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Abstract

This is the rst in a seriesof papers giving an alternate approact
to Zlil Sela'swork on the Tarski problems. The presert paper is an
exposition of work of Kharlamp ovich-Myasnikov and Sela giving a
parametrization of Hom(G;F) where G is a nitely generatedgroup
and F is a non-abelian free group.
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1 The Main Theorem

This is the rst of a seriesof papers giving an alternative approad to Zlil
Sela'swork onthe Tarski problems[31, 30, 32,24, 25, 26,27, 28]. The presen
paper is an exposition of the following result of Kharlampovich-Myasnikov
[9, 10] and Sela[30]:

Theorem. Let G be a nitely geneated non-free group. There is a nite
collection fg : G! ;g of proper quotientsof G suchthat, for any homo-
morphismf from G to a free group F, thereis 2 Aut(G) suchthat f
factors throughsomeq.

A more precisestatemen is given in the Main Theorem. Our approad,
though similar to Sela's,di ers in seweral aspects: notably adi erent measure
of complexity and a more geometric proof which avoids the use of the full
Rips theory for nitely generatedgroups acting on R-trees, seeSection 7.
We attempted to include enough badkground material to make the paper
self-cortained.

Notation 1.1 Fisa xed non-abelian freegroup. Finitely generated( nitely
presered) is abbreviatedfg (respectively fp).

The main goal of [3(] is to give an answer to the following:

Question 1. Let G be an fg group. Descrite the set of all homomorphisms
from G to F.

Example 1.2 When G is a free group, we can identify Hom(G; F) with the
cartesianproduct F" wheren = rank(G).

Example 1.3 If G = Z", let :Z" ! Z be the projection to one of the

coordinates. If h : Z" I F is a homomorphism,there is an automorphism
:Z" 1 Z" sudh that h factors through . This provides an explicit

(although not 1-1) parametrization of Hom(G;F) by F  Hom(G; 2).

Examplel.4. When G is the fundamenal group of a closedgerus g orientable
surface,let : G! F4 denotethe homomorphismto a free group of rank
g induced by the (obvious) retraction of the surfaceto the rank g graph.
It is a folk theorem' that for every homomorphismf : G ! F thereis an
automorphism :G! G (induced by a homeomorphismof the surface)so
that f factorsthrough . Thetheoremwasgeneralizedo the casewhenG is

lsee[35, 33



the fundamenal group of a non-oriertable closedsurfaceby Grigorchuk and
Kurchanov [7]. Interestingly, in this generality the singlemap is replaced
by a nite collectionf ;; ; kg of mapsfrom G to a free group F. In
other words, for all f 2 Hom(G;F) thereis 2 Aut(G) induced by a
homeomorphismof the surfacesud that f factors through some ;.

Another goal is to understandthe classof groupsthat naturally appear
in the answer to the above question,theseare called limit groups.

De nition 1.5 Let G beanfg group. A sequencéf;gin Hom(G;F) is stable
if, for all g 2 G, the sequencdf;(g)g is evertually always 1 or evertually
newer 1. The stablekernel of ff;g, denotedK gr f;; is

fg2 Gjfi(g) = 1for almostall ig:

An fg group isalimit groupif thereis anfg group G and a stable sequence
ffigin Hom(G; F) sothat = G=Ker f;:

Remark 1.6. One canview ead f; asinducing an action of G on the Cayley

graph of F, and then can passto a limiting R-tree action (after a subse-
quence). If the limiting tree is not a line, then K gr f; is preciselythe kernel

of this action and so acts faithfully. This explainsthe name.

De nition 1.7. An fg group is residualy free if for every elemen 2
thereisf 2 Hom( ;F) sucdhthat f( ) 6 1. It is! -residualy freeif for every
nite subsetX thereisf 2 Hom( ;F) sud that fjX is injective.

Exercise 2. Free groupsand free alelian groupsare ! -residualy free.

Exercise 3. The fundamental group of nP? for n = 1, 2, or 3 is not ! -
residualy free, see [13].

Exercise 4. Every! -residualy free group is a limit group.
Exercise 5. An fg sulgroup of an! -residualy free groupis ! -residualy free.

Exercise 6. Every non-trivial akelian sulgroup of an! -residualy free group
is contained in a unique maximal akelian sulgroup. For example,F Z is
not ! -residualy free for any non-atelian F.

Lemma 1.8. LetG;! G,! ke an in nite seguene of epimorphisms
between fg groups. Then the segquene

Hom(Gq; F) Hom(G;; F)

eventualy stabilizes(consistsof bijections).
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Proof. Embed F asa subgroupof SL,(R). That the correspnding sequence
of varietiesH om(G;; SL,(R)) stabilizesfollows from algebraicgeometry and
this provesthe lemma. O

Corollary 1.9. A seuene of epimorphismsbetwesn (! )residualy free
groupseventualy stabilizes.

Lemma 1.10. Every limit groupis ! -residualy free.

Proof. Let be a limit group, and let G and ffig be asin the de nition.
Without loss,G is fp. Now considerthe sequenceof quotients

G! G;! Gy! !

obtained by adjoining onerelation at a time. If is fp the sequencdermi-
nates,and in generalit is in nite. Let G°= G; be suc that Hom(G%F) =
Hom(G;F). All but nitely many f; factor through G° since ead added
relation is sert to 1 by almostall f;. It follows that thesef; factor through

and ead non-trivial elemen of issen to 1 by only nitely many f;. By
de nition, is! -residually free. O

De nition 1.11 A GAD’ of a group G is a nite graph of groups decom-
position of G with abelian edge groups in which someof the vertices are
designatedQH® and someothers are designatedatelian, and the following
holds.

A QH-vertex group is the fundamertal group of a compact surfaceS
with boundary and the boundary componens correspnd to the in-
cidert edgegroups (they are all in nite cyclic). Further, S carriesa
pseudoAnose homeomorphism(so S is a torus with 1 boundary com-
ponert of (S) 2).

An abelian vertex group A is abelian (!). The subgroupP(A) of A
generatedby inciden edgegroupsis the peripheral sulgroup. P(A) is
the subgroupof A that dies under every homomorphismfrom A to Z
that kills P(A), i.e.

P(A)=\f Ker(f)jf 2 Hom(A; Z);P(A) Ker(f)g:

2GeneralizedAbelian Decomposition
3Quadratically Hanging



The non-abelian non-QH verticesare rigid.

