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This are notes written in the attempt of understanding Bridgeland’s papers [Bri02] and [Bri03].

1. STABILITY OF VECTOR BUNDLES ON CURVES

The motivation for the definition of stability comes from the basic definition of stability for a
vector bundle on a smooth projective curve C. It is based on two fundamental orderings: the

partial ordering arising from the notion of a sub-bundle, and the numerical ordering coming from
the slope-function p(F) = deg(E)/rk(E).

Definition. A vector bundle E on C' is called semi-stable if p(F) < p(FE) for every non-zero
sub-bundle F' C E. Or, equivalently, if u(G) > p(E) for every non-zero quotient G of E.

There are two basic facts about semi-stable vector bundles.

Remarks. (1) If £y and FE, are semi-stable, and u(E;) > u(Es), then Hom (Ey, E2) = 0.
(2) For every vector bundle E there exists a unique filtration

0:E0§E1§E2§"'§En:E,

called the Harder-Narasimhan filtration, with E,/F;_; semi-stable of slope p; for every j,
and gy > pg > -+ > p,. Clearly, E is semi-stable if and only if n = 1.

Idea of the Proof. (1) Let f: Fy — Es be a morphism, and let F' C FE, be its image. Since Fj
is semi-stable, if F' # 0, then pu(F) < p(Es). But E; is semi-stable and F' is a quotient of E;, and
therefore p(E1) < u(F'), a contradiction unless F' = 0.

(2) If F is already semi-stable the filtration is obviously 0 = Ey C E, = E. If E is not
semi-stable, let E; be the sub-bundle of maximal rank among all the sub-bundles of maximal
slope. Then Fj; is semi-stable because it has maximal slope, and we can repeat the construction
using the quotient. To repeat the process, it suffices to prove that u(F) < p(F;) for all non-zero

sub-bundles F' of E/FE;. Let F be a sub-bundle of E/FE;. Then there exists G C E such that
1
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F = G/E;. Since E; has maximal slope, u(G) < p(E;); moreover, since F; has maximal rank
among the sub-bundles with slope u(E;), u(G) < u(Eq). Then,

r(GuG) —r(B)u(Er) _ r(G)u(Er) — r(E1)u(Er)
r(G) —r(En) r(G) —r(En)

We can then repeat the process until we obtain a quotient E/E,,_; which is semi-stable. 0]

u(F) = — (),

2. SOME STABILITY CONDITIONS ON ABELIAN CATEGORIES

To generalize the notion of stability to an abelian category, we need to define a slope-function.

Definition. The Grothendieck group K(A) of an abelian category A is the quotient of the
free abelian group generated by the objects of A modulo relations £ = F + G for every short
exact sequence 0 - F' — E — G — 0in A.

Definition. A centered slope-function on A is a group homomorphism Z: K(A) — C such
that Z(FE) lies in the strict upper half-plane H = {rexp(ir¢) | r > 0 and 0 < ¢ < 1} for all
non-zero I/ € A. Given a slope-function, the phase of a non-zero object E € A is defined to be

o(F) = %arg Z(F) € (0,1].

The phase plays the role that the slope played for vector bundles on a curve.

Definition. Let Z: Z(A) — C be a centered slope-function on an abelian category A. A non-
zero object E € A is called semi-stable (with respect to Z) if ¢(F') < ¢(F) for every non-zero
sub-object F' C E. Or, equivalently, if ¢(G) > ¢(F) for every non-zero quotient G of E.

Ezample. Let C be a smooth projective curve, and let A = M ,,(Oc). Consider the centered
slope-function

Z(E) = —deg(E) +irk(E)

on A. An object I € A is semi-stable with respect to Z if and only if it is semi-stable in the
sense of the definition in section 1 (extend that definition to all non-zero coherent sheaves on C
with the convention that p(FE) = 400 if rtk(£) = 0).

Not every centered slope-function gives a stability condition with a Harder-Narasimhan filtration
for every non-zero object E of A.

