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QUASI-HOMOMORPHISMS ON MAPPING CLASS GROUPS

Mladen Bestvina and Koji Fujiw ara
University of Utah, USA and Tohoku University, Japan

To Sibe Mardesic, with admir ation

Abstra ct. We rene the construction of quasi-homomorphisms on
mapping class groups. It is useful to know that there are unbounded
quasi-homomorphisms which are bounded when restricted to particular
subgroups since then one deduces that the mapping class group is not
boundedly generated by these subgroups. In this note we enlarge the class
of such subgroups. The generalization is motiv ated by considerations in
rst order theory of free groups.

1. Intr oduction

Recall that a quasi-homomorphismon a group G isafunction h:G! R

such that

sup jh( 1 2) h(i1) h(2)j<1:

1; 226G
The set of all quasi-homomorphismson G forms a vector spaceV(G). Any
bounded function on G is trivially a quasi-homomorphism,and we consider
the vector spaceQH (G) which is the quotient of V(G) by the subspaceof
bounded functions. The existenceof many quasi-homomorphismsG ! R has
implications for (stable) commutator length [Ba], (failure of) bounded gener-
ation of G, and non-enmbedding results for arithmetic lattices. For example,
if h:G! R isanunboundedquasi-homomorphismsud that the restrictions
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214 M. BESTVINA AND K. FUJIW ARA

ated by the Q;'s, i.e. for no N > 0 can every elemen of G be written asthe
product of N elemerns of Q1 [ [ Qk-

In this paper we considerthe casewhen G is the mapping class group
M CG(S) of a compact surface S (this is the group of isotopy classesof
homeomorphismsS | S). With the exception of a small humber of spo-
radic surfaces,M CG(S) is a \large" group, e.g. it contains a nonabelian free
subgroup. In [BeFu] we proved that QH (M CG(S)) is in nite-dimensional
provided M CG(S) is not virtually abelian (and we only consideredthe case
of orientable S). More precisely we have

Theorem 1.1 Let S be a compact surface such that M CG(S) is not
virtual ly akelian. Then QH (M CG(S)) is in nite-dimensional. Moreover, for
every nite collection of cyclic sutgroups

Ci;::5;C MCG(S)
there is an in nite-dimensional subspce of QH (M CG(S)) suchthat eachrep-
resentative quasi-homomorphismh of any elementin this subspmce satis es:
(1) h is bounde&l on each C;, and
(2) his boundel on the stabilizer H( ) of every essential(hon-degeneate

if S is non-orientable, see Appendix) simple closal curve (or sa) in
S.

Sincewe did not state the theorem in exactly this form in [BeFu] we will
outline the proof in Section 3. Also, in [BeFu] we discussedonly the case
when S is orientable. We explain how to modify the argumert when S is
non-orientable.

Cor ollar y 1.2. SuppseM CG(S) is not virtual ly akelian. Let

be a nite collection of sulgroups of M CG(S) such that each Q; is either
cyclic or the stabilizer of an essential (non-degeneate) scc. Then

Q:1Q2 Qm 8 MCG(S):

Indeed, any nite union of sets of the atove form is a proper subset of
M CG(S).

Here the set on the left consistsof compositions 1 m for i 2 Q.
This statemert generalizeghe fact that M CG(S) is not boundedly generated
(by cyclic subgroups)[FLM].

In this note we will extend Theorem 1.1 so that (2) includes a larger
classof subgroupsof M CG(S). The additional subgroupswill be called D-
sulgroupsand they consistof mapping classegshat descenddown a particular
proper coveringmap p: S! S% The motivation for seekingsud an exten-
sion comesfrom the rst order theory of free groups, which also demandsa
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consideration of non-orientable surfaces. In this theory one is interested in
understanding the set of conjugacy classesof homomorphismsf : H ! F that
extendto f~: G! F, whereF isa xed nonabelian freegroup,andH G are
xed nitely generatedgroups. For example, considerthe special casewhen
H is the fundamertal group of a closedsurfaceS. To gleanthe structure of
this setit is usefulto considerits intersectionswith \orbits": Letf :H ! F
be a xed homomorphismand considerthe set

Er =f 2MCG(S)jf extendsto Gg

With the help of Makanin-Razborov diagrams[Se](seealso[KM1, KM2]) one
shaws that either E; = M CG(S) or Es is contained in a nite union of sets
of the form

QlQZ Qm

where each Q; is either cyclic, or it is contained in the stabilizer of a simple
closedcurve, or it is a D-subgroup. The details of this are in [BeFe], where a
sharper statemert is proved. Thus Corollary 1.2 implies (using our extension
of Theorem 1.1) that E¢ is either all of M CG(S) or elseit is a \slim" subset
of M CG(S).

This reasoning applies to groups H other than surface groups by con-
sidering abelian JSJ decompositions [DS, FuP]. The most interesting pieces
of the decomposition are surfaces(with boundary) and we are led to con-
sidering non-closed surfacesas well. It is conveniert to collapse boundary
componerts to punctures. This doesno harm, sinceit only meansthat the
guasi-homomorphismswe construct will be 0 on the subgroup generatedby
Dehn twists in the boundary componerts.

The crucial tool in the study of mapping classgroupsis that of the curve
complex assciated to the surface. This complex was originally de ned by
Harvey [Ha], it wasusedby Harer [Har] in his study of the homology of map-
ping classgroups, and its geometric aspects have beenstudied more recertly
thanks to the celebratedtheorem of Masur and Minsky which statesthat the
curve complexis -hyperbolic. We review the de nition and basic properties
of the curve complex in the Appendix, where we also outline proofs of basic
facts for the caseof non-orientable surfaces.

2. D-subgr oups of mapping class gr oups

Let p: S! S%be a covering map betweentwo compact connectedsur-
faces. We will also assumethat p is not a homeomorphism. There is a
nite index subgroup M CGp(S% < M CG(SY consisting of (isotopy classes
of) homeomorphisms °: S%! SOthat admit a lift, i.e. a homeomorphism

:S! Ssuhthat p = %. When a lift existsit may not be unique.
Consider the group

D()=f :S! Sjp = %forsome °:S° S%-=isotopy < M CG(S)
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consisting of all possiblelifts of elemerts of M CGp(S9. Equivalently, this is
the group of mapping classesn M CG(S) that desendto S° via p.
The group D (p) is commensuablewith M CGp(SO) in the sensethat the
group
D =f(; 9ip = Ypg=isotopy

surjects to both with nite kernel.