Remark 1.12 If isa GADfor a fg group G, and if A is an abelian vertex
group of , then thereis an epimorphismG ! A=P(A). Hence,A=P(A) is
fg. Sinceit is alsotorsion free, A=P(A) is free. It followsthat A = A, P(A)
with A, a retract of G.

De nition 1.13 The madular groupMod() assaiatedto a GAD of G is
the subgroupof Aut(G) generatedby

inner automorphismsof G,
Dehn twists® in elemeits of G that certralize an edgegroup of ,

unimodular® automorphismsof abelian vertex groupsthat are idertity
on peripheral subgroupsand all other vertex groups,and

automorphismsinduced by homeomorphismsof surfacesS underlying
QH-verticesthat x all boundary componerts. If S is closedand ori-
ertable, we require the homeomorphismso be orientation-preserving.

The modular group of G, denotedM od(G), is the subgroupof Aut(G) gen-
eratedby Mod() for all GADs of G. At times it will be conveniert to
view M od(G) as a subgroup of Out(G). In particular, we will say that an
elemen of M od(G) is trivial if it is an inner automorphism.

De nition 1.14 We de ne a hierarchy of fg groups{ if a group belongsto
this hierardhy it is calleda CLG.
Level O of the hierarchy consistsof fg free groups.
A group belongsto level n+ 1i eitherit hasa freeproduct decom-
positon = ; ,with ;and , oflevel n orit hasa homomorphism
I Owith Yoflevel n andit hasa GAD sud that

is injective on the peripheral subgroupof ead abelian vertex group.

is injective on ead edgegroup E and at least one of the imagesof E
in a vertex group of the one-edgedsplitting inducedby E is a maximal
abelian subgroup.

4SeeSection 3 for a de nition.

5The induced automorphism of A=P (A) has determinant 1.

5We will want our homeomorphismsto be products of Dehn twists.
"Constructible Limit Group



The image of ead QH-vertex group is a non-abelian subgroupof H.

For ewery rigid vertex group B, is injective on the \envelope" B of
B, de ned by rst replacing ead abelian vertex with the peripheral
subgroup and then letting B be the subgroup of the resulting group
generatedby B and by the certralizers of incidernt edge-groups.

Example 1.15 A free abelian group of rank n is a CLGof leveln 1. The
fundamertal group of a closedsurfaceS with (S) 2 is a CLGof level
1. For example,an orientable gerus 2 surfaceis a union of 2 punctured tori
and the retraction to one of them determines . Similarly, a non-oriertable
gerus 2 surfaceis the union of 2 punctured Klein bottles.

Example 1.16 Start with the circle and attach to it 3 surfaceswith one
boundary componen, with general, 2, and 3 say. Thereis aretraction to the
surfaceof gerus 3 that is the union of the attached surfacesof gerus 1 and 2.
This retraction sendsthe gerus 3 attached surfacesay to the gerus 2 attached
surfaceby \pinching a handle". The GAD has a certral vertex labeled Z
and there are 3 edgesthat emanatefrom it, alsolabeled Z. Their other
endpoints are QH-vertex groups. The map induced by retraction satis es
the requiremens sothe fundamertal group of the 2-complexbuilt is a CLG

Example 1.17. Choosea primitive® w in the fg free group F and form =
F 2 F, the doubleof F alonghwi (so1 2 Z isidentied with w on both
sides). There is a retraction ! F that satis es the requiremerts (both
verticesarerigid), so isa CLG

The following can be proved by induction on levels.

Exercise 7. Every CLGis fp, in fact coherent. Every fg sulgroup of a CLGis
a CLG (Hint: a graph of coheent groupsover fg alelian groupsis coherent.)

Exercise 8. Every alkelian sulgroup of a CLG is fg and free, and there is
a uniform boundto the rank. Thereis a nite K( ;1).

Exercise 9. Every non-alelian, freely indecomposableCLG admits a \prin-
cipal splitting" overZ: A ;B or A z with A, B non-cyclic, andin the latter
caseZ is maximal akelian in the wholegroup.

Exercise 10. Every CLGis ! -residualy free.

8no proper root



The last exerciseis more di cult than the others. It explainswherethe
conditions in the de nition of CLG come from. The idea is to construct
homomorphismsG ! F by choosing complicated modular automorphisms
of G, composingwith  and then with a homomorphismto F that comes
from the inductive assumption.

Example 1.18 Consideran index 2 subgroupH of an fg free group F and
chooseg 2 F nH. Supposethat G := H g hgi is freely indecompsable
and admits no principal cyclic splitting. There is the obviousmap G! F,
but G is not a limit group (Exercise9 and Theorem 1.25). This shows the
necessiy of the last condition in the de nition of CLGs. °

De nition 1.19 A factor setfor a group G is a nite collection of proper
quotients fg : G ! Gjg sud that if f 2 Hom(G;F) then thereis 2
M od(G) sudch that f factorsthrough someg.

Main Theorem (]9, 10, 31]). Let G be an fg group that is not free. Then,
G hasa factor setfg : G! ;g with each ; a limit group. If G is not a
limit group, we can alwaystake = Id.

Corollary 1.20. Iterating the construction of the Main Theorem (for ;'s
etc.) yieldsa nite tree of groupsterminating in groupsthat are free.

Proof. If |  9is a proper epimorphismbetweenlimit groups,then since
limit groups are residually free, Hom( %F) ( Hom( ;F). We are done by
Lemmal.8. O

De nition 1.21 The tree of groups and epimorphismsprovided by Corol-
lary 1.20is called an MR-diagram'® for G (with respectto F). If

G |q : |q1 > 'q2 ql’r 1 m
is a branch of an MR-diagram and if f 2 Hom(G;F) then we say that f
MR-factors through this branch if there are 2 Mod(G) (which is 1d if G
is not a limit group), ; 2 Mod( ), forl i< m,andf, 2 Hom( ;F)
(recall ., isfree)sutnthatf =fgn 1 m 1 & 19 .

9The elemen g:= a’Pa °b 12 H := ha;k*;bab li F := ha;bi is such an example.
This can be seenfrom the fact that if hx;y;zi denotesthe displayed basisfor H, then
g = x%yx 2y 1z2?yz ? is Whitehead reduced and ead basis elemen occurs at least 3
times.

