Math 6130 Notes. Fall 2002.

6. Hausdorffness and Compactness. We would like to be able to say that
all quasi-projective varieties are Hausdorff and that projective varieties are
the only compact varieties. After all, this is the case when the varieties are
manifolds and we consider them with their “ordinary” manifold topologies.

But the Zariski topology is a strange topology, and when we take the
literal definitions of Hausdorff and compact, we find the exact opposite!

e All the open subsets () # U C Y of a quasi-projective variety are dense
(as in Proposition 2.3(b)) so a variety (other than a point) is never Hausdorff.

e All open covers Y = UU; admit finite subcovers, since the complements
Y—-U, DY — (U Uls) D ... are a descending chain of closed sets, which is
eventually stationary (Proposition 2.3(d)). So all varieties are compact.

This is a puzzle, until we realize that the ordinary definitions rely on the
fact that the product of topological spaces has the product topology. This is
not the case with the Zariski topology on a product of varieties, and explains
why the correct categorical definitions of Hausdorff and compact differ from
the naive ones. With the correct definitions, we will get our desired result.

Remark: There are many key moments in the development of the theory
of varieties (and later schemes) where category theory “saves the day” by
giving precise meaning to geometric properties of varieties. This is one of
the many extraordinary insights due to Grothendieck.

Definition: A pair of objects X and Y in a category C has a product,
denoted X x Y, if X xY is another object of C, equipped with “projections:”

Ty : X XY —=Xand my: X xY =Y
that are universal in the sense that given any object Z and morphisms:
p:Z—Xand q: Z—Y
there is a unique morphism, which we will denote (p,q) : Z — X x Y with
the property that mx o (p,q) = p and 7y o (p,q) = q.

Observation: Any two product objects are naturally isomorphic. If (X xY)’
is another product with projections 7 and 7, then the unique morphisms
(e, 7)) (X XY) - X xY and (mx,7my) : X XY — (X xY)" are inverses
to one another by the uniqueness in the definition.



Examples: (a) The product of a pair of sets is the Cartesian product.

(b) The product of a pair of topological spaces is the Cartesian product
with the product topology.

(c) The product of a pair of differentiable manifolds is a patched product
(ie. if X = UU; and Y = UV; then X x Y = U(U; x V;) with product
homeomorphisms to open sets in R"*™). X x Y has the product topology.

Proposition 6.1: Every pair of affine varieties has a product affine variety.

Proof: Given X C C™ with C[X] = C[zy,...,2,,|/P and Y C C" with
C[Y] = Cly1, ..., yn]/Q, consider the Cartesian product:

X xYycgrtn

First of all, X x Y is a closed set. If P = ({fi}ies) for f; € Clay, ..., x| and

Q = ({g;}jes) for g; € Clyr, ..., yn], then X x Y = V(({fi}ier U{g;}jes)).
Secondly, X x Y is irreducible. If X x Y = Z; U Z5 is a union of closed sets,

then for each a € X, the variety {a} x Y 2 Y is a union of closed sets:
{a} xY =(Z1n{a} xY)U(ZoN ({a} xY))
so since Y is irreducible, either {a} x Y C Z; or {a} x Y C Z,. But the sets
X, ={aeX |[{a}xY CZ}CX

are also closed since X; = Mpey (Z; N (X x {b})) thought of as an intersection
of subsets of X. Since X is irreducible and X;UX, = X, it follows that either
X; =X (and then Z; = X xY) or else Xo = X (and then Z, = X xY).

The two projections mx(a,b) = a and 7y (a,b) = b are regular maps
by Proposition 3.5, and they have the desired universal property, since any
regular maps p: Z — X and ¢ : Z — Y are given by polynomials hq, ..., h,
and ki, ..., k,, respectively (Proposition 3.5 again), and then the (unique)
map to the Cartesian product (p,q) = (hq, ..., hp, k1, ...k, is also regular.

Remark: Invoking the Nullstellensatz, we have proved that

{fiy U{g;}) = I(X xY) C Cla, ., Zm, Y1, Yl

is prime. The ideal ({f;} U{g;}) itself is prime, but this is left as an exercise.
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Proposition 6.2: Every pair of varieties has a product variety.