Any subgroup of M CG(S) of the form D (p) will be called a D-subgroup
of M CG(S). Sud subgroupsarise naturally in the study of the rst order
theory of free groups and they play a role similar to the stabilizer of a simple
closedcurvein S.

Lemma 2.1 If (S) < 0 then there are only nitely many conjugacy
classesof D -sutgroups of M CG(S).

Pr oof. There are nitely many possibletopological typesof surfacesS°
that can appear in a coveringmap p: S! S°% Fix onesudc S° UnlessS°
is a disk with 2 holes or a projective plane with 2 holes, choose two tight
simple closedcurves and that Il SO (this meansthat ead complemen-
tary componert is a disk or an annulus that contains a boundary componert
of S9. If S%is a disk with 2 holes choose an immersed curve  with one
self-intersection point so that all 3 complemenary componerts are annuli
containing one boundary componert of S° Similarly, when S is a projective
plane with 2 holeschoose sothat it hastwo self-intersection points and the
complemenary componerts are annuli. We can view this as a kind of a cell
structure on S° exceptthat someof the cells have a hole in the interior.

If p: S! S%is a covering map we can pull back this \cell structure"
to S. The cells are labeled by the corresponding cellsin S° There are only
nitely many labeled cell complexesthat arise in this fashion. Now suppose
that py;p2 : S! SPare two covering maps with the assaiated labeled cell
complexesisomorphicvia a homeomorphismthat preseneslabels. This yields
h:S! S sud that p; = p2h, and this meansthat D(p;) and D(p;) are
conjugatein M CG(S): D(p1) = h D(p2)h. a

3. Outline of proof of Theorem 1.1

SupposesS is orientable. SinceM CG(S) is not virtually abelian, S is not
S? minus at most three points. If S is S? minus four points or T? minus
at most one point, then M CG(S) is virtually free. In those cases,the curve
complex X (seeAppendix) is not connected,and we needto arguedi erently.
One way is to modify the de nition of X (seeApendix), then we can apply
the sameargumert asfollows. We omit the details.

The mapping classgroup M CG(S) acts on the curve complexX = X (S)
which is hyperbolic by the celebratedtheorem of Masur-Minsky [MM1]. For
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nite oriented paths w, in X write j j, for the maximal number of non-
overlapping translates of w in , and by jwj denote the length of w. If W is
an integer with 0 < W < jwj, for any two verticesx;y 2 X de ne

cww (X y) = dix;y) inf(j j Wj jw)
with  ranging over all paths from x to y. Finally, de ne
hy :MCG(S)! R

by
hw(9) = cww (X0;9(X0)) G 2w (Xo;9(X0))
wherexg 2 X is a xed basevertex.

Then hy, is a quasi-homomorphism[Fu, Proposition 3.10]. By construc-
tion, hy, is boundedon the stabilizer of every vertex x of X (i.e. the stabilizer
ofasccin M CG(S)). Indeed,0 cw:w (Xo;9(X0))  d(Xo;9(X0))  2d(Xo; X),
sojhy(g)j] 2d(xe;x) for any g2 M CG(S) that xes x.

In [BeFu, Proposition 11] we showed that the action of M CG(S) on X
satis es a certain technical condition called WPD (see Appendix). In the
presenceof this condition, the following two statemerts about hyperbolic
elemeris g;; g; are equivalent [BeFu, Proposition 6]:

somepositive powers g;* and g2 are conjugate, and
for any quasi-axes ; and " of g; and g, respectively there is a constart
C > 0 such that for any L > 0 there are segmems ; °; of length
L sothat a translate of ; is contained in the C-neighborhood of
and the orientations of the two segmers are parallel.

Write g; 0. if the two statemerts hold. We then constructed in [BeFu,
Proposition 2] an in nite sequencef;;fz;::: 2 M CG(S) of hyperbolic ele-
ments sudch that

fi 6 f, !foralli,and

fi 6 f *foriéj.
If C =< > is a cyclic subgroup of M CG(S) generatedby a hyperbolic
elemert then f. ! for at mostonei. Soif we are givena nite collection
of cyclic subgroupsgeneratedby hyperbolic elemeris we may assume(after
removing a nite subsetof the f;'s) that they do not contain any conjugates
of any nontrivial powers of the f;'s. Now, asin the proof of [BeFu, Theorem
1], inductiv ely choose paths wy;ws,;::: where w; is a long segmen along a
quasi-axis of f; sothat hy,.w : MCG(S) ! R is unboundedon < f; > but
bounded on the given cyclic subgroupsand on < f1 >; :::;< f; 1 > (when
the cyclic subgroup is generatedby an elemen that is not hyperbolic, then
any hy.w is boundedon it). Then the quasi-homomorphismsh,, .w give an
in nite linearly independert collection in QH (M CG(S)) and by construction
they are all bounded on the subgroupsin (1) and (2).
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Suppose S is non-orientable. Since M CG(S) is not virtually abelian,
S is not RP? minus at most two points (M CG is nite, [Ko]), nor Klein
bottle minus at most one point (M CG is nite (no puncture) or virtually Z
(one puncture) [Stu]). As we show in the appendix, the curve complex X is
connected,and delta-hyperbolic, and the action of M CG is WPD. Therefore
the sameargumernt applies.

4., Extension of Theorem 1.1

Lemma 4.1 Letp: S! S°hbe a covering map between compact con-
nected surfaces of negative Euler characteristic, possibly with boundary, pos-
sibly nonorientable. Then the image of

p :X(SH! X(S)
is a quasi-onvex subsetof X (S). Namely, there exists a constant P such

that a geodesic (in X (S)) between any two points in p (X (S9) is in the P-
neightorhood of p (X (S9).

This lemma complemeris the result of Ra and Scleimer [RS]that p is
a quasi-isometricembedding. In the casewhen S®is orientable the statemert
also follows from [RS].

