
usual action of G on (tree R. H is not quasi-corvex sincethe intersection
H\ < a;b> isnot nitely generated(see[Sho91).

3 Free Groups

Q 3.1. (Hanna Neumann Conjecture) If A and B are nontrivial sulgroups
of a free group, thenrk(A\ B) 1 (rk(A) 21)(rk(B) 1).

HannaNeumannshoved[Neu5q rk(A\ B) 1 2(rk(A) 1)(rk(B) 1),
and R.G. Burns [Bur71] strengthened the inequality to rk(A\ B) 1
2rk(A) D(rk(B) 1) min(rk(A) 1;rk(B) 1). In many cases,the
conjecture holds, see[Neu9q, [Dic94], [Tar96].

Q 3.2. (Swarup) If G is a Fuchsian group, de ne area(G) to be the area of
the convexcore of H2=A. Sincearea(A) = 2 (rk(A) 1) for Fuchsiangroups
which are free, the Hanna Neumann Conjecture can be phrasal in terms of
free Fuchsiangroups: 2 area(A\ B) arealA)area(B) wheneverA and B
are nontrivial free sulgroups of a Fuchsian group. Prove such inequalities
(possiblywith a worse constant) for (not necessarily free) torsion-free quasi-
convex sulgroups of a quasi-onvex Kleinian group in H", where area is
replacd by the n-dimensional volume of the convex core.

Q 3.3. (J. Cornick) If G is f.g. and the homolgical dimensionhd G = 1,
is G free?

3.1 Limit groups (Zlil Sela)

The de nition of limit groupsinvolvesgroup actions on R-treesand is given
by Selain his work on equations and inequalities over free groups. It is
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a nontrivial theorem that a group G is a limit group i it is ! -residually
free,i.e. for any nite subsetF of G there is a homomorphismfrom G to a
free group whoserestriction to F is injective. Every limit group is nitely

preserned.

Q 3.4. Conjecture. A nitely genemted group admits a free action on an
R"-tree for somen i it is a limit group.

Update: This is false. There are f.p. groupsthat act freely on a Z2-tree
and are not limit groups.

Q 3.5. Conjecture. Limit groupsare CAT (0).
Q 3.6. Characterize groups of the form F, z F, which are limit groups.
Q 3.7. Characterize 1-relator groupswhich are limit groups.

Q 3.8. (Swarup) Show that a limit group is relative hyperbolic w.r.t its
maximal alkelian sulgroups of rank biggerthan one.

Selashowed that limit groupsthat contain no Z Z are hyperbolic.
Update: This was proved by Dahmani [Dah03] and Alib egwic [Ali].
3.2 Denable setsin F, (Zlil Sela)

A subsetS of F X is de nable if thereis a rst order sertencewith k variables
X1, X2; Xk Which is true i (X1;X2; iXk) 2 S.

Q 3.9. Conjecture. Letn> 1. The set
f(x1;X2;  ;Xn) 2 Fljx1;X2;  ;Xp is a basis of Frg
is not de nable.
Q 3.10. Conjecture. The only de nable sulgroups of F, are cyclic and
the entire group.

3.3 Genus in free groups (Zlil Sela)

The genusof an elemen x in the comnutator subgroup of F,, is the smallest
g such that we may write x = [y1;Y2][ys;Ya]l  [Y2g 1;Y2g] fOor somey; 2 Fp.
Thus there is a map of the surfaceof gerus g and one boundary componert
into the rosewith boundary corresponding to x. Applying an automorphism
of the surface producesother ways of writing x as a product of g commu-
tators, and we call all such Nielsen equivalent One knows that there is a
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uniform bound f (g) (independent of x) to the number of Nielsen equiva-
lenceclassesin which an elemen of gerus g can be written as a product of
g commutators.

Q 3.11. Give an explicit upper bound for f (g).

4 Transformation Groups

Q 4.1. (dela Harpe) Is PSL »(R) a maximal closal sulgroup of H omeo; (S1)?