Proof: We nearly proved this already for a pair of projective spaces
CP™,CP" in Proposition 5.4. The Segre “variety” S,,, has the desired
properties, but we haven’t actually proved that S,,,, is irreducible. To see
this, as in Proposition 6.1, we only need to know that the sets:

{a} x CP" C S,,,, and CP™ x {b} C Sy

are closed and isomorphic to CP" and CP™ respectively. But not only
are they closed, they are intersections of .S, ,,, with the linear subspaces of
CP™ D)=L with respective ideals:
<{CL¢SL’M — akxil}> and <{bjxkl — blxkj}>
and it follows that the bijections CP" < {a} x CP"™ and CP™ < CP™ x {b}
are isomorphisms. For a general pair of projective varieties X C CP™ and
Z CCP" let I(X) = (F1,...,F}.) € Clxg, ...,z and I[(Z) = (G4, ...,G;) €
Clyo, ---, Yn]- Then the Cartesian product X x Z C S,,, ,, is the closed set:
v(<{Fa(xOZ7 LS xml>,aﬁ(ﬂji0, LS xm)}>) C Sm,n

And if W C X and Y C Z are open subsets (i.e. quasi-projective varieties)
whose complements have ideals (H,) and (Ks), respectively, then:

WxY=XxZ—-(XxV({(Ks)UV({(H,)) xZ)=
X x Z = V(({Hy (2o, s Tt K5 (T, .oy Tim) }))
and irreduciblity is proved as for projective space, and the universal property
with respect to regular maps follows immediately from Proposition 4.4.
Before we get to some peculiarities and examples of this product, here is
a consistency result which isn’t immediately obvious.

Corollary 6.3: The products of affine varieties in Propositions 6.1 and 6.2
yield isomorphic quasi-projective varieties.

Proof: By the universal property, all we need to do is to prove that
the quasi-projective product from Proposition 6.2 is an affine variety! But if
W =W —V(zg) and Y =Y — V(o) as in Proposition 4.7, then:

WxY=WxY —V({zaZi}))

by Proposition 6.2. But the equations TooLil = ToiTio (for the Segre variety)
tell us V({{Zoxin})) = V(Too) so W x Y =W XY — V(xq), is isomorphic
to an affine variety by Proposition 4.7.



Examples: (a) In the quadric CP' x CP' = V(2¢0z11 — 201719) € CP?,
each further V(T;;) is a pair of intersecting projective lines on the quadric:

V(TOQ) = {(O . Qopy - 0 0,11)} U {(0 0 apy - all)}
V(T()l) = {(aoo 0 Qo1 - 0)} U {(O 0 apy - 1)}
V(Z10) = {(aoo : a1 : 0: 0)} U{(0:ap :0:an)}
V(Z11) = {(aoo : a1 : 0:0)} U{(ago: 0: aop :0)}

and
CPl X CPl — V(fog) = {(1 Qo - Ay - amaw)}

(setting ago = 1 and using the equation) is isomorphic to C? = C! x C!.

(b) On the other hand, the intersection of the quadric with a plane
V(X ¢;jwij) is not, in general, a pair of intersecting lines. For instance:

1
Cl = V(ZL’QO — 1‘11) — V(TOQ) = {(1 . Qop - a— . 1)}
01
is a hyperbola,and V(zgg —211) = C; U{(0:1:0:0)} U{(0: 0:1:0)} and
Cg = V(l‘lo — $01) — V(foo) = {(1 . Qo - Aoy - agl)}
is a parabola (in C? = {(1 :a :a :b)}) with V(T19—Tp) = CoU{(0:0:0:1)}
(¢) According to the prescription of Proposition 6.2, the equations for the
point (1:0) x (1:0) =V (x;) x V(y;) € CP' x CP* C CP? are:
V(zooT11 — Z10%o1, L105 11, To1, Z11) = (1 : 0:0: 0)

which are more equations than we need, but that doesn’t matter.
Crucial Fact: Products of varieties do not have the product topology.

Recall that a set Z C X x Y is closed for the product topology when
7 is an intersection of sets of the form Zx x Zy. In C!, for example, the
closed sets are all finite (or C!), so the only closed sets in C? for the product
topology would be of the form (Sx x Y)U (X x Sy)US where Sx, Sy and S
are all finite. But there are plenty of other closed sets in the Zariski topology,
such as the diagonal:
A=V(z—y)cC?



Definitions: Let Y be an object in a category of topological spaces where
products always exist and are always Cartesian products (as sets).

(a) Consider the diagonal map 6 : Y — Y x Y applying the universal
property to the pair of identity morphisms p,q: Y — Y, and let A := §(Y).
Then A C Y x Y is the diagonal, and Y is separated if A CY x Y is closed.