Pr oof. We useterminology and results from Appendix. Let a;b be two
vertices of X (S9 and let c be a sccasin Lemma5.7. Likewise,let &; b be the
preimagesof a;b in S, viewed as multi-curv es. L%t € be the preimage of c.
Sincethe length l,(c) of ¢ is bounded above by R™ | (a;b) it follows that

@ PR T@D=" R (&b

and similarly

[(e5%) su [(c;x) _

A\ 0
00 plab(xq) Man(€)

R= I(a;b) = P jpiR= 1 (&;D)

wherex runs over scc'sin S and x denotesp(x) (the modulus canbe computed
by running the sup over all immersed curves, seeRemark 5.8). Therefore, &
is within a bounded distance from Mid(&;D) (see Remark 5.9). A similar
argumert appliesto Mid( &; B; %). O

Map(® = sup

In the orientable casethe following proposition is a consequencef [MS,
Theorem 2].

Pr oposition 4.2. Let S be a compact surface that admits pseudo-Aosov
homeomorphisms. Then there is a pseudo-Aosov homeomorphism : S'!
S such that no nontrivial power of (is conjugate within M CG (S) to a
homeomorphism that) des@ndsdown a proper covering S! S°
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Pr oof. In this proof it is conveniert to collapseboundary componerts
to punctures. If S is a 4 times punctured sphere,a once punctured torus, or
a once punctured # 3RP? then S admits a pseudo-Anos® homeomorphism,
and sudh a homeomorphismcannot descenddown a proper covering map since
simpler surfacesdo not admit such homeomorphisms.(For the rst two cases

= 1 sothe assertionis obvious. For the last casethis takes a thought
since = 2, soconceiably there is a double cover. But the coveredsurface
would have to have one puncture and under a double cover a single puncture
must lift to two punctures for homological reasons.)

In all other caseswe will construct :S! S sud that the stable and
unstable foliations of have a unique singularity with > 2 prongs. This will
imply that and its powers do not descenddown a proper covering map.
Note that if we have such a map for a surfaceS with p punctures, then we
also have it for the surfaceS with > p punctures, by taking an appropriate
power of and declaring xed points to be punctures. Thus it suces to
construct in the \minimal" cases.

Recall Thurston's construction of pseudo-Anos® homeomorphismsof a
surface S [Th]. Let and be two tight collections of pairwise disjoint
essetial 2-sidedsimple closedcurvesin S suchthat [ lls S. By composing
Dehn twists in thesecurvesone obtains a pseudo-Anos@ homeomorphism
S! S whose(un)stable foliation hasonesingularity for every complemenary
componert of [ . If the componert is a 2k-gon, then the singularity is k-
pronged (so if k = 2 it's not a singularity, and if k = 1 there must be a
puncture in this componert). The proof is now cortained in Figures 1-8.

a
1![0

Figure 1. S? with 5 punctures. Each puncture is a 1-
pronged singularity, and there is a 3-prongedsingularity.
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&l

Figure 2. T2 with 2 punctures, pictured asthe squarewith
opposite sidesidenti ed. The curvesarethe meridian and the
longitude as well as a curve surrounding the two punctures.
Each puncture is a 1-pronged singularity, and there is a 4-
pronged singularity.

Figure 3. Gerus 2 surfacewith a single 6-pronged singu-
larity. In a similar way we get a gerusg 2 surfacewith a
single4g 2-prongedsingularity.

O

—

Figure 4. RP? with 3 punctures, pictured as a disk with
antip odal points on the boundary identi ed. Each puncture
is a 1-prongedsingularity, and there is a 3-prongedsingular-

ity.
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Figure 5. The Klein bottle K with 2 punctures. Each punc-
ture is a 1-prongedsingularity, and there is a 4-pronged sin-
gularity.

Figure 6. Surface with = 1 and 2 punctures. Each
puncture is a 1-prongedsingularity, and there is a 6-pronged
singularity.

O |

Figure 7. K# T2 with a single 4-pronged singularity. In a
similar way we get K ## T2 with a single 4n-pronged sin-
gularity.

221
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R =

— =

Figure 8. #3RP?# T2 with a single 6-pronged singularity.
In a similar way we get # 3RP2## [ T2 with a single4n + 2-
pronged singularity. 0

Corollar y 4.3 Let :S! Sbeasin Proposition 4.2 and let g belong
to the centralizer Z( ) of < > in MCG(S). If g has nite order and
is realized as an isometry of a hyperbolic structure on S then this isometry
necessarily hasa xed point.

Pr oof. Fix a hyperbolic structure on S suc that g is realized by an
isometry S! S. Let be the stable geadesiclamination assaiated with
Then g() is the stable geadesiclamination assaiated with gg ' = and
sog() = . By construction, there is k > 2 and a unique complemerary
componert of  which is a k-gon. Therefore g maps this component to itself
and hasa xed point. O

We will needa small generalization of this.

Cor ollar y 4.4. Supmpse :S! Sis apseudo-mosovhomeomorphism
whose stable foliation has precisely n k-pronged singularities for a certain
k> 2. Let bea nite sulgroup of the centralizer Z( ), and suppse that

is realized as a group of isometries of a hyperbolic metric on S. If j j> n
then doesnot act freely on S.

Proof. Now permutesthe complemenary k-gonsandj j > n ensures
that the stabilizer of a k-gon is nontrivial, and xes a point. O

Cor ollar y 4.5 Fix a homemorphism : S ! S asin Proposition
4.2. Let ® be a quasi-axisof in the curve complex X (S). Then for every
proper covering mapp:S! S%and everyB > 0thereis L > 0 suchthat no
translateof * hasa segmentof lengthL that is contained in the B -neightorhood

of p (X(S9).



QUASI-HOMOMORPHISMS ON MAPPING CLASS GROUPS 223

Pr oof. First supposethe covering map p°: S! SCis regular. Let
be the dedk group. Then  acts simplicially on the curve complex X (S)
and the xed setis preciselyp (X (S9) (it is a subcomplex of the barycertric
subdivision of X (S)). Now supposethat sometranslate h(*) has a segmen
of length L contained in the B-neighborhood of p (X (SY9). Then for every
g2 wehavethat gh(’) and h(") have segmets of length L that are within
2B of eath other. From [BeFu] we concludethat when L is su cien tly large
there is N > Osuch that gh Nh g * = h Nh 1. This meansthat g is in
the certralizer ofh Nh 1. But then Corollary 4.3 (appliedto h Nh ! and g)
implies that when g acts as an isometry of a hyperbolic structure on S then
it xes a point. But by construction, g acts without xed points.