Q 4.2. Is there a proper closa sutgroup of Homeo. (S?) that acts tran-
sitively on (unordered) 4-tuples? Or k-tuples (k 6 3)? Relation to earth-
quakes?

Update: The question makes sensewhen S! is replaced by a Peano
continuum. In this context A. Yaman obtained a negative answer for many
Peanocortinua.

Q 4.3. (Christian Skau) There are many examplesof groupsacting on non-
homaenaus compacta with all orbits dense(boundaries of word-hyperbolic
groups, limit sets of Kleinian groups). Are there such exampleswith group
= Z (or amenablegroup)?

Update: Gregory Hjorth showed that any countable group admits sud
an action.

Q 4.4. (Swarup) Supmse G is a 1-enda nitely present& group that acts
on a compact connected metric space X as a convemgene group. What can
be said about G if X has cut points? Does X haveto be locally connected?
The model theorem of Bowditch [Bow99 and Swarup [Swa9§ saysthat if G
is word hyperbolic, then X is locally connected and doesrit have cut points.
In another interesting case, when G is a geometrically nite Kleinian group
and X its limit set, cut points can arise, for exampleif G splits over a
paralolic sulgroup.

Update: See[Bow98h).

5 Kleinian Groups

Q 5.1. (Jim Anderson)If G is a group of isometries of H", denoteby Ax (G)
the set of axesof the elementsof G. If G; and G, are nitely geneated and
discrete, does Ax (G1) = Ax(G») imply that G; and G, are commensugble?
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This is motivated by a result of G. Mess(preprint 1990) that two Fuch-
sian groupswith the samenonempty set of simple axesare commensurable.
The answer is yesif n = 2 and G;; G, are arithmetic by [LR98].

Q 5.2. (G. Courtois, Gromov) Let M = H"= be a closal hyperholic man-
ifold with n 3. Does there exist a faithful non-discrete representation
I Isom, (H") (samen)?

The answer is yes (for certain manifolds) if the target is | som, (H"*1)
(Kapovich { use bending deformations), and also by Goldman's thesis if
n = 2. In the caseof n = 3 (Kapovich, Reid), if M = H3= and the trace-
eld of admits a real Galois conjugate, then this can be usedto induce
a non-discretefaithful represenation of with real character. For example
any arithmetic Kleinian group derived from a quaternion algebraover a eld
of degreeat least 3 has such a real represenation.

Update (Nathan Dun eld): The answer is no for certain hyperbolic 3-
manifolds. In particular, there is an orientable compact 3-manifold with
a uniqgue irreducible represenation into S0(3,1) up to conjugacyin O(3,1).
(All other represerttations have nite abelian image). The examplein ques-
tion is the 3rd smallest hyperbolic 3-manifold known (sometimescalled as
\V ol3" or \m007(3,1)" in SnapPeaparlance). It is described in detail by A.
Reid in [Rei99 where it is the manifold M of section4. The method Reid
describesfor nding explicitly the matrices of the discrete faithful represen-
tation can be twealed a little to seethat it is actually the only irreducible
represemation. The (unigue) double cover of M also has a unique rep to
SO(3,1). This example also has no 2-torsion in H1 soactually hasa unique
irreducible rep into O(3,1).

Q 5.3. (Ed Taylor) Doesthere exist a constant ¢ > 0 suchthat the limit set
of every non-classi@l Schottky group has Hausdor dimension c.

Q 5.4. (Marden Conjecture) A torsion-free f.g. Kleinian groupin dimension
3 is topologically tame, i.e. the gquotient 3-manifold is the interior of a
compact 3-manifold.

Update: Proved by lan Agol [Ago] and Calegari-Gabai[CG].

Q 5.5. (Misha Kapovich) Supmsethat G is a nitely geneated Kleinian
group in I som(H"). Is it true that

(G) vecdG)
with equality i G preservesa totally geodesic subspmce HX  H" so that

HK=G is compact?
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Here (G) is the exponent of convergenceof G and vcd is the virtual
cohomologicaldimension. Note that the answer is positive for geometrically
nite groups.