Proposition ([Bri02, 2.4]). Let Z: Z(A) — C be a centered slope-function on an abelian category
A. If the two following conditions hold, then every non-zero object E of A has a (unique) Harder-
Narasimhan filtration. If this is the case, we say that Z has the Harder-Narasimhan property.

e There are no infinite sequences of sub-objects in A
- CE L CEC---CECE

with ¢(Ej11) > ¢(E;) for all j.
e There are no infinite sequences of quotients in A

E1_>'>E2H9”'_»Ej_»Ej+1_»”'

with ¢(E;) > ¢(Ejt1) for all j.
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3. STABILITY CONDITIONS ON DERIVED CATEGORIES

Remark. Even if we shall consider the derived category of an abelian category, the definitions and
results of this section make sense for any triangulated category.

Let A be an abelian category, and let D = D’(A) be the bounded derived category.

Definition. The Grothendieck group K (D) of D is the quotient of the free abelian group
generated by objects of D modulo relations X =Y + Z for any distinguished triangle

Y —X—7—T().

Remark. The functor D : A — D induces an isomorphism K(A) — K(D). Its inverse is given by
X — @&(—1)PHP(X).

We are now ready to define a stability condition on D.

Definition. A stability condition (Z,P) on the derived category D consists of a group homo-
morphism Z: K(A) — C called the central charge, and full additive subcategories P(¢) C D for
each ¢ € R, satisfying the following axioms:

(S1) If X € P(¢), then Z(X) = m(X)exp(im¢p) for some m(X) € Rxo.

(S2) For all p € R, P(¢p+ 1) = P(9)[1].

(S3) If X; € P(¢;) for j = 1,2 and ¢ > ¢, then Hom p (X7, X3) = 0.

(S4) For each non-zero object X € D there exists a finite collection of distinguished triangles

Xja = X; = A = X[l 1<j<n)
with Xy =0, X,, = X, and A; € P(¢,) for all j, such that ¢; > o > --- > ¢,.
The main result we want to prove about stability conditions is the following.

Proposition 3.1 ([Bri02, 5.3]). To give a stability condition on D is equivalent to giving a bounded
t-structure on D and a centered slope-function on its core with the Harder-Narasimhan property.

Before we prove the proposition, let us go through a little review of ¢-structures.

Definition. A t-structure on D is a pair of strictly full subcategories (D=, D=%) such that, if
we let D= = T7"(D=°) and D=" = T~"(D=?) for every n € Z, then

(t1) D=0 C D=1, P20 > D=1,

(t2) Homp(X,Y) =0 for every X € D= and Y € D=1,

(t3) For any X in D there exists a distinguished triangle

Y —-X —7—T()
such that Y € D=0 and Z € D=L
Definition. The core of a t-structure (D=°, D=°) on D is D=0 N D=0.
The standard t-structure on D is the one with core A defined by
D ={XecD|H'(X)=0Vp>0}, DX={XecD|H(X)=0Vp<O0}
Theorem. The core of a t-structure is an abelian category.

We now want to characterize the cores of bounded ¢-structures.
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Definition. A ¢-structure (D=°,D=%) on D is called bounded if

o= =p=|]D™
nez nez
Note that the standard ¢-structure is bounded.

Lemma 3.2. A full additive subcategory A" C D is the core of a bounded t-structure if and only
if the following two conditions hold:

(C1) For every Ey, Ey objects of A', and for every k > 0, Hom p(Ey, Ea[—k]) = 0.
(C2) For every non-zero object X € D there exist integers m < n and a collection of triangles

Xjor— X; — B — T(X;1) (m<j<n)
with X1 =0, X,, =X, E,, #0, E, # 0, and E;[j| € A’ for all j.

Remark. The E;[j] € A’ play the role of H7(X). Indeed, if A is the core of the standard bounded
t-structure, then X; = 7<;(X) and E; = H/(X) € A[—j], where 7<; is the truncation functor:

XP ifp<y
T<j(X)P =< kerd? ifp=j.
0 ifp>y

Before we prove Lemma 3.2, let us prove the following.