Now consider the general case,when p : S ! SCis not regular. Let
g:S! S bea nite cover with S connectedso that pq (and henceq) is
regular. Let ~ be the ded group of pg and ~ the ded group of q.
Again supposethat h(’) contains a segmen of length L that is inside the
B -neighborhood of p (X (S9), for someh 2 M CG(S). For someM > 0 the
homeomorphismh Mh ! Jifts to S. Fix onesud lift ~: S! S and note
that

the stable foliation of has precisely jgj (= number of sheets)singu-

larities with k prongs, for a certain k > 2, and

g () X(S) isaquasi-axisof
Of course,a segmen of length L in g (') X (S) is also contained in the B-
neighborhood of g (p (X (S9)). It now follows exactly asabovethat for some
N > 0the dedk group ~ is cortained in the certralizer of ~N. Corollary 4.4
then saysthat ~ cannot act freely as an isometry group on S, contradiction.

O

Theorem 4.6. Let S be a compact surface such that M CG(S) is not
virtual ly akelian. Then QH (M CG(S)) is in nite-dimensional. Moreover, for
every nite collection of cyclic sulgroupsCy;:::;Cx M CG(S) there is an
in nite-dimensional subs@ce of QH (M CG(S)) suchthat each representative
quasi-homomorphismh of any elementin this subsmce satis es:

(1) h is bounde&l on each C;,

(2) his bounded on the stabilizer H( ) of every essential(hon-degeneate
when S is non-orientable) simple closal curve in S, and

(3) his bounded on every D-subgroup D (p).

Pr oof. The strategy of proof is the sameas that of Theorem 1.1 but
certain additional things needto be arranged.

Let :S! S bethe pseudo-Anos® homeomorphismfrom Proposition
4.2. Also chooseanother pseudo-Anose® homeomorphism :S! S sothat
;  do not have isotopic nontrivial powers. The subgroup F M CG(S)
generatedby high powers N; N of and is a nonabelian free group and
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moreover an F-equivariant mapj : T ! X is a quasi-isometric embedding,
where T is the Cayle tree of F with respect to N; N. Thus for every
16 f 2 F we obtain a quasi-axis for f by taking the axis of f in T and
mapping it to X by j. There are constarts Kg; Cy so that in this way we
obtain a (Kg; Cp)-quasi-axis regardlessof which 1 6 f 2 F we chose. All
paths w used in the construction of a quasi-homomorphismhy.w will be
j -images of edge-pathsin T, and in particular they are all (K 1;C1)-quasi-
geddesicfor a xed Kg1;Cy. It now follows that every minimizer path is a
(K; C)-quasi-gedlesicfor a xed K;C (seethe proof of Theorem 1.1 givenin
Section 3).

of M CG(S) (seeLemma 2.1). If a quasi-homomorphismis bounded on eath
Dy then it is bounded on every D-subgroup. Say Dy = D(px : S! S?) and
let Ay = p (X (SE)) X (S). Then Ay is quasi-corvex in X (S) (seeLemma
4.1). ChooseB > 0 such that any (K; C)-quasi-gedalesicjoining two points

L > 0 such that no segmen in ~ (the quasi-axisof ) can be translated into
the B-neighborhood of any Ay (seeCorollary 4.5).

Now choosef 1;f5;::: 2 F sothat in addition to f; 6 f; * for i 6 j and
fi 6 fj 1 the quasi-axisof eadh f; cortains a path in atranslate of * of length
> L. Finally, choosea path w; in the quasi-axis of f; so that in addition
to the previous requiremerts w; contains a segmen of length > L which is
a translate of a segmen in ~. It follows that no w; can be translated into
the B-neighborhood of any Ag. In particular, (K;C)-quasi-gealesicsjoining
points of Ax do not contain copiesof w;. If the basevertex xo belongsto
Ay then we deducethat hy,.w (g) = O for every g2 M CG(S) that leavesAg
invariant. When X, is moved, hy,. changesby a bounded amourt. 0

Cor ollar y 4.7. SuppseM CG(S) is not virtual ly atelian. Let Qq, :::,
Qm be a nite collection of sulgroupsof M CG(S) suchthat each Q; is either
cyclic, or the stabilizer of a non-degeneate scc, or a D-sulgroup. Then

Q:1Q2 Qm 8 MCG(S):

Indeed, any nite union of sets of the above form is a proper subset of
M CG(S).

5. Appendix

In this Appendix we discussthe curve complex X of a compact surface
S, which is orientable or non-orientable. Masur and Minsky [MM1] have
shown that X is Gromov-hyperbolic when S is orientable. Bowditch [Bol]
has given another argumert for that fact using CAT(0) geometry. We follow
his argument and explain that it also appliesto non-orientable surfaceswith
minor changes.
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The mapping classgroup M CG(S) acts on X by isometries. When S
is orientable, Masur and Minsky have shown that an elemen in M CG(S)
acts by a hyperbolic isometry on X if and only if it is pseudo-Anose. It is
shown that the action is weakly properly discortinuous [BeFu]. We explain
that those facts remain true when S is non-orientable. The argument does
not require any change.

5.1. The curve complex. Let S be a closedsurfaceequipped with n punctures
(i.e. distinguished points).

When S is orientable, let X = X (S;n) be the simplicial complex whose
vertices are isotopy classesof essential scc's (i.e. those that don't bound a
disk or a punctured disk).

When S is non-orientable, vertices are isotopy classesof scc's non-
degenerte (doesnot bound a disk, a punctured disk, or a Mebius band). If ¢
bounds a Mebius band, the core curve of the Mobius band is hon-degenerate.

In either case,a collection of vertices of X bounds a simplex provided
represerativ e curvescan be found that are pairwise disjoint.

Denote by | (a;b) the minimal intersection number between represena-
tives. It is attained when there are no bigonsin the complemer.

When S = S2andn 3then X = ;. WhenS = S2andn = 4, or
S=T?andn 1,then X is a discrete set (but seeRemark 5.4 below). So
we will assumethat n 5whenS = S2andn 2whenS = T2 Similarly,
we will assumen 3 when S is RP2, and we assumen 2 when S is the
Klein bottle.

Lemma 5.1. X is connected.