A wealker form of this question is:

Q 5.6. (Misha Kapovich) Is there > 0sothat (G) < impliesthat G is
virtual ly free?

Q 5.7. (Misha Kapovich) Is there a nitely-generated discrete sutgroup of
SO(n; 1) whoseaction on the limit setis not ergadic? Is not recurrent?

Note that there are examplesof nitely generated discrete subgroups
of SU(2;1) which do not act ergadically on the limit set (howewer in that
examplethe action is recurrent).

Q 5.8. (Misha Kapovich { a variation on a question of Bridson). Suppose
that G SL(n;R) is a discrete sulgroup of type FP; (over Z). Is it true
that G contains only nitely many G-conjugacy classesof nite sulgroups?

Note that there are examples(Feighn-Mess)where G is a linear group
of type F Py for arbitrarily large (but nite) k sothat G cortains in nitely
many conjugacy classesof nite order elemers.

Update: Counterexamplesare constructed in [LNO3].

6 Finiteness prop erties

Q 6.1. (lan Leary) Supmse G is virtually of type FP over the eld F, of
p elements,and let g be an elementof order p. Is the centralizer of g in G
also virtual ly of type FP over Fp?

If G acts cocompactly on an Fp-acyclic space X, then the certralizer
of g acts cocompactly on X9 = the set of xed points of g, which is also
Fp-acyclic by Smith theory. Soin this casethe answer is yes.

Q 6.2. (lan Leary) Is there a group of nite vad that doesnot act with nite
stabilizers on an acyclic complex of dimension equal to its vod?

This question is sometimes called Brown's conjecture, although more
often Brown's conjecture is taken to be the question of whether there is a
universal proper G-spaceof dimension equal to the vcd. The answer to this
latter questionis \no" | Leary and Nucinkis have examplesfor eat n of
groups for which the vcd is 2n but the minimal dimension of the universal
proper G-spaceis 3n.
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Q 6.3. (Peter Kropholer) If G is FP over the rationals, is there a bound
on the orders of nite sulgroupsof G?

Kropholler showed that this was the casefor any G that is both (a) of
nite rational cohomologicaldimensionand (b) type FP; over the integers.

This can be extended to the casewhen G is only assumedto be F P,
over the integers,for n = cdoG.[LNO1a].

7 Splittings, Accessibilit y, JSJ Decomp ositions

Q 7.1. (Potyagailo) Let G SO, (n; 1) be a geometrically nite, torsion-
free, non-elemetiary Kleinian group. Say that G splits over an essetially
non-maximal parabolic subgroupC GasG= A ¢ B (resp. G= A ¢)
if C is cortained in a parabolic subgroup C°of higher rank such that CPis
not conjugate to a subgroupof A or B.

Is the following true: G is co-Hop an i it doesnot split over trivial or
essentialy non-maximal paralolic sulgroup? Note that the latter condition
is equivalentto sayingthat the paratolic splittings are K -acylindrical (in the
senseof Z.Sela) for a uniformly bounded K .

Update: Answeredin [DPO03].

Q 7.2. (Swarup) Let G be a nitely presened group. Consider a maximal
graph of groups decomposition of G with nite edgegroups and passto the
collection of vertex groups. For ead vertex group considera maximal graph
of groupsdecomposition with 2-endededgegroupsand passto the collection
of vertex groups. Then split againalong nite groups,then along two-ended
groups etc.

Conjecture 1: Thereis a nitely presentel group for which this process
never terminates.

Conjecture 2 (Strong Accessibilit y): For hyperbolic groups (and for
CAT(0) groups) this processalwaysterminates.

Delzan-Potyagailo proved Strong Accessibility for hyperbolic groups
without 2-torsion [DPO1].

Note: For CAT(0) groups it would be natural to allow splittings over
virtually abelian subgroupin the process.For generalf.p. groups splittings
over slender(small?) subgroupsshould be allowed.