Lemma 3.3. If A’ satisfies the two conditions (C1) and (C2) of Lemma 3.2, then the collection
of triangles in (C2) is unique (up to isomorphisms) for each X € D.

Proof. Let X € D, and suppose that there exist two collection of triangles:
o X; 11— X; - B —-T(X;_1),m<j<n X,1=0X,=X,E, #0, E, # 0, and
Ej [j] c ./4, for all j
[ X‘],—l — X], — E‘; — T(X_;—l)? m, S] S n/, X;n’—l - 0, Xn/ - X, E;n/ % 0, EI,;L/ # 0, and
Eilj] € A’ for all j.
First of all, let us show that n = n’ and m = m’/. Suppose that n < n’. Then
Hom p(E,, E!,) = Hom p(E,[n], (E!,[n'])[n —n']) =0
because E,[n], E!,[n'] € A" and n —n’ < 0. The distinguished triangle
Xn—l — X — En - T(Xn—l)
and the associated long exact sequence is
0 — Homp(X, E/,) — Homp(X,,_1, E!,) — Hom p(E,[—1], E],) — - -

Let us show that Hom p(X,,—1, £/,) = 0. Since Hom p(E};, E!,) = Hom p(E;[—1], E!,) = 0 for all
m < j <n—1<n'—1, we obtained from the long exact sequences associated to the distinguished
triangles X, 1 — X; — E; —» T'(X;_;) with m < j <n —1 that

Homp(X, E!,) = Homp(X,_1, E,) = Homp(X,, 2, E.,) = --- = Hom p(X,,_1, E/,) = 0.

Therefore, Homp(X, E/,) = 0, and E!, must be 0, a contradiction.
Suppose now that n =n' and m < m’. Since

Hom p(E,,, Ej[—k]) = Hom p(E,.[m], (Ej[j])[m —j — k]) =0
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for every j > m and k > 0, we obtain using the long exact sequences for the distinguished triangles
Xjo1 — X; = E; —» T(X;_,) for j > m that

Hom p(E,,, X) = Homp(E,,, X,-1) = - - - = Hom p(FE,,, Xini1) = Hom p(E,,, E) # 0.
But using the distinguished triangles X} , — X — E; — T(X}_,) for j > m' > m, we obtain
e Homp(E,,,X) =---=Homyp(E,, X)) = Homp(E,,, E,.,) =0,
a contradiction.

Therefore n = n' and m = m’. Let us now show that the triangles are unique (up to isomor-
phisms). Consider the diagram of distinguished triangles

Xo1 X E, T(X-1)
(1) idl
X X £, T(X, )

We claim that it extends to a unique map of distinguished triangles. To prove this, it suffices
to show that Hom p(X,,—1, E/)) = Homp(X,,—1, E/[—1]) = 0. As above, it is easy to prove that
Hom p(E;, E][—k]) = Hom p(E;[—1], E},[—k]) = 0 for every j < n—1 and every k > 0. Therefore,

we obtain from the distinguished triangles X; ; — X; — E; — T(X,_;) for j < n — 1 that

Hom p(X,,_o, E! [—k]) = Hom p(X,,_3, B/ [—k]) = --- = Hom p(E,,,, E/[—k]) =0

for K = 0,1. From the distinguished triangle X, o — X,y — E,_1 — T(X,_2) and the
fact that Homp(E,_1, E/[—k]) = 0 for k = 0,1, we can conclude that Hom p(X,_1, /) and
Hom p(X,—1, E/ [—1]) inject into Homp(X,_o, E/) = 0 and Hom p(X,,_2, E/[—1]) = 0, respec-

n

tively.
Therefore the diagram (1) completes to a map of distinguished triangles
Xn-1 X En, T(Xn—l)
Lo
X X £, T(X,)
with v and w unique. Similarly, the diagram
X X E, T(X, )
a
Xn-1 X E, T(Xn-1)
completes to a diagram
Xna X £, (X, 1)
u’l 1dl w’l lT(u')
Xn—l X En T(Xn—l)
with «' and w’ unique. Since the diagram
Xn—l X En T(XT/7,—1)

|

Xn—l X En T(Xn—l)
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can be completed both with «' o u,id,w’ o w and id,id,id, both u’ o v and w’ o w must be id.
Similarly, v o v/ and w o w’ must be id. O