Pr oof. Let a;bbe two vertices. We will connectthem by an edge-path.

If 1 (a;b) = 0 then there is an edgebetweenthem. Next, we considerthe
casethat both aand bare 2-sided. If | (a;b) = 1then the regular neighborhood
N of a[ bis a torus with one boundary componert c. This is an essetial
curve since otherwise we are in a torus with n 1. If ¢ bounds a Mebius
band, replacec by the core curve. Thus c is connectedto both a and b.

As the next case,supposewe can nd two consecutiwe intersection points
on a that have the samesign (orient a and transverselyorient b, sosignsmake
sense).Form a curve ¢ asthe union of the arc in a that joins thesetwo points
and has no intersection points in the interior, and of an arc in b joining these
two points. Then either | (b;c) = 1 or I (b;c) = 0 and c is one-sided. In either
case, ¢ is non-degenerate. Since |l (a;c) < |(a;b) the claim now follows by
induction.

Now supposethat we have two intersection points of the samesign on a
with one other intersection point in between. Then we can choosean arc on
b connecting the two points that doesnot intersect the interior of the arc on
a, sothe sameargumen works.
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Finally, if a and b intersect in two points of opposite signs, then the
regular neighborhood N is a spherewith 4 boundary componerts. At least
one boundary componert must be essetial, and if it is degeneratereplaceit
by the core of the Meobius band it bounds, sodist(a;b) = 2.

Now supposeat least one of a; b, say b, is 1-sided. If | (a;b) = 1 then the
regular neighborhood N of a[ bis either RP2 with two boundary componerts
or the Klein bottle with oneboundary component. In either case,at leastone
boundary componert ¢ must be essetial. If c is degenerate replaceit by the
core of the Mebius band it bounds. Thus d(a;b) = 2.

Now supposel (a;b) > 1. Fix two consecutiw intersection points on a.
Using the arc in a betweenthe two points (and corntains no other intersection
points) and an arc in b betweenthe two points (there are two such arcsin
b), form a scch;. Using the other arc in b, form a scch,. By construction,
I (b;0); 1 (kz;b) 1, and alsol (by;a); 1 (kp;a) < 1(bja).

Note that b, + b, = bin HY(S;Z,). A sccis one-sidedif and only if its
square is non-trivial in H2(S;Z,). By our assumption, b? is non-trivial in
H?2(S;Z,). Therefore, one of by; b, say by, is one-sided. It follows that by is
non-degenerate which givesa vertex in X, sowe are done by induction. O

Higher connectivity of the complex of curves for orientable and non-
orientable S is discussedin [Iv] (for example, Theorem 2.6).

Remark 5.2. Induction shows easily that dist(a;b) 2l (a;b). This ar-
gumert is essetially contained in [L, Lemma 2]. Actually, the argumert can
be improved. In the generic caseabove we can choose one of two possible
arcs in b connecting the two intersection points. We choose the one with
fewer intersection points. This guaranteesthat | (a;c) < I(a;b) @21
Induction then shows that dist(a;b) O(log I (a;h)).

Remark 5.3. There is no lower bound to dist(a;b) in terms of | (a;b).
Just think about two curvesthat intersect a lot but don't Il. In fact, it is
nontrivial (and involvesNielsen-Thurston theory) to show that X hasin nite
diameter.

Remark 5.4 When S = T2 and n = 0 or 1, it is natural to change
the de nition and connecta to b when | (a;b) = 1. The resulting graph is
classically known as the Farey graph { it is the 1-skeleton of the standard
tesselationof H? by ideal triangles, including the verticesat in nit y. There is
classicalnumber theory (contin ued fractions) assaiated with this graph { see
the article by C. Series[Ser]. This graph is also hyperbolic. Exercise: Give a
direct proof of this fact.

5.2. Hyperholicity of the curve complex. Masur-Minsky [MM1] showed that
the curve complexof an orientable surfaceis delta-hyperbolic. Bowditch [Bo1]
gave another proof of this fact. We outline his argumert and explain that his
argumert appliesto non-orientable surfacesas well.
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By a curve systemwe meana collection of essetial, pairwise disjoint scc's
(we allow parallel curves).

We will think of S asa compact surfacewith punctures. Let a;b be two
curve systemson the surfaceS. Realizethem sothat they intersect minimally
(every bigon contains a puncture). We will assumethat a[ bis | ling, i.e.
ead disk in the complemen cortains a puncture, and we will construct a
particular Euclidean metric on S with cone singularities. All cone angles
will be multiples of and if an angle equals then the point is one of the
punctures. Realizea and bin S sothat they intersect minimally (every bigon
cortains a puncture). Take a collection of squares,one for ead intersection
point, and glue them in the obvious way sothat a[ bis the dual 1-skeleton of
the resulting 2-complex. This complexis S. Also, the horizontal and vertical
foliations on the squaresmatch up and give a pair of (measured)foliations on
S. The areaof S equalsthe intersection number | (a;b). By Is(c) denote the
length (with respect to this metric) of a shortest curve represerting c.

Now set:

the length of a curve cis I(c) = la(c) = 1 (a;c) + | (b;0),

the madulus of ¢ is m(c) = Map(c) = supf {232 jx is a curveg.

Wewill restrict ourselvesto the casewhenall curvesin a and bare 2-sided.
The reasonis that we want to be able to talk e.g.about the curve systemN a
for N = 1;2;3;:::, and this can be taken to mean\tak e N parallel copiesof

a". If a were 1-sided,we could only do this formally.

Lemma 5.5. Supmseeach curve in a and b is 2-sided. Then
1
P—§|S(C) lan(c)  2s(0):

Pr oof. First supposethat the geadesic represening c is transverseto
a and b. The rst inequality follows_from the fact that eadh complemeriary
componernt of a[ bhasdiameter 2, and the secondfrom the fact that the
distance betweentwo componerts of a (and of b) is 1, sothat 1 (a;c) Is(c¢)
and | (b;c) Is(0).

Now supposethat c is one of the componerts of a (say). Then Is(c) =
I (b;c) = I(a;c) + I (b;c) = Ia(C). O

Remark 5.6. If a is 1-sidedcurve and ¢ = a then Is(c) = | (b;c) while
lap(c) = 1 (a;c) + I (b;c) = 1+ | (b;c), sothe lemma would still hold; however,
it would fail if we allow formal scaling for c= Na.

