The Chain Rule
Mathematics 1250-1 (Fall 2003)

If f and g are two functions that have derivatives, and if A is their composition:

W) = (f o g)(x) = f(g(x))

then the chain rule gives the derivative of A in terms of the derivatives of f and g.
The rule is:

(Newton Notation) Let u = g(x). Then:

W(z) = f'(u) - ¢'(z)
(Leibniz Notation) Let y = f(u). Then:
dy dy du

de — du dx
Thus when using the chain rule, you should first identify g(z) and f(u), then take
the derivatives, multiply, and substitute u = g(x) at the very end!
Example: Differentiate:
h(z) = Va3 +1

Identify the functions:

u=g(@)=2"+1, f(u)=Vu

Differentiate: |
/ — 3 2 ! —
a) =32 fl) =5
Multiply and substitute:
1 1 3 x?
R(z)=f'(u) ¢ (r)= —= 32> = ——— 322 = — .
(@)= fi) (@) = 5o Bet = e e =
Another Example: Differentiate:
1
h e n_ __
(@) =2"=—
Identify the functions:
1
u=g(x)=a", f(u)=—
u
Differentiate: ]
g(r) =na", flu)=
Multiply and substitute (and simplify):
1 1
P (z) = f'(u) ¢'(x) = 2 cna" = ~ gt = —na" P = gt



A Consequence of the Chain Rule: g(z) and f(u) are inverse functions if:

flg(x)) =2 and g(f(u)) = u
and in that case we will say that f(u) = ¢~ '(u).
Now take the first equality and differentiate both sides:
f'(u)-¢'(x) =1 (the derivative of z is 1)

This gives an important relation between inverse functions:

g'(z) ! !

) (g7 ()
Example: g(z) = z+ is the inverse function of f(u) = u". So:

1 1

g'(w) = f(u)  nurt

Now we substitute u = z» and simplify:
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n(ze)»=t  npz'"won

Notice: We have found the derivatives:

d d d 1 1
%(:E") =na" !, %(1’_") = —nz " ! and %(1’%) = E:m_l
Claim: For all the fractional powers of x:
d m m m_4
%(l‘ n ) = E’Z’ n

m

Proof: Use the chain rule. If h(z) = z™n:
Identify the functions:

h(z) = f(g(x)) for u=g(x) =2 and f(u) = u™

Differentiate:

g (z) = E:)s%_l and f'(u) = mu™*

Multiply and substitute (and simplify):

Voilal