0for Makanin-Razborov, cf. [14, 15, 19].



Remark 1.22 The key property of an MR-diagram for G is that, for f 2
Hom(G; F), there is a branch of the diagram through which f MR-factors.
This provides an answer to Question1 in that Hom(G;F) is parametrized
by branches of an MR-diagram and, for ead branch as above, M od(G)
Mod ;) Mod( n 1) Hom( .;F). Note that if , hasrank n,
thenHom( ;F) = F".

In [28], Selaconstructed an MR-diagram for a nitely generatedgroup
relative to a word hyperbolic group. In her thesis[1], Emina Alib egwic did
the samerelative to a limit group.

Corollary 1.23. Abelian sulgroupsof limit groupsare fg and free.
We rst needalemma.

Lemma 1.24. Suppmsethat is a limit group with factor setfg : ! G;g.
If H is a (not necessarily fg) sulgroup of  suchthat every homomorphism
H ! F factors throughsomeqgjH (pre-compositions by automorphismsof
not needed) then, for somei, gjH is injective.

Proof. Supposenot andlet 1 6 h; 2 Ker(gjH): Since is a limit group,
thereisf 2 Hom( ;F) that is injective on f1;h;;  ;h,g. On the other
hand, f jH factors through someqgjH and soh; = 1, a cortradiction. O

Proof of Corollary 1.23. Let A be an abelian subgroup of a limit group .
Sinceresidually free groups are torsion free, it is enoughto show that A is
fg. It follows from the de nition that, for 2 Mod(), thereis a nitely

generatedsubgroupA of A andaretractionr : ! A sud that jAis
trivial 1* on A\ Ker(r ). SeeRemark1.12.

Considerthe homomorphism oy I @ ! A : Since isfg, the
imageof r isfg. Hence,A = Ay A; whereA; isfgandeadt r is trivial
onAp. Letfqg: ! ig be a factor setfor with eadh ; a limit group.
By Lemma 1.24, A, injects into some ;. SinceHom( ;;F) ( Hom( ;F),
we may concludeby induction that Ay and henceA is fg. O

In Section6, we will alsoshow:
Theorem 1.25. For an fg group G, the following are equivalent.

1. GisaCLG

lagreeswith the restriction of an inner automorphism of .
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2. Gis! -residualy free.
3. Gis alimit group.

The fact that ! -residually free groups are CLGs is due to O. Kharlam-
povich and A. Myasnikov [11]. V.N. Remeslennikv [21] shoved that limit
groups act freely on R"-trees, also see[8]. Kharlampovich-Myasnikov [10]
prove that limit groupsact freely on Z"-treeswhere Z" is lexicographically
ordered. Remeslennikv [20] also demonstratedthat 2-residually free groups
are! -residually free.

2 The Main Prop osition

De nition 2.1 An fg groupis genericif it is torsion free, freely indecomyos-
able, non-akelian, and not a closedsurfacegroup.

The Main Theoremwill follow from the next proposition.
Main Prop osition. Generic limit groupshavefactor sets.

Before proving this proposition, we shov how it implies the Main Theo-
rem.

De nition 2.2 Let G and G° be fg groups. The minimal number of gen-
erators for G is denoted (G). We sa that G is simpler than G if there
is an epimorphismG°®! G and either (G) < (GY or (G) = (G9Y and
Hom(G;F) ( Hom(G%F).

Remark 2.3. It follows from Lemma 1.8 that ewery sequencd G;g with G;.,
simpler than G; is nite.

De nition 2.4. If G is an fg group, then by RF(G) denote the universal
residually free quotient of G, i.e. the quotient of G by the (normal) subgroup
consistingof elemens killed by every homomorphismG ! F.

Remark 2.5. Hom(G;F) = Hom(RF (G); F) and for ewery proper quotient
G°of RF(G), Hom(G%F) ( Hom(G;F).

The Main Proposition implies the Main Theorem. Supposethat G is an fg
group that is not free. By Remark 2.3, we may assumethat the Main The-
orem holds for groups that are simpler than G. By Remark 2.5, we may
assumethat G is residually free, and so also torsion free. Examples 1.3



and 1.4 shawv that the Main Theoremis true for abelian and closedsurface
groups.If G= U V with U non-freeand freely indecompsableand with V
non-trivial, then U is simplerthan G. So,G hasa factor setfg : U! L;g,
andfg Idy:U V! L; Vgisafactor setfor G.

If G isnot alimit group,then thereis a nite subsetf gg of G sud that
any homomorphismG ! F kills one of the g. We then have a factor set
fG! H;:= Gaigiig. SinceHom(H;;F) ( Hom(G;F), by induction the
Main Theorem holds for H; and so for G.

If G is genericand a limit group, then the Main Proposition givesa factor
setfg : G! Gigfor G. SinceG is residually free, ead G; is simpler than
G. We are assumingthat the Main Theoremthen holds for ead G; and this
implies the result for G. O

3 Review: Measured laminations and R-trees

The proof of the Main Proposition will usea theorem of Seladescribingthe
structure of certain real trees. This in turn depends on the structure of
measurediaminations. In Section7, we will give an alternate approad that
only usesthe lamination results. First theseconceptsare reviewed. A more
leisurely review with referencess [2].

3.1 Laminations

De nition 3.1 A measured lamination ona simplicial 2-complexK consists
of a closedsubsetj j jKjandatransversemeasure . j | is disjoint from
the vertex set, intersectsead edgein a Cantor setor empty set,and intersects
ead 2-simplexin 0O, 1, 2, or 3 families of strajght line segmets spanning
distinct sides. assignsa non-negative number |, to ewery interval | in an
edgewhoseendpoints are outsidej j. There are two conditions:

1. (compatibilit y) If twointervals|, J in two sidesgf the gametriangle
intersectthe samecomponerts of j j\  then | = |

2. (regularit y)  restricted to an edgeis equivalert under a \Cantor
function" to the Lebesguemeasureon an interval in R.

A path componert of j | is a leaf.

10



Two measuredlaminations on K are consideredequivalert if they assign
the samevalue to ead edge.

Prop osition 3.2 (Morgan-Shalen [16]). Let be a measured lamination
on K. Then
= it t o«

so that each ; is either minimal (each leaf is densein j ;j) or simplicial
(each leaf is compact, a regular neighlorhood of j ;j is an | -bunde over a
leaf andj ;j is a Cantor set subbundke).