Q 7.3. (Sagev) Is there a f.p. 1-enda group G with G = G 2?
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Note (Mitra) that such G could not be co-Hop an. In particular, G
could not be torsion-free hyperbolic, by a theorem of Z. Sela[Sel97.

Q 7.4. (Swarup) Showthat the JSJ decomposition of a Haken 3-manifold M
dempendsonly on 1M and not on the peripheral structure. Deduce Johann-
sors deformation theorem: A homotopyequivaleneM ! N betwesn Haken
manifolds can be deformead soit inducesa homesmorphism between non-SFS
components of the JSJ decompositions and induces a homotopy equivalene@
between SFS pieces.

Update: This is answered by Scott-Swarup [SS01].

Q 7.5. (Papasalou) Is there a f.p. torsion-free group G that does not split
over a virtual ly akelian sulgroup, but hasin nitely many splittings over F,?

This questionis motivated by the fact that an irreducible atoroidal closed
3-manifold hasonly nitely many incompressiblesurfacesof any xed gerus.

8 General Questions

Q 8.1. (Eilenberg-Ganea) Is there a group G of cohomolaical dimension 2
and geometric dimension 3?

Q 8.2. (Shalen)If a nitely presentel group G acts nontrivial ly (i.e. without
gloal xed points) on an R-tree, doesit act nontrivial ly on a simplicial tree?

Q 8.3. (Mohan Ramachandan) See[NRO1] for motivation. Consider the
following two properties of a nitely presened group G:

(A) G virtually splits, i.e. some nite index subgroup of G admits a
nontrivial action on a simplicial tree.

(B) Let X be a nite complex with fundamantal group G. Then some
covering spaceof X hasat least two ends.

Most garden-variety groupssatisfy both (A) and (B). Groupsthat satisfy
property (T) satisfy neither (A) nor (B).

To what extent are (A) and (B) equivalent?

The question makes sensefor nitely generatedgroups as well.

Q 8.4. (Bowditch) Let bethe Cayleygraphof anin nite nitely geneated
group. Does there exist K > 0 suchthat for all R > 0 and all vertices
v 2 nB(R) there is an innite ray from v to 1 which dces not enter
B(R K).
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Anna Erschler obsened that this fails for the lamplighter group.

Q 8.5. (Noel Brady) Are there groupsof type F, butnot Fr+1 (n 3) which
do not contain Z  Z? All known examplescontain Z" 1.

Q 8.6. (Olympia Talelli) Is there a torsion-free group G of in nite coho-
mological dimension such that there is ng with the property that if H is a
sulgroup of G with nite cohomolgical dimension cdH, then cdH ny.

Q 8.7. CanZ be emleddal in an FP; -group? Or in an F P3-group? Can
an Fn-group be embedded in an Fp41-group (n 2)?

Higman's celebratedembedding theorem [Hig61] statesthat a f.g. group
embedsinto a nitely preseried group i it has a recursive presenation.
Any countable group embedsinto a f.g. group.

Q 8.8. Compute the asymptotic dimension of CAT(0) groups, Out(F,),
mapping class groups, nonuniform lattices, Thompsons group. Is there a
group of nite type whoseasymptotic dimension is in nite?

Note (Misha Kapaovich): Gromov statesthat the answer to the last ques-
tion is positive (and the group doesnot admit a uniformly proper map into
the Hilb ert space).

8.1 Finite gap question (Jens Harlander)

Let G be a nitely generatedgroup written as G = F=N with F a free
group of nite rank. Let bea nite graphwith () = F andlet ~ be
the covering spaceof with (7 = N. Thus the ded group of ~is G.
By dr(N) denote the smallest number of G-orbits of 2-cells one needsto
attach to ~ to make the spacesimply connected,and by d(_‘.,([N’\;I—N]) denotethe

smallestnumber of G-orbits of 2-cellsoneneedsto attach to ~to kill the rst
homology Thusde(N) < 1 i G is nitely presered and d(_‘.,([N’\;I—N]) <1
i GisoftypeFP,. There are examples[BB97] of groupsof type F P, which
are not nitely presened. A well-known guestion, stemming from the work
of C.T.C. Wall [Wal65], becomes:

Q 8.9. Is there an exampleof a nitely presente group G = F=N suchthat
da(iy) < de(N)(< 1)?