(b) Y is properif Y is separated and if for every object W, the projection
morphism 7y : W x Y — W is closed (i.e. maps closed sets to closed sets).

Proposition 6.4: Y as above is separated if and only if for every X and
pair of morphisms p,q : X — Y, the following subset is closed:

r=qg} ={reX|px)=qx)}CX

Proof: Notice first that A = {m; = m} C Y x Y, for the two projections
m Y XY — Y. Next, notice that the unique morphism (p,q) : X — Y xY
has the property that {p = ¢} = (p,q)"*(A). If A is closed, then this is
always closed since the morphisms are all continuous.

Proposition 6.5: (a) If products have the product topology in the category,
then Y is Hausdorff if and only if YV is separated.

(b) Quasi-projective varieties are always separated.

Proof: (a) Hausdorff means that if  # y € Y then there are open sets
x € Uy,y € Uy, CY with empty intersection. If Y is Hausdorff and ¥ x Y has
the product topology, then U, x U, is open, so ¥ XY — A is covered by open
sets Uy x U, and A is closed. Conversely, if Y x Y has the product topology
and x # y € Y, then if A is closed, it follows that (z,y) e U CY xY — A
and U is a union of open sets of the form U; x U;. One (or more) of these
contains (z,y), which then can be declared to be U, x Uj,.

(b) It suffices to prove CP" is separated, since once A C CP" x CP" is
closed, then the diagonal in Y x Y is closed for any Y C CP" since Y x Y
has the induced topology. But the diagonal is given by explicit equations:

A= V(<{xij - x]l})) C Sn,n = V({xi]’l’kl - :L“Z-l:)skj}) C CP2n+1

so of course it is closed.



Example: The closure of the parabola in the earlier example is the diagonal:
A= V(ZL’Ql — 1‘10) C V(l’ool’ll — $01£L’10) = C].:)1 X C].:)1 C CP3

and V(xo; — 219) = V(xgox11 — 2%) is the smooth projective conic from §4
(in the plane CP? & V (xg, — x19) with coordinates xqo, 711, 2 = To1 = T19).

Non-example: If X is any topological space together with a sheaf Oy of
regular functions that admits an open cover by finitely many affine varieties,
then X is often called a prevariety. A quasi-projective variety is one example,
but there are other prevarieties. For example, the “affine line with 2 origins:”

X = (C'={oh)u{0}u{0"}

can be given a topology and sheaf Ox so that the subsets U’ = X — {0"}
and U” = X — {0’} are open and isomorphic to C! with 0/ (respectively 0”)
replacing 0 as the origin. X is not separated because (Proposition 6.4) the
maps p: C' 5 U’ C X and ¢ : C! = U” C X give {p = ¢} = C' — {0},
which isn’t closed in C'. So X is not isomorphic to a quasi-projective variety.

Let’s begin our discussion of properness with a simple observation:

Proposition 6.6: If Y C CP" is a quasi-projective variety and Y # Y,
then Y isn’t proper.

Proof: Recall that all quasi-projective varieties are separated. If Y # Y,
consider:
Z=AN({Y xY)CYxY

Then Z is closed in Y X Y but 7(Z) =Y C Y isn't closed in Y because
it is an open subset and Y is irreducible. So Y isn’t proper.

Remark: Recall that a basic open subset U C Y of an affine variety is affine
(Proposition 3.6). When we prove below that projective varieties are proper,
it follows from Proposition 6.6 that no open subset U C X of a projective
variety (except X itself) is isomorphic to a projective variety. For this reason,
proper varieties are often called complete.

The two notions of compactness and properness agree when products
have the product topology, once we dispose of some pathological cases. For
example, in the category of sets with the discrete topology, all objects are
proper because all subsets are closed, but no such infinite set is compact!



Proposition 6.7: (a) If products in a given category have the product
topology, then compact implies proper. If there some object W with a chain
W D Wi D --- of open sets so that NW; C W isn’t open, and if every open
cover of Y has a countable subcover, then proper implies compact for Y.

(b) Projective varieties are always proper.

Proof of (a) Y is compact if it is Hausdorff and if every open cover Y =
Uxea U, has a finite subcover. Hausdorff and separated agree by Proposition
6.5. Given a compact Y and a closed subset Z C Y xW |, pick w € W —my (Z).
Then for each point y € Y, we can find a product neighborhood U, x W, of
(y,w) which is disjoint from the closed set Z. Thus Y = UyeyU,, so since
Y is compact, a finite number U,,, ..., U, will also cover, and it follows that
w € Ni_;W,,, and moreover that this open subset of W is in the complement
of my (Z). Thus my (Z) is closed and Y is proper.