There is a theory, called the Rips maching for analyzing minimal mea-
suredlaminations. It turns out that there are only 3 qualities.

Example 3.3 (Surface type). Let S be a compact hyperbolic surface(possi-
bly with totally gealesicboundary). If S admits a pseudoAnose homeo-
morphism then it alsoadmits | ling measured geodesic laminations { these
are measuredlaminations  (with respect to an appropriate triangulation)
sud that ead leaf is a biin nite gealesicand all complememary compo-
nerts are ideal polygons or crovns. Now to get the model for a general
surfacetype lamination attach nitely many annuli S* | with lamination
S (Cantor set) to the surfacealong arcs transverseto the gealesiclam-
ination. If theseadditional annuli do not appear then the lamination is of
pure surface type. SeeFigure 1.

Example 3.4 (Toral type). Fix a closedinterval I R, a nite collection of
pairs (J;i; J9 of closedintervalsin |, and isometries ; : J; ! J?sothat:

1. If ; is oriertation reversingthen J; = J°and the midpoint is xed by

2. The length of the intersection of all J; and J° (over all i) is more than
twice the translation length of eat orientation preserving ; and the
xed points of all orientation reversing ; arein the middle third of the
intersection.

Now glue a foliated band for ead pair (J;;J9 sothat following the band
maps J; to J?via ;. Finally, using Cantor functions blow up the foliation
to a lamination. There is no needto explicitly allow adding annuli asin the
surface casesincethey correspnd to ; = Id. The subgroup of | som(R)
generatedby the extensionsof the ;'s is the Bassgroup. The lamination is
minimal i its Bassgroup is not discrete.
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Sis

Figure 1: A surfacewith an additional annulus and somepiecesof leaves.

Example 3.5 (Thin type). This is the most mysterious type of all. It was
discovered by Gilbert Levitt, see[1Z]. In the \pure" case(with no annuli
attached) the leaves are 1-endedtrees (so this type naturally liveson a 2-
complex, not on a manifold). By performing certain moves(sliding, collaps-
ing) that don't changethe homotopy type (respecting the lamination) of the
complexonecan transform it to onethat cortains a (thin) band. This band
inducesa non-trivial free product decompsition of ;(K), assumingthat
the componert is a part of a resolution of a tree (what's neededis that loops
that follow leavesuntil they comecloseto the starting point and then they
closeup are non-trivial in ;).

In the generalcasewe allow additional annuli to be glued, just like in the
surfacecase. Leavesare then 1-endedtreeswith circlesattached. Again, if
there are no additional annuli then the lamination is pure.

Theorem 3.6 (\Rips machine"). Let be a measured lamination on a
nite 2-complexK, and let ; be a minimal component of . There is a
neighlorhood N (we refer to it asa \standard" neighlorhood) of j ij, a nite

2-complex N © with measured lamination © asin one of 3 model examples,
andthereis a ;-isomorphismf : N ! NOsuchthatf ( 9 =

We referto ; asbeing of surface, toral, or thin type.



3.2 Dual trees

Let G be an fg group and let K be a simply connected2-dimensionalsim-
plicial G-complexso that, for eadh simplex of K, Stab() = Fix(). 2
Let ” be a G-invariant measuredlamination in K. There is an asseiated
real G-tree T() constructed as follows. Considerthe pseudo-metricon K
obtained by minimizing the "-length of paths betweenpoints. The real tree
T(") is the asseiated metric spacé3. Thereis a natural map K ! T()

and we say that (K; ") is a madel for T(") if

for ead edgeeé of K, T("j& ! T(J isanisometry (onto its image)
and

the quotient K =G is compact.

If atree T admits amodel (K; "), then we say that T is geometric andthat T
isdualto (K;"). This is denotedT = Dual(K;¥). Wewill usethe quotient
(K:) := (R; =G with simplicesdecorated(or labeled)with stabilizersto
presem a model and sometimesabusenotation by calling (K; ) a model for
T.

Remark 3.7. Often the G-actionon K is requiredto be free. We have relaxed
this condition in orderto be ableto consideractions of fg groups. For exam-
ple, if T is a minimal'4, simplicial G-tree (with the metric where edgeshave
length one'®) then there is a lamination " in T sud that Dual(T;") = T.
16

If S and T are real G-trees, then an equivariant mapf : S! T isa
morphismif every compactsegmenh of S hasa nite partition sud that the
restriction of f to ead elemen is an isometry or trivial 1’.

If Sisareal G-treewith G fp, then thereis ageometricreal G-tree T anda
morphismf : T! S. The mapf is obtained by constructing an equivariant
map to S from the universal cover of a 2-complexwith fundamertal group

2Stab() :=fg2Gjg = gandFix() :=fg2Gjgx=x;x2 g

Bidentify points of pseudo-distance0

no proper invariant subtrees

15This is called the simplicial metric on T.

6The metric and simplicial topologieson T don't agreeunlessT is locally nite. But,
the action of G is by isomorphismsin ead structure. So, we will be sloppy and ignore
this distinction.

hasimage a point

13



G. In general,if (I@; A) isamodel for T andif T! S is a morphism then
the composition K! T! SisaresolutionofS.

3.3 The structure theorem

Here we discussa structure theorem (seeTheorem 3.13) of Selafor certain
actions of an fg torsion free group G on real trees. Among other restrictions,
the actions we considerwill be required to be stable*®, have abelian (non-
degenerate)arc stabilizers, and have trivial trip od'® stabilizers. There is a
short list of basicexamples.

Example 3.8 (Pure surface type). A real G-tree T is of pure surface type if
it is dual to the universalcover of (K; ) whereK is a compactsurfaceand

is of pure surfacetype. We will usually use the alternate model where
boundary componerts are crushedto points and are labeled Z.

Example 3.9 (Linear). The tree T is linear if G is abelian, T is a line and
there an epimorphismG ! Z" sud that G actson T via a free Z"-action
on T. In particular, T is geometricand is dual to (K;") whereK is the
universal cover of the 2-skeleton of an n-torus K. For simplicity, we often
completeK with its lamination to the whole torus. This is a special caseof
a toral lamination.

Example3.10(Purethin). ThetreeT is pure thin if it is dual to the universal
cover of a nite 2-complexK with a pure thin lamination . If T is pure thin
thenG=F V; Vi WhereF is non-trivial and fg freeand f Vy; ;' Ving
represets the conjugacyclasseof point stabilizersin T.