Lemma 5.7. Assumethat if Sis S? thenn 4, if S= RP2thenn 3
and if S is the Klein bottle thenn 2. There is a constant R = R(S;n) such
that for any | ling pair a,b of 2-sided curve systemsthere is a curge ¢ with
lengthboundead aloveby R | (a;b) and modulus bounded aloveby R=" 1 (a;b).
The curve c is 2-sided, essential, possibly degeneate.
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Pr oof. (Outline) We follow Bowditch [Bol]. The argumert requiresonly
minor changeswhen S is non-oriertable.

Step 1. We will nd an essetial scc ¢ with length Is(c) bounded
by C Area(S) and with an annular (possibly MoBius band when c is
one-sided) neighborhood around it of width at least Area(S)=C on ead
side (C deper}gls only on S;n). This will imply that for eB(h X we have
Is(X) 1(x;c) Area(S)=C andthis impliesthat map(c) R= I(a;b). Thus
if cis 2-sidedwe are done, and if c is 1-sidedreplaceit by the boundary of a
regular neighborhood.

Step 2. Quadratic isoperimetric inequality holds in S. This meansthat

if D is a disk in S that contains at most one puncture, then Area(D)
C length(@)? where C can be taken to be twice the constart for euclidean
plane. Indeed, when D hasno punctures this follows from the CAT(0) theory,
and when there is one puncture, passto the double cover. Note that the
isoperimetric inequality fails when there are two puncturesin D (think of the
double of an in nite half-strip).

Step 3. A spinein S is a graph Snf punctures g suc that inclusion
is 1-surjective. We claim that there is a number ; > 0 (as a function
of the number of punctures) sud that the length of any spine satis es the
isoperimetric inequality (11)

length() 1 P Area(S):

It is enoughto prove this for \minimal spines", i.e. those that are no longer
spinesafter an edgeis removed. When S has no punctures, a minimal spine
has onecomplemenary componert, which is a disk, and the standard Il says:

Area(S) C length(@)? = %Iength() 2

which provesthe claim. When there are n punctures, the complemeri consists
of n disks D; containing one puncture eac. From Il we seethat
X X

Area(S) = Area(Di) C length(@;)?

and so at least one D; must have long boundary, implying that is long.

Step 4. Let N be the length of a longest chain of connected in-

compressible,pairwise non-isotopic subsurfacesof S nf punctures g and set
o = 1=(100+ 2N). We claim that there are two non-degeneratesimple
closedcurvesx;y in Snf punctures g whosedistance is o Area(S).

For a curve a denote by length%a) the length of a when a is 2-sided,
and %Iength(a) when a is 1-sided. Let x be a non-degeneratesccin S n
f puncturesg with Iengtho(x) within ¢ ofinfflength%a)ja is non-%generatg.
We will show that there is a non-degeneratesccy outside the o Area(S)-
neighborhood of x. SupB)se not and consider the growing family of neigh-
borhoods N¢, 0t o Area(S) of x. At N times the topology of the
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minimal incompressible subsurfacethat corntains N cﬁanges. Each critical
point can be connectedto x by two arcs of length o Area(S) sothat the
obtained 1-complex consisting of these (disjoint, exceptfor endpoints) arcs
and of x carries ;. The last surfaceis a spine by our assumption, so this
1-complexis a spine. Thus,

pP—— pP——
length(x) + 2N o Area(S) 1 Area(S)
and we deduce p
length(x) 100, Area(S):
Now it's not hard to nd acurvein much shorter than x. More explicitly,
we have the following cases:

x is 1-sided. If is acircle, then Sis RP2 with 1 puncture. If there
isashort arcin  whoseendpoints are far apart along x, then this arc
together with one of the two arcs of x forms a scex®with 1(x;x% = 1
which is much shorter than x. In particular, x°is non-degenerateand
1-sided. If is the union of x and only one short arc, then S is either
RP2 with 2 punctures or the Klein bottle with 1 puncture. Now
supposethat thereare 2 short arcsin  and eat hasendpoints close
to eadh other alongx. For eact sud short arc considerthe sccobtained
by adding the short subarcof x. If onesucd sccis nondegeneratethen
we have a cortradiction to the choice of x. Otherwise eat suc scc
boundsa punctured disk or a Mebius band. In the latter case,the core
would be a better choicefor x. If two of thesecurvesbound punctured
disks then their \connect sum" along an arc of x producesa curve
x% which bounds a twice punctured disk and whoselength is at most
slightly bigger than that of x. Thuslength%x9  2lengthYx) + and
x%is a better choicethan x.

X is 2-sided and nonseparating. Then there is a short arc in  that
joins x to itself from opposite sides. Let x° be the curve formed by this
arc together with the shorter of the two subarcsof x. Then x%is much
shorter than x (even 2 length(x% is much shorter than x in casex®is
1-sided) and is non-degeneratebecausel (x; X% = 1.

Now supposex is separating. In particular, x is 2-sided. If there is a
shortarc in sudithat x[ hasa nonorientable regular neighbor-
hood, then union the shorter of the two subarcsin x contradicts the
choice of x. Similarly, if there is whoseendpoints are far apart on
x then both curvesformed by and an arc in x have about half the
length of x, sothey have to be degenerate. If one bounds a Mobius
band then the core would be a better choice for x, so necessarilyin
this caseead bounds a punctured disk, so the componert of S x
cortaining X is necessarilya twice punctured disk. Next, if con-
tains two short arcs 1 and ;, with ead pair of endpoints closealong
X, and the endpoints of ; are not nearly antip odal from the endpoints
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of ,, then we nd x°that bounds a twice punctured disk as in the
rst bullet.
There are now two casesthat remain.

has one short arc on one side of x (which is a twice punctured disk)
and the endpoints are far apart, and on the other sideit hastwo short
arcs,with endpoints close,but nearly antip odal from ead other. Now
usethe arc from the twice punctured disk sideand an arc on the other
sideto construct x° which is a better choice than x.
Both sidesof x are twice punctured disks (and so S is a 4-times punc-
tured sphere). If necessary homotope x to a geadesic. Now ead
sideis a twice punctured disk with totally geadesicboundary. Double
branched cover, branched over the punctures,isa at annulus, and the
punctured disk is the quotient of the obvious involution with two xed
points. The short arc of is, up to isotopy, any of the geadesicarcs
perpendicular to both boundary componerts. There is a 1-parameter
family of such arcsand we may arrangethat on one side the endpoints
are close,and on the other side at least one of the two endpoints is
closeto the rst two. Now we may construct a sccwhoselength is only
slightly longer than %Iength(x) and bounds a twice punctured disk.