One approad to construct such an example is the following. Suppose
H = F=N is nitely preseried and contains as subgroupsgroups of the form
ch=C C C for all n. Dene G, = H ¢n H which is written as
F F=N, in the obvious way. If C is nite and perfect, then dg F([N:lf?\nn])
is independen of n.
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Q 8.10. If C is nontrivial and nite, islimpy de e(Np) =1 ?

9 2-complexes

Q 9.1. (Whitehead) Is every suttomplexof an aspheri@l 2-complexaspher-
ical?

Q 9.2. (Andrews-Curtis) If K and L are simple homotopy equivalent nite
2-complexes,can onetransform K to L by a sequene of elementarycollapses
and expnsionsof 1- and 2-cells, and by sliding 2-cells (i.e. reattaching them
by maps homotopic to the old attaching maps)?

This is unknown even when K is contractible and L is a point.

Q 9.3. (Wise) Is there a nite aspheri@al 2-complexX with 1(X) coherent
and with (X) 2?7

10 Symmetric Spaces

Q 10.1. (lgor Belegredek) Let X be a non-positively curved symmetric space.
Find conditions on agroup sothat the space of conjugacy classesof faithful
discrete representationsof into the isometry group of X is compact (nhon-
compact).

Notes (Belegradek): Supposea sequenceof faithful discrete represen-
tations goesto innit y. That de nes a natural isometric action of on
the asymptotic cone of X, that is an Euclidean Tits building accordingto
Kleiner-Leeb. The action is small (in a certain sense)and has no global
xed point. Thusit is enoughto understand what groups cannot (can) have
such action. First exampleto look at is when X is a product of two rank
one spaces,so the asymptotic coneof X is a product of two trees.

Q 10.2. (Belegredek) Is there a 3-complex X (not necessarily aspherial)
which is not homotopy equivalentto a 2-complexbut H 3(X ;f Gg) = 0 for all
local coe cients?

The condition is equivalernt to saying that X is dominated by a nite
2-complex,or that id : X ! X is homotopic to a map into the 2-skeleton.
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11 Quasi-Isometries

Q 11.1. Study the guasi-isometry group QI (R"). How big is it?

Q 11.2. (Kleiner) What are the quasi-isometriesof the 3-dimensional group
Sol?

Q 11.3. (Kleiner) What are the q.i's of the Gromov-Thurston examplesof
negatively pinched manifolds?

Q 11.4. (Feighn) Let :Fn! F, bean automorphism of the free group
Fn, and let M beits mapping torus.
Classify thesegroups up to quasi-isometry.

Note: It was shown in [Mac02] that if two automorphisms have polyno-
mial growths with distinct degrees,then their mapping tori are not quasi-
isometric.

Q 11.5. (Bridson) Sameas alove for automorphismsz" ! z".

Q 11.6. (Bridson) Is G Z gquasi-isometricto G for G = Thompsoris group?
Any f.g. group?

12 Mapping Class Groups, Out(Fp)

Q 12.1. (Levitt) Can everymeasured geodesiclamination with 2-sided leaves
on a non-orientable compact hyperbolic surface be approximated by a sim-
plicial measured geodesic lamination with 2-sided leaves?

Remark: The subspace of the sphereof gealesicmeasuredlaminations
that contain 1-sided leaves is open and dense (of full measure, [DN9Q]).
More generally understand the action of the mapping classgroup on the
spaceof projectivized measuredlaminations. Is the action minimal on the
complemen of .

Q 12.2. (Lubotzky) Does Out(F,) havethe congruene sulgroup property?

If G F, is a characteristic subgroup of nite index, then kernels of
homomorphismsto Out(F,=G) are called congruencesubgroups.