Conversely, suppose Y is proper and that the extra conditions hold. Given
an open cover Y = UyepU,, take a countable subcover Y = U U, and
consider the ascending chain of open sets V,, = Uy, U...UU,,. We want to
prove that this chain is eventually stationary, filling Y. In the product Y x W
(for the W in the Proposition) consider the set Z :=Y x W — U2, V,, x W,,.
I claim that if V}, is not eventually Y, then my(Z) = W — NW,, which
isn’'t closed, contradicting the properness of Y. To see this, suppose that
w € NW,. For each y € Y, we can find a V,, from ascending chain so that
y € V,, and then (w,y) € W, x V,, so (w,y) € Z. Since we can do this
for every vy, it follows that w ¢ mw(Z) and Ty (Z) € W — NW,. On the
other hand, if w ¢ W, for some (minimal) n and if the increasing chain of
V’s isn’t eventually stationary, it follows in particular that that there is a
y € Y =V, for this n, and that y &€ V,,, for all m < n, so for this choice of y,
(w,y) & W, x V, for all n. Thus (w,y) € Z and w € my (Z).

Remark: The conditions in (a) are very mild. In most reasonable settings,
there are chains of open sets W D W; D ... with NW,, = {w} for any w € W,
so unless points are open (the discrete topology case!) almost any W will do.
And every open cover has a countable subcover in most reasonable settings,
such as open subsets of R™ or manifolds patched from finitely many of them.

For the proof of (b), we will need a new result from commutative algebra
which will have many “geometric” consequences when applied to varieties.
There will be several versions of this result. Here is the first one:



Nakayama’s Lemma I: Suppose:
e A is a commutative ring with 1,
e M is a finitely generated A-module, and
e | C Ais an ideal that stabilizes M, in the sense that M = I M.

Then thereisana =14+ b € A with b € I such that am = 0 for all m € M.
(i.e. a annihilates the module M).

Proof: Let mq,...,m, generate M. By assumption, we can solve:

n
mi = _ biym;
=1

with b;; € B. This tells us that the matrix I,, — B annilates each m;, hence
(I, — B)m = 0 for each m € M (writing m = a;m;). By Cramer’s rule,

a = det(l, — B)

satisfies am = 0 for all m € M, and evidently a = 1 + b for some b € I.

Proof of (b) (Due to Grothendieck) If X € CP" is a projective variety,
then closed subsets of W x X are closed in W x CP", so it suffices to prove
that CP" is proper. We may also assume W is affine. If my (Z) weren’t
closed for some Z C W x CP", then my(Z N (U x CP")) = my(Z) N U,
wouldn’t be closed in U for some U in an affine open cover of W. Finally, if
W C C™ is closed, we may replace W by C™, since subsets of W x CP™ and
W are closed if and only if they are closed in C™ x CP™ and C™ respectively.

We will label points of C™ x CP" by:
(a,b) :=((a1, ..., am), (bo : ... : by)) € C™ x CP"

and the coordinate rings by Clz] = Clzy, ..., 7] and Cly] = Clyo, ..., Yn).
We are trying to show that if Z C C™ x CP" is closed, then:

mem(Z) ={a € C™ | (a,b) € Z for some b € CP"} C C™

is also closed. We will do this in two steps.



Step 1: Define a partial grading on Clz, y] by degree in the y-variables, so:

Cla,y] = ;écm Yl = ;é Clz] @6 Clyls

and homogeneous polynomials and ideals in the usual way for this grading.
For each I’ € Clz,y|q, it makes sense to ask whether F'(a,b) = 0 or not, so
we may define V(I) € C™ x CP™ for homogeneous ideals I. Our first step is
to show that every closed subset Z C C™ x CP" is a V(I) for some such I.