Step 5. Let M be the maximal number of non-degenerate, pairwise
disjoint, nonparallel scc'sin Snf punctures g. We claim thﬁt there is an es-
sertial annulus whoseboundary componerts are at least - Area(S) apart.
To seethis, considera 1-Lipschitz map S ! [0;d(x;y)] that sendsx to O
and y to d(x;y). Subdivide [0;d(x;y)] into M subintervals and consider the
M + 1 preimagesof the vertices. Without lossthe map is transverseto the
vertices. First note that ead preimage must contain a componert which is
non-degenerate(otherwise x and y would be separatedby a union of degen-
erate curves). By the choice of M, amongthem two are parallel.

Step 6. (Besicovich Lemma) Let A be an annulus and f : Al [0;d]
a 1-Lipschitz map. Then there is a core curve in A of length  Area(A)=d.
Imagining that f is smooth, this can be seenby de ning a 2-form ! on A
that ewvaluateson (v; w) whered (v) = Oas j vjd (w) (the signis determined
by orientations). Then the 1-Lipschitz condition implies that ! is a subarea
form, and hence

z Zy
Area(A) I = length(f %(t))dt
A 0
which meansthat for somet, length(f 1(t)) Area(A)=d.

Putc=f b(t). Then cis an essetial sccwith length M Area(S)= ¢

and width o Area(S)=M. u|

Remark 5.8. We could de ne modulus of a curve c by taking the sup

Hea) asx runs over all immersed curvesin the surface. Call the resulting

of
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number mYc). TBen apriori m(c) mYc), but the proof of Lemma5.7 shavs
that mqc) R= 1(a;b).

In what follows it is best to think of 1-sidedcurvesas being interchange-
able with the assaiated degeneratecurves. Sometimesone is more suitable
than the other. To formalize this, considerthe complex X ®whosevertices are
isotopy classef essetial 2-sidedscc'sand simplicescorrespond to collections
of curvesthat can be realized disjointly. Then X = X ° by the map which is
\identity" exceptit sendsl-sidedcurvesto the assaiated degenerate2-sided
curves.

D Remark 5.9. Note that if c;d are 2-sided,m(c) Rzp I (a;b) and I(d)
R 1(a;b) then c and d are closein X °. Indeed,|(c;d) I(d)m(c) , R?, so
dist(c;d) 1+ I(c;d) 1+ RZ The sameholdsif say I(d) 100R I(a;b).

The coarse midpoint for fa; bgpis the set Mid(a;b) X © of all 2-sided
essetial curvesc with mg(c) R= [(a;b). In view of Remarlﬁs.g,we could
alsowork with the set Mid%a;b) of all curvesc with 1(c) R 1(a;b). The
two setsintersect and any point in Mid is within 1+ R2 of any point in Mid®°
Thus both setshave diameter at most 2+ 2R?.

Recall that in the above discussiona and b are curve systems. For exam-
ple, note that Mid(N a; N b) = Mid(a;b). We now de ne the weightel midpoint
Mid(a;b; 2) as Mid(ga;pb). Thus Mid(a;b) = Mid(a;b;1). Finally, we de ne
the coarse geodesic betweena and b as

[
ab = Mid a;b;E 0< £)<1
q q

Note that for N large any componert of a is in Mid(a; b; Ni) and any compo-
nernt of bis in Mid(a;b; N).

Lemma 5.10. Supmse l(b;c) = 0 and I(a;b) = 1(a;c) = |I. Then
Mid( a;b) and Mid (a;c) are close (here a;b;c are 2-sided curve systems).

Proof. Let x be a curve with mgy(x) RT and lap(x) RPT. Then

@0 Ma(Ola(©  Fol=RT

S0 lac(X) 2Rp I and the claim follows from Remark 5.9. O

Now suppose a; b;c are three curve systems, ead pair lling. Consider
the curve systems

a=l(b;c)a; b= I1(c;a)b; e=I(a;bc
and note that the intersection number betweenead pair is
= 1(a;b)l (a;c)l (b;c):
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Lemma 5.11 The three sets Mid(&; B); Mid (b;€); Mid (e;&a) are close to
each other.

Pr oof. Let x 2 Mid(&;B) be a curve from Lemma 5.7 (recall that if x
bounds a Mebius band the corecurve i?)irl Mid( &; B)). We estimate the length

of x with respectto &;e. | (x;& R I by the choice of x, and the other
estimate is asin Remark 5.9:

p_
1(X;€)  my(X)] (8 pR—_(I (e+1(be)=2R I
r

Thus

lae(X) = 1 (X;8)+ 1 (x;6) 3R T
and we are done by Remark 5.9. O

By Center(a; b;c) denotethe union Mid(&; D) [ Mid(b;e) [ Mid(e;&a). It is
a nonempty set of uniformly bounded diameter.

Lemma 5.12 If M N then Mid(M &;N D) is closeto Mid(M &; N €).

Pr oof. Let x be a special curve from Lemma 5.7 for the pair M & N b.
Then

R
TGNE My an s wans(NE  BP—=—=(MNI+N? 2R MNI
' ’ MNI™

and we deduceas beforethat x is closeto Mid (M &; N €). O

The following lemma is motivated by Axiom (3) (see below). If x 2
Mid(a;b) we wish to show that Center(a;b;x) and x are close. The issueis
that x may intersect one of the curves, say a, more often than the other, so
to compute Center(a; b;x) we have to passto multiples of a and b, with the
coe cien t of a being smaller than that of b. The point is that the e ect on x
is that it getsrelatively shorter that way.