Q 12.3. (Kapovich) a) Let g be the closel orientable surface of genusg.
Is there a faithful representation 1( 4)! MCG( p) into a mapping class
group such that the image consists of pseudo-Aosov classesplus identity
(for someg;h > 1)?
b) Is there a 4-manifold M which is a surface bundle over a surface s.t.
1(M) is word-hyperholic? Or sothat M is hyperkolic?
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Q 12.4. (Bowditch) Is the Weil-Petersson metric on Teichmeller space hy-
perbolic? Is it quasi-isometric to the curve complex?

The latter is word-hyperbolic by [MM99].

Update: J. Brock provedthat W-P spaceis quasi-isometricto the \pants
complex™ [Bro03].

Brock-Farb proved [BF] that the W-P spaceis hyperbolic for a torus
with 2 punctures and a spherewith 5 punctures, but not hyperbolic
for more complicated surfaces.

Q 12.5. (Brock) What is the rank of the Weil-Petersson metric? What is
the rank of the mapping classgroup?

The rank of a metric spaceX is the maximal n such that X admits a
guasi-isometricembedding R" ! X . Brock-Farb shaw that a lower bound
for W-P is %(Sg 3+ b). For the mapping classgroup, a lower bound is
given by a maximal curve system{ the assaiated group of Dehn twists is
embedded quasi-isometrically,

12.1 Automorphisms of free groups (Gilb ert Levitt)

:Fn ! F, will denote an automorphism.

Q 12.6. Assumingthat the xed sulgroup Fix ( ) is cyclic, nd a bound on
the length of a genemtor of Fix( ) in terms of the complexity of

(ed. comm.: an easierversion of the question would be to bound the
length of the generator of Fix ( ) in terms of the complexity of a relative
train-trac k represenative of .)

Update: [Mas03 assertsthat nding Fix( ) is algorithmically com-
putable for any automorphism of Fj.

Q 12.7. Which preservean order (invariant under right translations) on
Fn? If  hasperiodic elementsit cannot preservean order. Are there other
obstructions?

[PRO3] assertsthat if 5 2 GL(n;Z) has all eigervalues > 0 then
presenesan order.

Q 12.8. Does Out(F,) (n > 2) have a right orderable sulgroup of nite
index?
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It is atheorem of Dave Witte [Wit94]that SL,(Z) (n > 2) doesnot have
a right orderable subgroup of nite index. Mapping classgroups of surfaces
with nonempty boundary are orderable ([SWO0Q] following Thurston).

Remark (Yves de Cornulier): In [McC89] it is shovn that Out(F3) is
virtually residually torsion-free nilp otent, and in particular it is virtually
bi-orderable.

Q 12.80. (Yves de Cornulier) Let G be residualy torsion-free nilpotent. Is
G Haagerup(= a-(T)-menable)?

If the answer is positive, Aut (F»), Out(F3) and the braid groups would
be Haagerup. It must be noted that if G is residually torsion-free nilp otent,
then it hasno nontrivial subgroup with relative Property (T).

Q 12.9. Can the mapping classgroup (or a nite index sulgroup of it) of a
closal surface be emteddad into Out(F,L)? Into the mapping class group of
a punctured surface?

The special caseof the secondquestion when the curve complexeshave
the samedimension was resolved by Ken Shadkleton [Sha].

Q 12.10. Do nite index sulgroupsof Out(F,) (n > 2) haveproperty (FA),
i.e. doeseveryisometric action of such a sulgroup on a simplicial tree (or
evenan R-tree) havea glokal xed point?

Update: Lubotzky constructed a nite index subgroup of Out(F3) that
maps onto a nonabelian free group.

Q 12.11. (Grigorchuk) Aut (Fp) actson the space @F,, of triples of distinct
endsof F,. Denote by Y, the compact space (Cantor set) the quotient space
of @Fn, by the group of inner automorphisms. Thus Out(F,) acts on Y.
Describe the dynamics of this action; in particular the dynamics of any
individual outer automorphism.