Proof: Cover CP" by open sets U; = C™ x C", with coordinate rings:

ClU)] = Clz1, ooy, 22, .., I,
Yi Y;

Define the homogeneous ideal I associated to Z by:

F
Iy ={F e€Clz,yla | 5 € I(ZNU;) C C[Uy] for all i}
- Y

and define [ := Y 32, ;. This is the homogeneous ideal we will use. It is
immediate from the definition that Z C V/(I), since y—ﬂ € [(ZnNU) if and
only if F' vanishes at every point of Z N U;,. Z

For the other inclusion, take f € I(Z N U;). Pick d large enough so
that G := y¢f € Clz,yle. We do not know that G € I, but each of the
polynomials f; := y—C}; vanishes on the set Z N U; N Uj, so g—gf] e I(ZnU;)
because this function vanishes on Z N U;NU;and on Z N (U; — U;). So for
any e > d, we do have F' = y¢f € I, satisfying F'(z1, ..., T, %, s Z—") = f.
If (a,b) ¢ Z then (a,b) € U; for some i, and so there is an f € I(Z N U;)
such that f(a, g—‘;, s Z—") # 0. Any F' € I, constructed above will also satisfy
F(a,b) # 0, so we have proved that Z =V (I).

Step 2. For the homogeneous ideal I from Step 1,

Wcm(Z) = V([Q)

so in particular the projection is closed, proving (b).



Proof: Again, it is clear that mgm(Z) C V(). Suppose a € mem(Z)
and let m, = (x; — a1, ..., Tm — a,,). The closed set mgn(a) = {a} x CP" is
disjoint from Z, so intersecting with U; gives disjoint closed sets Z N U; and
{a} x U; in U; with ideals I(Z NU;) and (m,) C C[U;] respectively. Thus

I(ZNU;)+ (m,) = ClUj]

by the Hilbert Nullstellensatz. In other words, for each ¢ = 0, ..., n there exist
fi - I(Z N UZ), m; ; € Mg and Gij € C[UZ] such that fl + Zj Gi My 5 = 1.

Multiplying through by sufficiently large powers e; of the y;, we get:

F;' + ZG,’JW’LL]’ = yfl for E € [Ei’ G,’J € C[l, g]ei
J

(and F; € I, as in Step 1). If we further take d > 3 ¢;, then this gives us
Is+moClz,yla = Clz, yla

since every monomial of degree d contains at least one y; to the power e;.
Now consider the Clz]-module M := Clz,yls/1s. The equality above tells
us m,M = M, hence by Nakayama’s Lemma there is an f € Clz] —m, that
annihilates M, i.e. so that fClz,yls € I;. Thus fy! € I, for all i and it
follows that f € Iy. Thus we have found an f € Iy with f(a) # 0, as desired.

Example: In C? x CP?, consider:

Z = V(<I1y1 — YoT2, yo%))
When we write this as a union of the two open sets Uy, Uy, we get:
Z ={(0,a2,1,0)} U{(a1,0,0,1)}

so mo2(Z) = V(x122) which isn’t readily apparent from the equations for Z.
But the point is that:

x%(yoyl) - yox1($1y1 - yosz) = yﬁxm, and

l’g(yoyl) + y1$2($1y1 — yo:c’g) = yfxlm

S0 r1x9 € .
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Exercises 6.

1. If C[X]| = Clzy,...,zn)/{fi}) and C]Y] = Cly1,...,un]/({g;}) as in
Proposition 6.1, finish the proof that I(X xY') = ({f;} U{g;}) and conclude
that:

C[X xY] = C[X] ®c C[Y]

for any pair X, Y of affine varieties.

2. If X C CP" is a projective variety, then the affine cone C'(X) C C"*! is
the union of the lines parametrized by the points of X. In other words:

(b(), ,bn) S C(X) -~ (bo Lt bn) € X or (bo, 7bn) = (O, ,O)
Prove that if z; is chosen so that X ¢ V(x;), then:
C(X) = V(z;) = (X = V(x) x (C' = 0)

hence that C'(X) — 0 is covered by such open affine sets.
3. (a) Prove that CP™ x CP" # CP""™ when m,n > 0.

(b) Given homogeneous coordinate rings Clzy, ..., z,,| and Clyo, ..., y,] on
CP™ and CP", prove that the closed subsets of CP™ x CP" are all of the
form V' (I), where I C Clxg, ..., Tm, Yo, ---» Ym] i & bihomogeneous ideal, i.e. I
is generated by bihomogeneous polynomials F'(z,y) (of bidegrees (d,e)) for
the double grading:

C[[L’o, <oy Ty Yo, aym] - @@C[%, "-axm]d ®C C[y0> "'ayn]e

d=0e=0

(c) Express the twisted cubic curve as a bihomogeneous hypersurface in
CP' x CP'.

(d) Which of the irreducible “bihomogeneous hypersurfaces” V(F) C
CP'! x CP! are intersections of CP! x CP! = Si1 C CP? with hypersurfaces
in CP??
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