Example 3.11 (Simplicial). The tree T is simplicial if it is dual to (K
whereall leavesof := =G are compact. If T is simplicial it is conveniert
to crushthe leavesand complememary componerts to points in which case
K becomesa tree isomorphicto T.

If K is a graph of 2-complexeswith underlying graph of groups G° then
there is a simplicial 1(G)-spaceK (K) obtained by gluing copiesof K. |
and K,'s equipped with a simplicial 1(G)-map K(K) ! T(G) that crushes
to points copiesof K.  fpointg aswell asthe K, 's.

Bevery (non-degenerate)arc in T cortains a subarc  with the property that every
subarcof hasthe samestabilizer as

19a coneon 3 points

20for each bonding map ¢ : Ge ! G, there are simplicial Ge- and G\,-complexesK\e
and K, together with a c-equivariant simplicial map ¢:Ke! Ky
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De nition 3.12 A real G-tree is very smal if it is non-trivial 2*, minimal,
stable, has abelian (non-degenerate)arc stabilizers, and has trivial (non-
degenerate)trip od stabilizers.

Theorem 3.13 ([29, Section 3]). Let T be a real G-tree. Supmsethat G
is genericand that T is very smal. Then, T is geometric.

Moreover, there is a model for T that is a graph of spaces suchthat each
edgespace is a point with non-trivial akelian stabilizer and each vertex space
with restricted lamination is either

(point) a point with non-trivial stabilizer,

(linear) a non-faithful action of an alelian group on the (2-skeletonof
the) universal cover of a torus with an irr ational 22 lamination, or

(surface)a faithful action of a free group on the universal cover of a sur-
face with non-empty boundary (represente by points with Z-stabilizer)
with a lamination of pure surface type.

Remark 3.14 For an edgespacef pointg, the restriction of the lamination
to fpointg | may or may not be empty. It can be cheded that between
any two points in modelsasin Theorem 3.13there are -length minimizing
paths. Thin piecesdo not arise becausewe are assumingour group is freely
indecompsable.

Remark 3.15 Theorem 3.13 holds more generally if the assumption that
G is freely indecommsableis replacedby the assumptionthat G is freely
indecomposablerel point stabilizers, i.e. if V is the subsetof G of elemeits
acting elliptically?® on T, then G cannot be expressechon-trivially asA B
with all g2 V conjugateinto A[ B.

We can summarizeTheorem 3.13 by saying that T is a non-trivial nite
graph of simplicial trees, linear trees, and trees of pure surfacetype (over
trivial trees). SeeFigure 2.

Corollary 3.16. If G and T satisfy the hypothesesof Theorem 3.13, then
G admits a non-trivial GAD . Sgecically, may be takento be the GAD
induced by the boundary components of the surfae vertex spaces and the

2no xed point
22no essetial loopsin leaves
23 xing a point
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Figure 2: A model with a surfacevertex space,a linear vertex space,and 2
rigid vertex spaces(the bladk boxes). The groupsA, B and C are abelian
with A and B in nite cyclic. Piecesof someleavesare alsoindicated by wavy
lines and dots. For example,the dot on the edgelabeled C is oneleafin a
Cantor set of leaves.

simplicial edgesof the model. The surface vertex spaces giverise to the QH-
verticesof  and the linear vertex spaces give rise to the alkelian vertices of

3.4 Spaces of trees

Let G be a non-trivial fg group and let A(G) be the set of minimal real G-
treesendoved with the Gromov topology. Recall, see[17, 18, 4], that in the
Gromov topology limf (T,;d,)g = (T;d) if and only if: for any nite subset
K of T,any > 0,andany nite subsetP of G, for su ciently largen, there
are subsetsK, of T,, and bijectionsf, : K, ! K sud that

jd(gfn(sn);fn(tn))  dn(gsn:tn)j <

for all s,;t, 2 K, and all g 2 P. Intuitiv ely, larger and larger piecesof the
limit tree with their restricted actions appear in nearby trees.

Let PA(G) be the set of non-trivial real G-trees modulo homothety, i.e.
(T;d) (T;d)for > 0.Fix abasisfor F and let T be the correspnding
Cayley graph. Give Tg the simplicial metric. So,anon-trivial homomorphism
f :G! FdeterminesT; 2 PA(G). The spaceof interestis the closureT (G)
offT; j16 f 2 Hom(G;F)gin PA(G).
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Prop osition 3.17 ([30]). Every sequene of non-trivial homomorphisms
from G to F hasa subsquene ff,g suchthat imT;, = T in T(G). Further,

1. T is non-trivial.

2. If T is not a line, then Ker f, is precisely the kernel K er(T) of the
actionof Gon T. '

3. The stabilizer Stabg-k er(1)(1) In G=Ker(T) of every (non-degenerate
and perhaps non-compact) arc | T is free akelian. Moreover, if
FiXg=ker(r)(I) 6 1 then for every sularc J | we have equality
FiXg=ker(r)(I) = FiXg=xer(r)(J). In particular, T is stable.

4. The stabilizerin G=Ker(T) of everytripod is trivial.
5. Tisalinei almostall f, havenon-trivial akelian image.

Proof. The rst statemen is easyif the sequencecortains in nitely many
homomorphismswith abelianimage. Otherwiseit follows from Paulin's Con-
vergenceTheorem[17]. The further items are exercisesn Gromov corver-
gence. O

Caution. Selagoeson the claim that stabilizers of minimal componerts of
the limit tree are trivial (seeLemma 1.6 of [30]). Howewer, it is possibleto
construct limit actionson the amalgamof a rank 2 freegroup F, and Z2 over
Z where one of the generatorsof Z2 is glued to the commnutator ¢ of basis
elemens of F, and where the Z3 acts non-simplicially on a linear subtree
with c acting trivially on the subtree but not in the kernel of the action.
As a result, someof his argumerts, though easily completed, are not fully
complete.

Corollary 3.18. 1. T(G) is compact.
2. The subspce L(G) of T (G) consisting of linear treesis clopen?.
3. Forg2 G,U(g) =fT2T(G)nL(G)jg2 Ker(T)g is clopen.

