
How to Multiply Complex Numbers in 𝑟𝑟𝑟𝑟𝑖𝑖𝑖𝑖 Form and Extracting 𝑛𝑛𝑡𝑡ℎ Roots 

Statement: 

Multiplication of complex numbers is a process of the multiplication of two or more complex 
numbers using the distributive property. 

 

Prove 𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  

 First let, 

  𝑧𝑧(𝜃𝜃) = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  

 

 Then take the derivative of z, 

  𝑧𝑧′(𝜃𝜃) = −𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  

 Simplifying, 

  𝑧𝑧′(𝜃𝜃) = 𝑖𝑖2 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  

  𝑧𝑧′(𝜃𝜃) = 𝑖𝑖 ∗ [𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  + 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃) ] 

  𝑧𝑧′(𝜃𝜃) = 𝑖𝑖 ∗ 𝑧𝑧(𝜃𝜃) 

  𝑧𝑧′(𝜃𝜃)
𝑧𝑧(𝜃𝜃)

= 𝑖𝑖 

 Take the integral of both sides, 

  ∫ 𝑧𝑧′(𝜃𝜃)
𝑧𝑧(𝜃𝜃) = ∫ 𝑖𝑖 𝑑𝑑𝑑𝑑 

 Then we get, 

  𝑙𝑙𝑙𝑙 �𝑧𝑧(𝜃𝜃)�  = 𝑖𝑖𝑖𝑖 + 𝐶𝐶 



 Simplifying, 

  𝑒𝑒𝑙𝑙𝑙𝑙 (𝑧𝑧(𝜃𝜃)) = 𝑒𝑒𝑖𝑖𝑖𝑖+𝐶𝐶  

  𝑧𝑧(𝜃𝜃) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑒𝑒𝐶𝐶 = 𝐶𝐶𝑒𝑒𝑖𝑖𝑖𝑖 

  𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖(𝜃𝜃) = 𝐶𝐶𝑒𝑒𝑖𝑖𝑖𝑖 

 When 𝜃𝜃 = 0, 

  1 + 0 = 𝐶𝐶(1) 

  𝐶𝐶 = 1 

 Simplifying, 

  𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃)  

Angular Addition Formulas: 

1. 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼 + 𝛽𝛽)  = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽) − 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) 
2. 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼 + 𝛽𝛽)  = 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽)  + 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) 

Check: 

 𝑒𝑒𝑖𝑖(𝛼𝛼+𝛽𝛽) = 𝑒𝑒𝑖𝑖𝑖𝑖 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖 

We know that 

 𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝜃𝜃)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝜃𝜃) 

Therefore, 

 𝑒𝑒𝑖𝑖(𝛼𝛼+𝛽𝛽) = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼 + 𝛽𝛽)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼 + 𝛽𝛽) 

We know that  

𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼 + 𝛽𝛽)  = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑐𝑐𝑐𝑐𝑐𝑐(𝛽𝛽) − 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) 

𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼 + 𝛽𝛽)  =𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛽𝛽)  + 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) 

Therefore, we can simplify to 

𝑒𝑒𝑖𝑖𝑖𝑖 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖 = [𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) ] ∗ [𝑐𝑐𝑐𝑐𝑐𝑐 (𝛽𝛽)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) ] 

𝑒𝑒𝑖𝑖𝑖𝑖 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛽𝛽)  − 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽)  + 𝑖𝑖 ∗ [𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼) 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛽𝛽)  
+ 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼) 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛽𝛽) ] 

𝑒𝑒𝑖𝑖𝑖𝑖 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖 = 𝑐𝑐𝑐𝑐𝑐𝑐 (𝛼𝛼 + 𝛽𝛽)  + 𝑖𝑖 ∗ 𝑠𝑠𝑠𝑠𝑠𝑠 (𝛼𝛼 + 𝛽𝛽) 

We have proved that 

 𝑒𝑒𝑖𝑖(𝛼𝛼+𝛽𝛽) = 𝑒𝑒𝑖𝑖𝑖𝑖 ∗ 𝑒𝑒𝑖𝑖𝑖𝑖 
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Using Binomial Theorem: 
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What if we want to find the √2𝑖𝑖 = √2√𝑖𝑖 

 = √2𝑒𝑒(𝜋𝜋/4)𝑖𝑖 𝑜𝑜𝑜𝑜 √2𝑒𝑒(5𝜋𝜋/4)𝑖𝑖  
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Nth Roots: 

�𝑒𝑒𝑖𝑖𝑖𝑖𝑛𝑛 = 𝑒𝑒
𝑖𝑖𝑖𝑖
𝑛𝑛 , 𝑒𝑒

𝑖𝑖(𝜃𝜃+2𝜋𝜋)
𝑛𝑛 , . ..  

 

 

Polar Form in Exponential Form 

𝑧𝑧 = 𝑟𝑟(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖) → 𝑧𝑧 = 𝑟𝑟𝑒𝑒𝑖𝑖𝑖𝑖 

 

History: 

The square root of negative numbers created a conundrum that led mathematician Gerolamo 
Cardano to conceive up complex numbers in around 1545 in his Ars Magna. Many 
mathematicians contributed to the development of complex numbers as the rules for addition, 
subtraction, multiplication and root extraction were developed by Rafael Bombelli. 

Applications: 

● Signal Processing 
● Control Theory 
● Electromagnetism 



● Quantum Mechanics 
● Cartography 

Curriculum: 

This specific subject is in the curriculum in Secondary Mathematics III in high schools in the 
honors standards of N.CN.3-N.CN.6 & N.CN.10 

 

   