Proof of Lemma 3.2. Suppose first that A’ satisfies the two conditions in the lemma. We claim
that

D ={XeD|n<0}, D "={XecD|m>0}

defines a bounded ¢-structure with core A’. We need to verify the three axioms (the fact that this
t-structure is bounded is obvious).

(t1) This is obvious.
(t2) Let X € D= and Y € D=1 ie.,, n(X) <0, m(Y) > 1, Let

@) Xyt — X, — B — T(X,) (m(X) < j < n(X))
be the collection of triangles associated to X, and let
(3) Yioa — Yy — Fr —TY1) (m(Y)<k<n(Y))
be the collection of triangles associated to Y. Since
Hom p(Ej, Fi,) = Homp(E;, Fi[—1]) =0
for every j < n(X) <m(Y) <k, we obtain from the distinguished triangles (3) that
Homp(E;,Y) = Homp(Ej, Yy (v)-1) = - - - = Homp(Ej, Yiv)) = Homp(Ej, Fopyy) =0

for every j < n(X). Moreover, since Hom p(E;[—1], F},) = Hom p(E;[—1], F},[—1]) = 0 for
every j < n(X), Homp(E;[—1],Y) = 01if j < n(X). From the distinguished triangles (2)
with j < n(X) we then obtain that

HOIIID(Xn(X)_l, Y) = HOHID(Xn(X)_Q, Y) — = HomD(Xm(X), Y) = HomD(Em(X), Y) = O,
and from the distinguished triangle X,,(x)—-1 — X — E,x) — T(Xn(x)-1) we obtain that
Hom p(X,Y) injects into Hom p(X,,(x)-1,Y") = 0.

(t3) Let X € D. If X € D= or X € D=1, then the statement is obvious. Therefore, we can
assume that m < 0 < n, where

Xjia — X; — B — T(X;0) (m<j<n)

is the collection of triangles associated to X. Let Y = X,. Then Y € D=" because the
collection of triangles associated to Y is

Xjr — X; — B — T(X;) (m<j<0)

J

by Lemma 3.3. We claim that the cone Z of Y — X is an object of D=1,
For each 1 < k < n, the diagram

Y — Xy — Zpy —— T(Y)

a | | | )

Y — Xy — Zp —— T(Y)

Lo l

Xpoy — Xy —— B —— T(Xp)
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can be completed by the octahedron axiom to a diagram
Y — X1 — Zjpy —— T(Y)
idy T(idy)
Y — Xy — Zp —— T(Y)
idx,
Xpoy —— Xp —— B, —— T(Xp)

idp,

Zyor —— Zyy —— By —— T(Z4-)
In particular, the collection of triangles associated to Z is
Iy — Zy — By, — T(Zr—1) (1<k<n)
where Z, is the cone of Y = X; — X}, for 0 < k < n. Therefore, Z € D! as claimed.

Suppose now that A’ is the core of a bounded t-structure. We need to verify the two conditions
of the lemma.

