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Characteristic Polynomials and Eigenvalues of Square Matrices (11/7)

A is an eigenvalue of an nxn matrix, A, if the following holds:
Ax = Ax - (A=ADx=0

Let us try to find the eigenvalues of the matrix | Q% §|

detl 2 V3 l=(-1-M(-3-1-3
=3+431+1+42-3
=22+42
= A4+ )

So the eigenvalues are 4 = 0, —4
To find our eigenvectors, we will plug in our eigenvalues to the augmented matrix for (4 —
ADx = 0. So for A = 0,

| -1 V3| o
V3 -3 o
| -1 V§| 0
00 o0 0
Sox=| fL
For 1= —4,
| -1+4 43 | 0
NE) -3+4 o0
EEE
Sox=| £\/§|
Reflection y=x
A=| 2 5]

| 2al 3l =13l

det(A—Al) =det|] *i=2-1=QA-1)@A+1)=0
So,1=1,-1



| 1139 - | 5359 - x=-y > | 1t
A=1:

| %18 -~ | 0% o] - | &30

xzy - |

y=y

Check:

| 28] 1= 1 -~ 1 i = i

Reflection across the line y=tan(6/2)[]

A=| &6 2o
det(A— D) = det| 5672562,
= _(COSZ(B) - AZ) - Sinz(g) = AZ -1 — A =1 ,_1
A=1
| cosg-1 Sme 9 - Bottom row goes to 0

= (cos(@) — Dx +sin(6)y =0 - (cos(0) — x = —sin(0)y
_ __1-cosf _
- x=1 then y= e = tan(6/2)

Rotation by 6



When we rotate by 6, we are rotating all vectors in the plane. So, we need our matrix to rotate
all vectors in the plane. We can find that our 2x2 rotation matrix A will equal | $25§ sin®

In order to find the eigenvalues of matrix, we can take the determinant of (4 — AI).

det(A — Al =| $587% 2509, | = cos?0 — 2cos0 + A2 + sin?0
=1—2cos0 + A*

\= COS6 L CoS A~

>\ - (H6L %l‘f\@ L
)\ . eLe) 6- L&

In this example, we see that we are C?, which is a 4 dimensional space. Now that we
have the eigenvalues of our matrix, we want to find the eigenvectors. We’ll do the same thing
we did earlier, and solve our augmented matrix to find (4 — Al)x = 0.

Let us start with 1 = e?:

cos@-el® —sing
siné cosf—et?

cosf—e® —sind 0
0 0 0

0
0

| —isin6 —sin6| 0
0 0

0
| i 1| 0
o of o
Sox; =1, x;=—i.Sox =| 1.
Let us know work with 2 = e~%:
cos@—e~®  —sind
sing cosf—e~0| 0

cosf—e"®  _sing 0
0 0 0
| isin@ —sin6| 0
0 0 0
| i —1| 0
0 0 0

So we find that x = | {|.

Orthogonal Matrices
An orthogonal matrix A in R is one such that AAT = I3, and the lengths of A are

preserved. This means that ||Av|| = ||v]|. So for an orthogonal matrix, if Av = Av, then ||Av|| =
|Al|lv]|. So if 1 is real, then [A] = 1 and A = +1. If 1 is complex, then A = cosf * isind. This
orthogonal matrix is orthogonal in 3 dimensions.

If we take det(A — AI), we will get back a polynomial of degree three. Every polynomial
of degree three must cross the x axis somewhere, so we will have a real solution of +1.