12.2 Schottky groups in mapping class groups (Lee Mosher)

Recallthat a Schottky groupis a subgroupF of | som(H") which is free of -
nite rank, discrete, consistsof loxodromic elemerts, and every orbit is quasi-
corvex. Similarly, we de ne a Sdottky subgroup of | som(Teich(S)) =
M CG(S) where we replace \lo xodromic" by \pseudoAnosos". Note that
M CG(S) acts discretely on Teich(S), sothe word \discrete"” can be omit-
ted from the de nition.
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Q 12.12. Do there existf.g. free sulgroups of M CG(S) consisting of iden-
tity and pseudoAosov mapping classeswhich are not Schottky?

If such a subgroupF exists,then 1(S) o F is not word-hyperbolic, but
has no Baumslag-Solitar subgroups. Potential candidatesfor such F might
be found as subgroupsof Whittlesey's example [Whi00].

Q 12.13. Do there exist non-free pseudoAiosov sulgroups?
Q 12.14. Is there an Out(F,) analog of the alove?

Onedi cult vy isthat the geometry of Outer Spaceis not well understood.
It is still true [BVO1] that the group of simplicial homeomorphismsof Outer
Spaceis Out(F,). It is not clear what a good metric on Outer Spaceshould
be. For example,if is an irreducible automorphism, then the set of train-
tracks for  should be a quasi-line, and these quasi-linesfor and 1
should be a uniform distance apart (in the caseof M CG they coincide).
Our ignoranceis exempli ed in the following:

Q 12.15. Given n is there a uniform constant K suchthat for every irre-
ducible automorphism :F,! Fq

og ()

log (1)
where (f) denotesthe growth rate of f ?

(K = 1in the caseof M CG.)

Update: Handel-Mosher (2004) show that the answer is yes. They also
nd a metric on the spine of Outer Spacethat behaves as expected along
the above quasi-lines. One drawbadk of this metric is that it is not a path
metric.

12.3 Betti numbers of nite covers (Andrew Casson)

Q 12.16. Does every automorphismh : F, ! F, leave invariant a nite
index sulgroup K suchthat ha, : K=K°!' K =K?%hasan eigenvaluewhich is
a root of unity?

Q 12.17. Does every closa 3-manifold M which bers over St with ber
of genus 2 havea nite cover M with by (M) > 1?

Note: Q 12.17is a \warmup" for the well-known conjecture that every
aspherical 3-manifold hasa nite cover with positive b;. Q 12.17is Q 12.16
with surfacegroups instead of free groups.
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12.4 QI rigidit y of MCG and Out(F,) (Martin Bridson)
Q 12.18. Is MCG(Sg) ! QI (M CG(Sy)) an isomorphismfor g  3?

For g = 2the hyper-elliptic involution is certral and hasto be quotiented
out from the left-hand side.

Q 12.19. Supmsethat : MCG(Sy) ! MCG(Sy) is a quasi-isometry.
Does map maximal ats to maximal ats (\maximal ats" come from
maximal rank akelian sulgroups)?

Note: By work of Ivanov, yesto #2 implies yesto #1.
Q 12.20. Samequestionsfor Out(F,).

Q 12.21. If is an irreducible uniform lattice in a higher rank connected
semisimple Lie group, does every homomorphism | Out(F,) necessarily
have nite image?

This is true for nonuniform lattices as obsened by Bridson-Farb (con-
sequenceof the Kazhdan-Margulis superrigidity and the fact that solvable
subgroupsof Out(F,) are virtually abelian [BFHO4].

12.5 Linearit y of mapping class groups (Joan Birman)

Here g is the gerus, b the number of boundary componerts and n the
number of punctures. By the work of Bigelow and Krammer, M CG(0; 1; n),
M CG(0;0;n), and M CG(2;0;0) are linear.