(C1) If E; and E, are objects of A" = D=0 N D2 and k > 0, then Hom p(E}, Ey[—k]) = 0

because F; € D=0 and F,|—k] € D=k C D=L

(C2) Let X be an non-zero object of D. Since the t-structure is bounded,

m :=max{n € Z | X € D"}
exists. Then X[m] € D=°. There exists a distinguished triangle
Y — Xm| —Z—T)
with Y € D=0 and Z € D='. We claim that Y € A’. To prove this, we need to show that
Y € D=0 or, equivalently, that Y[—1] € D=!. There exists a distinguished triangle
Y —Y[-1]— 2 — T
with Y’ € D=0 and Z’ € D=!. From the distinguished triangle (4) we obtain a long exact
sequence
- — Hom p(Y', Z[-2]) — Hom p(Y',Y[-1]) — Homp(Y', X[m —1]) — - --
Since Y’ € D=? while Z[—2] and X [m—1] are in D=!, we obtain that Hom p(Y”, Y[—1]) = 0.
From the distinguished triangle (5) we obtain a long exact sequence
- — Homp(Y’, Z'[—1]) — Homp(Y",Y') — Homp(Y',Y[-1]) — - --

Since Y’ € D=0 and Z'[—1] € D!, Homp(Y",Y’) = 0, Y’ = 0, and therefore Y'[—1] is
isomorphic to Z' € D=1,
To summarize, starting with a non-zero object X in D, we constructed a distinguished
triangle
Y[-m| — X — Z[-m] — Y[l — m]
with (Y[—m])[m] € A'. Let X,,, = E,, := Y[—m]. For X[m+1], there exists a distinguished
triangle

Yi— Xm+1] — Z; — T(Y)
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with Y7 € D=0 and Z; € D2!. Let X,,41 := Y;[—m — 1]. We claim that there exists a map
Xm — Ximg1 whose cone E,1; is in A'[—m — 1]. From the distinguished triangle (6) we
obtain a long exact sequence

— Hom p (X, Z1|—m—2|) — Hom p (X, Xint1) — Hom p(X,, X) — Hom p (X, Z1[—m—1]) —
Since X,,[m] € D=? while Z;[—2] and Z;[—1] are in D=,
Hom p(X,,, Z1|—m — j]) = Homp(X,,,[m], Z1[—j]) =0 (j =1,2).

Therefore, Hom p (X, X;n11) = Hom p(X,,, X), and there exists a morphism X,, — X,,11
that composed with the morphism X,,,1 — X of the distinguished triangle (6) gives us
the morphism X,, — X of the distinguished triangle (4). The distinguished triangle

Xm — Xm—l—l — Em+1 — T(Xm>

associated to this morphism X,, — X, is such that E,,.1[m + 1] € A". We can then
continue by taking a distinguished triangle with X |m + 2] and so on. The process ends
when X [m + k| is in D=V,
O
Idea of the Proof of Proposition 3.1. If (Z,P) is a stability condition on D, then

D —{XeD|¢ <0}, D —{XeD|¢, >0}
define a bounded ¢-structure with core
P(0,1]):={X€eD|1>¢1 > > ¢, >0}

Moreover, the central charge Z defines a centered slope-function Z on P((0,1]) with the Harder-
Narasimhan property.

Conversely, if (D=, DY) is a bounded t-structure with core A’, and Z: K(A’) — C is a centered
slope-function with the Harder-Narasimhan property, then we can define a stability condition
(Z,P) on D by observing that K(A') = K(D) and by setting, for each ¢ € R,

P(p) :={X € A | X[1 — [¢]] is semi-stable of phase ¢ — [¢] + 1 in A" with respect to Z}.
UJ

Ezample. Let C be a smooth projective curve, and let A = M,,(O¢). Consider the standard
t-structure on D = D’(A), and the centered slope-function

Z(E) = —deg(F) +irk(F)
on A. It induces a stability condition (Z,P) on D with
P(o) :={X € A| X[1 — [¢]] is semi-stable of phase ¢ — [¢] 4+ 1 in A with respect to Z}
All objects of P(¢) are of the form D(FE)[n] for some semi-stable object E in A.

4. CONSTRUCTING t-STRUCTURES

A very useful method for constructing t-structures on a triangulated category is that of torsion
pairs, first introduced in [HapReiSma96].