Remark 3.19 Thereis another commontopologyon A(G), the length topol-
ogy ForT 2 A(G) and g 2 G, let kgky denote the minimum distance
that g translatesa point of T. The length topology is induced by the map

24poth open and closed
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A(G)! [0;1 )%, T 7' (kgkt)g2c. The subspacel (G) is clopenin PA(G)
with respect to either the Gromov topology or length topology It follows
from work of Paulin [18]that the closuresof f Ts g in PA(G) nL (G) with re-
spectto the two topologiesalsoagreeand are homeomorphic(by the identit y
function). Finally, with respectto either topology, L (G) is homeomorphicto

[Hom(Ab(G); R) nf0g]=(0;1 )

with its natural topology. In particular, the the closuresof f T;g in PA(G)
with respect to the two topologiesagreeand are homeomorphic.

Remark 3.2Q0 L(G) is a real projective spaceand, for g 2 G, the setfT 2
L(G) j g2 Ker(T)g is a subprgective space,sois closedbut not generally
open.

4 Pro of of the Main Prop osition

To warm up, we rst prove the Main Proposition under the additional as-
sumptionthat hasonly trivial abelian splittings, i.e. every simplicial -tree
with abelian edgestabilizershasa xed point. This proof is then modi ed
to apply to the generalcase.

Prop osition 4.1. Supmsethat is a genericlimit group and hasonly trivial
akelian splittings?>. Then, hasa factor set.

Proof. Let T 2 T(). By Proposition 3.17,either =Ker(T) is non-generic
or satis es the hypothesesof Theorem 3.13. In any case,by Corollary 3.16,
=Ker(T) admits a non-trivial abelian splitting. In particular, Ker(T) is
non-trivial. Choosenon-trivial kr 2 Ker(T). By Corollary 3.18,fL () g|
fUk)J T2T() nL() gisanopencoverof T(). LetfL () g[ fU(ki)g
be a nite subcover. By de nition, f ! Ab() g[ fg: ! =lkjiig isa
factor set. O

The key to the proof of the generalcaseis Sela'snotion of a short homo-
morphism, a conceptwhich we now de ne.

25By Proposition 3.17 and Corollary 3.16, limit groups have non-trivial abelian split-
tings. The purposeof this proposition is to illustrate the method in this simpler (vacuous)
setting.
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De nition 4.2 Let G be an fg group. Two elemens f and f °in Hom(G;F)
are equivalent denotedf  f© if thereis 2 Mod(G) and anelemen c2 F
suhthat f°=i. f .26 Fix asetB of generatorsfor G and by jf j denote
maxgs jf (a)] where, for elemerts of F, j | indicates word length. We say
that f is shortif, forall f° f,jfj jf{.

Hereis another exercisein Gromov corvergence.See[30, Claim 5.3]and
[2, Theorem 7.4].

Exercise 11. Supmsethat G is generic,ffig is a sgquene in Hom(G; F),
andlimT;, = T in T(G). Then, either

Ker(T) is non-trivial or,
eventualy f; is not short.

The ideais that if the rst bullet doesnot hold, then the GAD of G given
by Corollary 3.16canbe usedto nd elemens of M od(G) that shortenf; for
i large. Let T{G) be the closurein T (G) of fT; j f is short in Hom(G; F)g.
By Corollary 3.18(1), T {G) is compact.

Proof of the Main Proposition. Let T 2 T{). By Exercisell, Ker(T) is
non-trivial. Choosenon-trivial kr 2 Ker(T). By Corollary 3.18,fL () g|
fUkr)jT2TY) nL() gisanopencoverof TY). LetfL () g[ fU(k)g
be a nite subcover. By de nition, f ! Ab() g[ fg: ! =lkjiig isa
factor set. O

JSJ}decompmsitions will be usedto prove Theorem 1.25, so we digress.

5 Review: JSJ3theory

Somefamiliarity with JSJ3theory is assumed.The readeris referredto Rips-
Sela[22], Dunwoody-SageeV[5], Fujiwara-Papasoglou[6]. For any generic
group G considerthe classof 1-edgesplittings sud that:

(JSJ1) the edgegroup is abelian,
(JSJ2) the edgegroup is primitiv ?’, and

26j is conjugation by ¢
27closedunder taking roots
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(JSJ3) ewvery non-cyclicabelian subgroupA G is elliptic.
We obsene that

Any two sud splittings are hyperbolic-hyperbolic?® or elliptic-elliptic 2°(a
hyperbolic-elliptic pair implies that one splitting can be usedto re ne
the other. Since the hyperbolic edge group is necessarilycyclic by
(JSJ3), this re nement givesa free product decomposition of G).

A hyperbolic-hyperbolic pair hasboth edgegroupscyclic and yields a
GAD of G with a QH-vertex group.

An elliptic-elliptic pair hasa commonre nement that satis es (JSJ1){
(JSJ3) andwhosesetof elliptics is the intersectionof the setsof elliptics
in the given splittings.

Givena GAD of G, wesay that g2 G is -elliptic if it is conjugateto
a an elemen v of a vertex groupV of  and further,

If V is QH then v is a multiple of a boundary componert.
If V is abelianthenv 2 P(V).

The ideaisthat  givesriseto afamily of 1-edgesplittings comingfrom
edgesof the decompsition, from simple closedcurvesin QH-vertex groups,
and from subgroupsAP° of an abelian vertex A that cortain P(A) and with
A=A°= Z. An elemen is -elliptic i it is elliptic with respect to all these
1-edgesplittings. Corversely any nite collection of 1-edgesplittings satis-
fying (JSJ 1){(JSJ3) givesrise to a GAD whoseset of elliptics is precisely
the intersection of the set of elliptics in the collection.

De nition 5.1 An alelian JSJ}decomposition of G is a GADwhoseelliptic set
is the intersection of elliptics in the family of all 1-edgesplittings satisfying
(JSI1)(JISII).

For example,G = F  Z doesnot have any splittings satisfying (JSJ1)-
(JSJ3) sothe abelian JSJis G itself. Of course,G doeshave (many) abelian
splittings (but they don't satisfy (JSJ 3)).

28eac edgegroup of ead tree contains an elemen not xing a point of the other tree
29ead edgegroup of eadh tree xes a point of the other tree
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Remark 5.2 Sinceabelian subgroupsof limit groupsare fg (Corollary 1.23),
(JSJ3) implies that for a limit group all the splittings that we will consider
have the property that non-cyclic abelian subgroupsare conjugate into a
vertex group.