Lemma 5.13 Supmselap(X) Rp I (a;b), i.e. x 2 Mid%{a;b;1). Then x

is closeto MidYa; b t) for all t = & between 1 and (s

Pr oof. For concretenesaassume
P 1(&Xx),
a I(bx)
Then lgapp(Xx) = [ (dga;x) + 1 (pb;x) = gl (a;x) + pl(b;x) and we wish to show
al (a;x) + pl (b;x) CRp I (0a; pb)
for someconstart C > 0. Squaring and writing | = | (a;b) we needto show

ol (a;x)% + p?l (b;x)? + 2pdl (a;x)! (b;x)  C*Rpgl:
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Since lap(x) RPT we certainly have | (a;x) R°T and | (b;x) rR" I, so
the last term is bounded (with C? = 2 on the riqpt hand side). The rst

term can be boundedusingg pandl(a;x) R I, and the secondusing
pl (b;x) gl (a;x) and then estimating asin the last term. O

5.3. Hyperholicity criterion. Let X be a connectedgraph with the edge-path
metric. Supposethat for ead pair a; b of vertices we have a subset 4, with
a \coarse order" (total, but not anti-symmetric), and ., = pa assetsbut
with reversedorder. For x;y 2 o, with X y write

XY= aly:x]=fz2 ajx z yg

Also assumethat : X9 X% X091 X09jsaternary function onthe vertices,
symmetric under permutations, and such that (a;b;c) 2 4. We assume
that there is K > 0 sothat

(1) HausDist( apla; (a;b;0]; acla; (&;bi)]) K,
(2) if c;d are adjacent verticesthen diam [ (a;b;c); (a;b;d)] K,
() ifc2 a4 then gfc; (a;b;c)] K.

Theorem 5.14([Bol, Proposition 3.1]). It followsthat X is Gromov hy-
perbolic. There exists Q suchthat for all a;b, 4 is in the Q-neightorhood of
a geodesic between a;b (we say 4 is Q-quasi-onvex).

5.4. Veric ations. We put = Center. Axiom (1) follows from Lemma 5.12.
Lemma 5.13reducesthe veri cation of Axiom (3) to the casel (a;c) = | (b;c)
when it follows immediately from de nitions.

We now verify Axiom (2). For simplicity, we normalize sothat | (a;b) =
I(a;d) = I(b;d) = I and we assumethat |(a;c) I (b;c). Consider the
point in Center(a;b;c) that belongsto Mid(I (a;b)c;! (b;c)a) (such a point is
suggestiwely called | (a;b)c+ | (b;c)a in the gure below and it is represertied
by a \bull's eye"). By Lemma 5.10 there is a point in [ a;d] closeto it,
and a computation® shaws that this point is | (a;c)d+ | (b;c)a, using the same
suggestive notation. Analogously, we canstart with the point | (a;b)c+ 1 (a;c)b
alsorepreseting Center(a;b;c) and transfer it to | (b;c)d+ | (a;c)b.

INote that Lemma 5.10 applies to qga; pb;pc, therefore Mid( a; b; %) is uniformly close
to Mid( a;c; %) for any p;qg. This givesa \linear" transfer map: | (a;b)c+ I (b;c)a= lc+
I (b;c)a= I(a; c)l(a'l—,c)c+ | (b;c)a which transfers to | (a;c)d + | (b;c)a.
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‘) ,,,,,,,,, I(b,c)d+I(a,c)t

a b

The two bull's eyesareclose(they arein Center(a; b;c)), and consequetly
the other two points are close. Note that one of them is \to o high" and the
other is \to o low" (the certer Center(a;b;d) is represerted by a+ d or b+ d).

There is a 1-parameter family of points that interpolate betweenthe two
points above. By c; denotethe curve systemtc[ (1 t)d, soc; = candcy = d.
Note that | (c;c;) = 1(d;c;) = O for all t becausec;d are 2-sided. Take the
point | (a;b)c+ I (b;c)a, transfer it to 4., thento  pe,, and nally to pg.
Whent = 1wegetl (b;c)d+ | (a;c)band whent = Owegetl (a;c)d+ | (b;c)b,
sofor some0 t 1 we getthe certer for abd proving the claim. The only
thing we have to ensureis that the transfer from 5., t0 b, iS possible,i.e.
that the point in question is on the \ ¢;-side" of the certerpoint for abg. A
little calculation? shaws that the condition is that | (a;c) | (b;c).

5.5. The action of M CG(S) on X . Let M CG(S) be the mapping classgroup
of S. Then M CG(S) actson X by isometries. Masur-Minsky ([IMM1, Proposi-
tion 4.6]) showed a pseudo-Anos@ element g 2 M CG(S) acts as a hyperbolic
isometry on X in the following sense:there exists a quasi-gealesic in X
which is invariant by g. In this case is called a (quasi-gealesic) axis of g. It
is trivial that g is not hyperbolic if it is not pseudo-Anose.

It is showvn ([BeFu, Proposition 11]) that the action of M CG(S) on X
is weakly properly discortinuous (WPD) in the following sense: for every
pseudo-Anose element g 2 M CG(S), every x 2 X, and every C 0, there

2In a triangle xyz the point x + y = WI (y;z)x + WI (x; z)y is on the x-
side of the center i XCE] o) i1 (x;2) I (y;z). Applying this to ctab we get
the condition %I(ct;b) I(b:o)l (a;b) ie. | I(ao)(t (bo)+ (1 O

I (b;c)l (tl (a;c)+ (1 t)I) which simplies to I (a;c) |(b;c).
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exists N > 0 such that the following setis nite:
fh2 MCG(S)j dist(x; h(x)) C; dist(g" (x);hg" (x)) Cg:
We claim those results extend to non-orientable surfaces.

Theorem 5.15 LetS be a compact surface with n punctures. We exclude
a sphee with n 4, a torus with n 1, a projective planewith n 2 and a
Klein bottle with n 1. Then an elementg 2 M CG(S) acts as a hyperholic
isometry on the curve complex X if and only if g is pseudo-Aosov. The
action of M CG(S) on X is WPD.

Pr oof. For the rst part, the argument in [MM1] usesthe theory of
measuredlamination on S. The theory does not require orientabilit y of S,
[Th].

For the secondpart, the argumert in [BeFRu] also usesmeasuredlamina-
tions, and doesnot assumeorientabilit y of S. 0

We remark that Bowditch [Bo2] shaved that the action of M CG(S) on
X is\acylindrical", which implies WPD. His argumert uses\tigh t gealesics"
on X, which is deweloped in [MM2] in the orientable case.
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