Definition. A torsion pair in an abelian category A is a pair of full subcategories (7, F) of A
which satisfy the following two conditions:

(TP1) Hom 4(7,F) =0 for every T'€ 7 and F € F.
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(TP2) Every object E € A fits into a short exact sequence
0O —T —F-—F-—0

with T €7 and F € F.

Lemma ([HapReiSma96, 2.1]). Let (T, F) be a torsion pair in an abelian category A. If A is the
core of a bounded t-structure on D, then the full subcategory

A'={X eD|H(X)=0forj+#—-1,0, H (X)e F, H (X)) e T},

where H7 is the cohomology with respect to the given t-structure, is the core of the bounded t-
structure (D=0, D=%) on D defined by

DO —{X eD|H(X)=0 fori>0, H'(X)e T},
D> = (X eD|H(X)=0 fori< —1, H(X) e F}.

Proof. By Lemma 3.2, A satisfies the two conditions (C1) and (C2). We can rewrite (D=°, D=0)
as

D ={XecD|n<0, BT}, DX={XeD|m>-1, E_[-1] € F}.
Let us now verify that (D=, D=Y) satisfies the three axioms of a t-structure.

(t1) It is obvious.
(t2) Let X € D= and Y € D='. Then n(X) <0 and m(Y) > 0. Let

(7) Xjmr— X; — B — T(X;)  (m(X) <j <n(X))
be the collection of triangles associated to X, and let
(8) Yii— Y, — F, —TY1) (m(Y)<k<n(Y))
be the collection of triangles associated to Y. Since
Hom p(Ej, Fi,) = Homp(E;, Fi[—1]) =0
for every j < k, we obtain from the distinguished triangles (8) that
Homp(E;,Y) = Homp(Ej, Yy (v)-1) = - - - = Homp(Ej, Yiv)) = Homp(Ej, Frpyy) =0
for every j < 0, and, if n(X) =0,
Homp(Ey, Fy) it m(Y)=0
0 otherwise

Hom'D(EO,Y) = HomD(EOaYn(Y)—l) — ... = {

If n(X) = m(Y) =0, then Ey € T and Fy € F, which implies Hom p(Ep, Fy) = 0 by
(TP1), and therefore Hom p(E;,Y") = 0 for every j < n(X).

Similarly, Hom p(E;[—1],Y) = 0 for every j < —1, and therefore we obtain from the
distinguished triangles (7) that

HOIIID(Xn(X)_Q, Y) = HOHID(Xn(X)_3, Y) === HomD(Xm(X), Y) = HomD(Em(X), Y) =0.

If n(X) = —1,0, note that, since Homp(F_1,Y) = 0, the long exact sequence from
Xnx)—2 — Xpxy)-1 — E_1 — T(X,(x)-2) shows that Homp(X,x)-1,Y) injects into
Hom p (X, (x)-2,Y) = 0, and it is therefore also 0, and since Hom p(Ep,Y) = 0, the long
exact sequence from X,x)—1 — X_FEy — T(X,x)-1) shows that Homp(X,Y’) injects
into Hom p(X,,(x)-1,Y) = 0.
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(t3) Let X € D, and let
Xja— X — B — T(X;) (m<j<n)

be the collection of triangles associated to X in the original t-structure. For E, € A, there
exists a short exact sequence

0—T —F—F—0

with 7" € 7 and F € F. Let Y be the cone of the map T[—1] — X_; defined by the
composition T[—1] — Ey[—1] — X_1. Then the collection of triangles associated to Y in
the original t-structure is

Xjog— X, —E, —T(X;1) (m<j<-1), X, —Y —>T—T(X,),

J

and therefore Y € D=°. The diagram

X_4 Y T T(X_4)
| | |
X Xo Eq T(X )

can be completed with a map ¥ — X, which induces a map Y — X. Let Z be the cone
of this map Y — X. We want to show that Z € D=!.