To show that a group G admits an abelian JSJ}decompsition it is nec-
essaryto shaw that there is a bound to the complexity of the GADs arising
from nite collections of 1-edgesplittings satisfying (JSJ1){(JSJ3). If G
were fp the results of [3] would su ce. Sincewe don't know yet that limit
groupsare fp, another technique is needed.Following Sela,we useacylindri-
cal accessibiliy.

De nition 5.3 A simplicial G-treeT is n-acylindrical if, for non-trivial g 2 G,
the diameterin the simplicial metric of the setsFix(g) is boundedby n. It
is acylindrical if it is n-acylindrical for somen.

Theorem 5.4 (Acylindrical Accessibilit y: Sela [29], Weidmann [34]).
Let G be a non-cyclic freely indecomposablefg group and let T be a minimal
k-acylindrical simplicial G-tree. Then, T=G hasat most1+ 2k(rank G 1)
vertices.

The explicit bound in Theorem 5.4 is due to Richard Weidmann. For
limit groups, 1-edgesplittings satisfying (JSJ 1){(JSJ 3) are 2-acylindrical
and nitely many sud splittings give rise to GADs that can be arranged
to be 2-acylindrical. Theorem5.4 can then be applied to showv that abelian
JSJ}decompsition exist.

Theorem 5.5 ([30]). Limit groupsadmit akelian JSJdecompositions.

De nition 5.6. Let be a 1-edgesplitting of a group G with abelian edge
group C. Let z be an elemen of the certralizer Zg(C) of C in G. The
automorphism , of G, calledthe Dehntwist in z, is determinedas follows.
There are two cases.

1. =A ¢B: (
_ G if g2 A;
(0) = zgz 1, ifg2 B:
2 :AC (
. ifg2 A,
>g= T O

gz; if gisthe stable letter.
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If isasin Cases(1l) and (2) and if A is abelian then a genealized Dehn
twist is a Dehntwist or an automorphismof G that restricts to a unimodular
automorphism of A and that is the iderntity when restricted to the edge
groupsincidernt to A and when restricted to B if B exists. Mod() is the
subgroupof M od(G) generatedby thesegeneralizedDehn twists.

Exercise 12. M od(G) is geneated by inner automorphismstogether
with genealized Dehn twists.

If Gisalimit group,then M od(G) is generated by inner automorphisms
togetherwith generlized Dehn twists assaiated to 1-edge splittings of
G satisfying (JSJ 1){(JSJ3). See [30, Lemma2.1]. In fact, the only
genenlized Dehntwists that are not Dehn twists can be takento be with
respect to a splitting of the form A - B wheeA=C Z.

Remark 5.7. If B is a rigid vertex group of an abelian JSJdecommsition
of agroup G andif 2 Mod(G), then there is an elemen of g sud that

JB = igjB. Indeed, B is elliptic in any 1-edgesplitting of G and so the
statemen is true for generatorsof M od(G).

6 Limit groups are CLGs

In this section,we show that limit groupsare CLGs and completethe proof
of Theorem 1.25.

Lemma 6.1. Limit groupsare CLGs

Proof. Let bealimit group, which we may assumes generic.Let ff;gbea
sequencen Hom( ;F) sud that f; is injective on elemeits of length at most
i (with respect to some nite generatingset for ). De ne f; to be a short
map equivalert to f;. Accordingto Exercisell,q: ! %= =Ker flisa
proper epimorphism, and so by induction we may assumethat °is a CLG
Let bean abelian JS}decompsition of . We will shav that g and
satisfy the conditions in De nition 1.14. The key obsenations are these.

If A is a peripheral subgroup of an abelian vertex of , then A is
elliptic in all 1-edgesplittings of . In particular, Dehn twists, hence
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all elemens of Mod(), when restricted to A are trivial 3°. Also, by
Corollary 1.23,abelian vertex groupsof  are CLGs.

Elemerts of Mod() when restricted to edgegroupsof  are trivial.
Since isalimit group, ead edgegroupis a maximal abelian subgroup
in at leastoneof the two adjacen vertex groups. SeeExercise6.

The g-image of a QH-vertex group Q of is non-abelian. Indeed,
supposethat Q is a QH-vertex group of  and that q(Q) is abelian.
Then, ewertually fi(Q) is abelian. QH-vertex groups of abelian JS
decompmsitions are canonical, and so ewvery elemem of Mod() pre-
senesQ up to conjugacy Hence,ewentually f;(Q) is abelian, cortra-
dicting the trivialit y of K er f;.

Elemerts of M od() whenrestricted to envelopesof rigid vertex groups
of aretrivial. SinceK gr f; istrivial, qisinjective ontheseenvelopes.
In particular, rigid vertex groupsof are CLGs.

O

Proof of Theorem 1.25. (1) =) (2) =) (3) were exercises.(3) =) (1) is
the cortent of Lemma6.1. O

7 A more geometric approach

In this section,we shav how to derive the Main Proposition usingRips theory
for fp groupsin place of the structure theory of actions of fg groupson real
trees.

De nition 7.1 Let K be a nite 2-complexwith & measuredlamination
( ; ). Thelengthof , denotedk Kk, isthe sum . _ overthe edgese of
K.

If : K ! T isaresolution, then k k¢ is the length of the induced
lamination . Supposethat K is a 2-complexfor G.3! Recallthat T¢ is a

30Recall our convertion that \trivial' means\agrees with the restriction of an inner
automorphism". Alternativ ely, we could view elemeris of M od() asinducing the trivial
outer automorphism on A.

3lj.e. the fundamertal group of K is identied with the group G
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Cayley graph for F with respectto a xed basisand that from a homomor-
phismf : G! Faresolution :(K;K@)1 (Te;T?) canbe constructed,
see[3]. The resolution dependson a choice of imagesof a set of orbit
represenativ es of verticesin K. We will always choose to minimize k kg
over this set of choices. With this corvertion, we de ne kf kg := k kg .

