2.5 Series Summation

Hete is a famous story about the legendary mathematician/physicist Gauss: When he
was a child, his teacher gave the children a boring assignment to add the nutlmbcrs from 1
to 100. To the amazement of the teacher, Gauss turned in his answer in less than a
minute. Here is his approach:
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This approach can be generalized to any integer V: Zn = ——( >

n=1
The summation formula for consecutive squares may not be as intuitive:
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But if we correctly guess that an=aN’+bN2+cN+d and apply the initial

n=l
conditions
N=0=>0=d
N=l=l=a+b+c+d
N=2=5=8a+4b+2c+d
N=3=14=27a+%+3c+d

we will have the solution thata = 1/3, b = 172, ¢ = 1/6, d = 0. We can then easily show
that the same equation applies to all N by induction.

Clock pieces

A clock (numbered 1 - 12 clockwise) fell off the wall and broke into three pieces. You

ﬁ."d that the sums of the numbers on cach piece are equal. What are the numbers on each
piece? (No strange-shaped piece is allowed.)
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Solution: Using the summation equation, Zn = perl
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piece must sum up to 26. Some interviewees mistakenly assume that the numbers on
cach picce have to be continuous because no strange-shaped piece is allowed. [t's easy to
see .thal 3.6, 7 and 8 add up to 26. Then the interviewees’ thinking gets stuck because
they cannot find more consecutive numbers that add up to 26.

Such an assumption is not correct since
wrong assumption is removed. it becom
second piece is 11, 12, | and 2; the

=78. So the numbers on each

12 and 1 are continuous on a clock. Once that
comes clear that 12+1=13 and 11+2 =13. So the
third piece is 3, 4,9and 10,

Missing integers

Suppose we have 98 distinet integers fro i
se we gers from 110 100, What is a g i
two missing integers (within [1. ]?)0])" it il



Solution: Denote the missing integers as x and y, and the existing ones are z,,---, Zy .
Applying the summation equations, we have
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Using these two equations, we can easily solve x and y. If you implement this strategy
using a computer prograr, it is apparent that the algorithm has a complexity of O(n) for
two missing integers in 1 to n.

Counterfeit coins |

There are 10 bags with 100 identical coins in each bag. In_all bags ‘pul one, each COiT
weighs 10 grams. However, all the coins in the COleCl'f(‘:ll bag_welgh'e!ther 9 or hl
grams. Canbyou find the counterfeit bag in only one weighing, using a digital scale that
tells the exact weight?

Solution: Yes, we can identify the counterfeit bag using_onc measuremder;l(.) Ta_i:‘es ]0;0:}
out of the first bag, 2 out of the second bag, 3 out the third bag, ---, an col
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the tenth bag. All together, there are Z”= 55 coins. If there were no counterfeit coins,

i=} . .
they should weigh 550 grams. Let’s assume the i-th bag_ls l.he CO_l'th‘(eril bafg, thir;: g\:ll
be i counterfeit coins, so the final weight will be 550 £1. Since i is d»sllnctfc?: eac argé
we can identify the counterfeit coin bag as well as whether the counterfeit coins
lighter or heavier than the real coins using 550 £ . |
This is not the only answer: we can choose other numbers of coins from each bag as long
as they are all different numbers.

Glass balls
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You are holding two glass balls in a 100-story building. If a bé‘l'lx '3.3?3‘333 Z"Eﬁiﬁﬁ i?"
window, it will not break if the floor number is less than X,and 1 y

the floor number is equal 1o or greater than X. You would like to determine .. What is
the strategy that will minimize the number of drops for the worst case scenario?

Solution: Suppose that we have a Strategy with a maximum of N throws. For the first
throw of ball one, we can try the N-th floor. If the ball breaks, we can start to try the
sccond ball from the first floor and increase the floor number by one until the second
ball breaks. At most, there are N -1 floors to test. So a maximum of N throws are
enough to cover all possibilities, If the first bal] thrown out of N-th floor does not break,
we have N -1 throws left. This time we can only increase the floor number by ¥ -1 for
the first ball since the second ball can only cover N -2 floors if the first ball breaks. if
the first ball thrown out of (2N-I)th floor does not break, we have N =2 throws lefi. So

we can only increase the floor number by N =2 for the first ball since the second ball
canonly cover N -3 floors if the first ball breaks. ..

Using such logic, we can see that the number of floors that
with a maximum of N throws is ¥ +H(N=D+-+1=N
stories, we need to have NNV

these two balls can cover
(N +1)/2. In order to cover 100
+1)/22100. Taking the smallest integer, we have N =14,
Basicaily, we start the first ball
second ball to try floors |, 2.
ldth floor is X). If the first
14+(14-1)=27th floor. If jt
15,16, -+, 26 with a total m

on _the l4th floor, if the ball breaks, we can use the
13 with a maximum throws of 14 (when the 13th or the
ball does not break, we will try the first ball on the

breaks, we can use the second ball to cover floors
aximum throws of 14 ag well,..