12.6 The Singular Braid Monoid (Joan Birman)

A singular braid is de ned by a braid diagram as usual, except that in
addition to over- and under-crossings,crossingsof strands are allowed. The
standard singular braids are

braid ; in which strand i + 1 goesover the ith strand, and
singular braid ; in which strandsi andi + 1 cross.

The set of singular braids on n strands forms a monoid SB generated
byf ;% 5 ' 1 n 10 A monoid presenation of SB, is givenin
terms of these generatorsand the following relations:
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braid relations ; j = ; jforji jj>21and j j+1 i = i+1 i i+1,

ij= jiforji jj>1,
ij= jiffi=jorji jj>1,
[ A B E A N
i+l 0P T il 0 i+l

See[Bir93].

The singular braid monoid is closely related to Vasiliev invariants of
knots. De ne a monoid homomorphism :SB,! ZB, to the group ring
of the braid groupBn by ( )= jand ( )= ; ;?!

Q 12.23. Conjecture. is injective.
This is true for n = 3 [Jar99].
It is alsotrue on singular braids with at most two singularities (exercise).

13 Other Questions

Q 13.1. (Kevin Whyte) Let K be a nite complexwith = (K) amenable.
Is there a uniform bound to the betti numbers of nite coversof K ?

Related to the work of Andrzej Zuk on " ,-cohomology Also related to
the conjecturethat such are elemertary amenable.

Q 13.2. (Kevin Whyte) Is every solvableP D (n) group polycyclic?

Q 13.3. (Henry Glover) Doesfor every nite graphG thefollowingl 21 -
conjecture hold: G is planar, a doublecover of G is planar, or no nite cover
is planar?

There is a reduction (ref??) to the graph G obtained by coning o the
1-skeleton of the octahedron.

Q 13.4. (S. Ilvanov) Is there a f.p. slender group which is not polycyclic-
by- nite?

A group is slender(or Noetherian) if every subgroupis f.g. [Olshanskii]
has constructed a f.g. counterexample.

Q 13.5. (SeymourBachmut) Is SL»(K) nitely geneated for K = Z[X; X 1
or K = F[X;X LY;Y 1]fora eld F?

Q 13.6. Are 1-relator groups coherent?
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13.1 Hopf-Th urston Conjecture (Mik e Davis)

The Hopf-Thurston Conjecture assertsthat if M is a closedaspherical 2n-
manifold then ( 1)" (M) 0. The stronger Singer Conjecture assertsthat
the “»>-homology of M is 0 except possibly in dimension n. Seethe recert
Davis-Okun work. A special case (using right-angled Coxeter groups) of
Hopf-Thurston's Conjecture is the following:

Let L bea ag triangulation of S 1 and de ne

1 X1 1

=1 }f0+—f1 }f2+ =1 ( 1)

f
2°7 a4t 8 -

2i+1 i

wheref; is the number of i-simplicesof L.
Q 13.7. Conjecture. ( 1) 0.

This is true for S (Davis-Okun) and it is alsotrue if L is the barycertric
subdivision of another triangulation.

13.2 Word Problem (Martin Bridson)

Q 13.8. Do there exist groups G with balanced presentation (same number
of geneators and relations), with H;(G) = 0 and with unsolvable word
problem?

Note: The standard examplesof groups with unsolvable word problem
have more relations than generators. The condition H1(G) = 0 is addedto
rule out counterexamples obtained by adding silly generators. Any other
condition that rules this out is acceptable.

Q 13.9. Is there a sequene of (perfect, of course) groups with balanced
presentationsamong which one cannot recognize trivial groups?
13.3 Mem bership Problem in semigroups (John Meakin)

Let G be a 1-relator group with the relator W a cyclically reducedword in
the generators. Let P be the submonoid of G generatedby all pre xes of
W.

Q 13.10. Is the memtership problemfor P in G decidable?

For motivation and special casesseel[S. Ivanov - S. Margolis - J. Meakin,
Onerelator inversemonoidsand 1-relator groups,J. Pure Applied Alg.]. The
paper reducesthe word problem in G to the question above.
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