Lemma 7.2. LetK; andK, be nite 2-complexedor G. Thereis a number
B = B(K;K3) suchthat, for all f 2 Hom(G;F),

B! kikc, kikc, B kfke,:

Proof. Let ;:Kj;! Tg bearesolutionsud that k 1kg, = kf k¢,: Choose
an equivariant map © : K 1 kKO petween O-sleleta. Then, ; ©

determinesa resolution ,: K, ! Tg. Extend © to acellularmap @ :

kM1 kP petweenil-skeleta. Let B, be the maximum over the edgese of
the simplicial length of the path ®(e) and let E, be the number of edges
in K,. Then,

kf sz k 2kK2 BzNzk 1kK1 = BzNzkf kKl:
The other inequality is similar. O

Recallthat in De nition 4.2, we de ned another length j | for elemelts
of Hom(G; F).

Corollary 7.3. LetK be a nite 2-complexfor G. Then, there is a numkber
B = B(K) suchthat for all f 2 Hom(G; F)

B !jfj kfkc B jfj:

Proof. If B is the xed nite generatingset for G and if Rg is the wedge
of circleswith fundamertal group idernti ed with the free group on B, then
completeRg to a 2-complexfor G by adding nitely many 2-cellsand apply
Lemma7.2. 0

Remark 7.4. Lemma 7.2 and its corollary allow us to be somewhatcavalier
with our choicesof generatingsetsand 2-complexes.

Exercise 13. The space of (nonempty) measured laminations on K can be
identi e d with the closel cone without 0 in RE, whee E is the set of edgesof
K, givenby the triangle inequalities for eachtriangle of K. The projectivized
spce PML (K) is compact.
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Exercise 14. If limj; T¢, = T andlimj t, = thenthereis a resolu-
tion that sendslifts of leavesof to points of T and is monotonic (Cantor
function) on edgesof K.

De nition 7.5. An elemen f of Hom(G;F) is K -short if kf kg kf % for
all f® f. Two sequence$sm;g and fn;g in N are comparableif there is a
numberC > OsudhthatC ' mi n; C m, foralli.

Corollary 7.6. Let ff;g be a sqquene in Hom(G;F). Supmsethat f°
fi  f%whee f2is short and f ?%is K -short. Then, the seguenesfj f g and
fk f °k« g are comparable. O

De nition 7.7. If * is aleaf of a measuredamination ona nite 2-complex

K, then (conjugacyclasse®f) elemerts in the imageof ;(C K) arecarried

by *. Supposethat ; isacomponert of . If ; is simplicial (consistsof a

parallel family of compactleaves™), then elemeits in the imageof (C K)

are carried by ;. If ; is minimal andif N is a standard neighborhood3? of
i, then elemerts in the imageof (N K) arecarried by ;.

De nition 7.8 Let K be a nite 2-complexfor G. Let ff;g be a sequence
of short elemeits in Hom(G;F) andlet ; : K ! Tg be an f;-equivariant

resolution. We say that the sequencd ;g is shortif fk kg g andfjfijg are

comparable.

Exercise 15. Let G befreelyindecomposable.In the setting of De nition 7.8,
if f jgis shortthen = lim | hasa leaf carrying non-trivial elementsof
Ker(T).

The ideais againthat, if not, the induced GAD could be usedto shorten.
The next exercise,along the lines of Exercise10, will be neededin the fol-
lowing lemma?33

Exercise 16. Let be a 1-edgeGAD of a group G with a homomorphismq
to a limit group . Suppmse:

the vertexgroupsof  are non-atelian,

the edgegroup of  is maximal akelian in each vertex group, and

32seeTheorem 3.6
331t is a consequenceof Theorem 1.25, but since we are giving an alternate proof we
cannot usethis.
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g is injective on vertex groups of
Then, G is a limit group.

Lemma 7.9. Let bealimit groupandletq: G'! be an epimorphism
suchthat Hom(G;F) = Hom( ;F). If 2 Mod(G) then induces an
automorphism °of and Cisin Mod() .

Proof. Since = RF(G), automorphismsof G induce automorphisms of
Let be a 1-edgesplitting of G suc that 2 Mod(). It is enough
to chek the lemmafor . We will chedk the casethat = A ¢B and

that is a Dehn twist by an elemen ¢ 2 C and leave the other (similar)
casesas exercises.We may assumethat g(A) and q(B) are non-abelian for
otherwise Cis trivial. Our goalis to successiely modify g until it satis es
the conditions of Exercisel6.

First replaceall edgeand vertex groups by their g-imagesso that the
secondcondition of the exerciseholds. Always renamethe result G. If the
third condition doesnot hold, pull3* the certralizers Z,(c) and Zz(c) across
the edge. Iterate. It is not hard to shav that the limiting GAD satis es
the conditions of the exercise. So, the modi ed G is a limit group. Since
Hom(G;F) = Hom( ;F), we havethat G= and = ¢ O

Alternate proof of the Main Proposition. Supposethat is a genericlimit
group, T 2 TY), andff;gis a sequenceof short elemeits of Hom( ;F)
sudh that lim T¢, = T. As before,our goalis to showv that Ker(T) is non-
trivial, so supposenot. Recall that the action of on T satis es all the
conclusionsof Proposition 3.17.

Letg: G! be an epimorphismsud that G is fp and Hom(G; F) =
Hom( ;F). By Lemma7.9, elemens of the sequencd f;qg are short. We
may assumethat all intermediate quotients G! G°! are freely indecom-
posablé®.

Choosea 2-complexK for G and a subsequenceso that = lim ¢4
exists. For each componert o of , perform one of the following movesto
obtain a new nite laminated 2-complexfor an fp quotient of G (that we will
rename(K; ) and G). Let G, denotethe subgroupof G carried by .

34If Ao is a subgroup of A, then the result of pulling Ao acrossthe edgeis A pa,.ci
hAg; Bi, cf. movesof type lIA in [3].
35see[23]
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1. If oisminimal andif G stabilizesa linear subtreeof T, then enlarge
N( o) to a model for the action of g(Gg) on T.

2. If ¢ is minimal and non-toral and if G, does not stabilize a linear
subtreeof T, then collapseall addedannuli to their bases.

3. If ¢ is simplicial and Gy stabilizesan arc of T, then attach 2-cellsto
leavesto replaceGq by q(Go).

In ead casealsomodify the resolutionsto obtain a short sequencen the new
complexwith induced laminations corvergingto . The modied complex
and resolutionscortradict Exercisel5. Hence,K er(T) is non-trivial.

To nish, choosenon-trivial kr 2 Ker(T). As before,if fL () g[ fU(kr,)d

isa nite coverfor T{), thenf ! Ab() g[ f ! =Hkyiig is a factor
set. U
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