The next step is to prove that the cone of Y — X is isomorphic to F'. I am not able
to prove this in general, so I shall assume in what follows that we are using the standard
t-structure. Then there exists a commutative diagram on A

0 0
0 —— Imd! — Y, T 0
|
0 —— Imd!' —— kerd® E, 0,
F = F
0 0

where Y} is defined by the exactness of the diagram. Define Y € D as
X7 ifj<0
Y/=3Y, ifj=0.
0 ifj>0
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It is clear that Y € D=, There exists a commutative diagram

0 0
0 Y, kerd® —— F —— 0
I
0 Yo X' — Z, — 0,
Imd® = TImd’
0 0
where Zj is defined by the exactness of the diagram. Let Z € D be
0 ifj<o0
Z7'=L7Zy ifj=0.
X7 ifj>0
Since H/(Z) = 01if j < 0 and H(Z) = F € F, Z € D='. The short exact sequence of

complexes

0—Y —-X—27—0
induces a distinguished triangle
Y —-X —7—T()

in D with Y € D=V and Z € D=1,

OJ
Before we continue in our analysis of stability conditions, here is a summary of other results in
[HapReiSma96] related to the Lemma above.

Corollary ([HapReiSma96, 2.2]). Let A be an abelian category and (T,F) a torsion pair in A.
Then the following hold.
(a) B={X € D*(A) | H(X) =0 forj # —1,0, H-YX) € F, H*(X) € T} is an abelian
category.
(b) The pair (F[1],T) of full subcategories of B is a torsion pair in B.
(c) For every X,Y € B, Hom po() (X, Y [k]) ~ Hom pu( 4y (X, Y[k]) for k=0, 1.

Definition ([HapReiSma96]). A torsion class 7 in a torsion pair (7', F) is called a tilting torsion
class if 7 is a cogenerator for A, i.e., if for all X € A there exists a monomorphism X — T for
some T € 7.

Theorem ([HapReiSma96, 3.3]). Let (7, F) be a torsion pair on A such that T is a tilting torsion
class, and let B = {X € D*(A) | H(X) =0 forj # —1,0, HY(X) € F, H'(X) € T}. Then
the following holds.
(a) If B has enough projectives, then there exists a triangle equivalence D°(B) — D°(A) which
1s the identity functor when restricted to B.



12 DANIELE ARCARA

(b) If A has enough injectives, then there exists a triangle equivalence D*(A) — D*(B) which
1s the identity functor when restricted to B.

5. THE SPACE OF STABILITY CONDITIONS

To classify all the stability conditions on a triangulated category, it is necessary to introduce
a technical definition to avoid the stability conditions where all of the semi-stable objects are
concentrated in one phase. An example of a such “bad” stability condition would be one with
Z(E) =im(F) for every E # 0 in the heart of a t-structure which is not of finite length.

Definition. A stability condition is locally-finite if there exists a real number 1 > 0 such that
for all ¢ € R the quasi-abelian category P((t — n,t + 1)) C D is of finite length.

Let Stab (D) be the set of locally-finite stability conditions on D, and consider the generalized
metric on the set

Slice (D) = {P | (Z,P) € Stab (D) for some 7}
defined by
d(P,Q) =inf{e € R5¢ | Q(¢) C P([p — ¢, + ¢]) for all ¢ € R}.

If K(D) has finite rank, then the vector space (K (D) ® C)* has a standard topology, and the
inclusion

Stab (D) C (K(D) ® C)* x Slice (D)

induces a topology on Stab (D). In general, however, there is no natural choice of topology on
(K(D) ® C)*
Define, for each o = (Z, P) € Stab (D), a function

|- lo: (K(D) @ C)" — [0, 0]
by sending a linear map U: K(D) ® C — C to

I|U||, = sup { F is semi-stable in o ;.
|1Z(E)|

*

Note that || - ||, has all of the properties of a norm on the complex vector space (K (D) ® C)*,
except that it may not be finite.
For each real number ¢ € (0,1/4), define a subset

B.(o) ={r=(W,Q) € Stab (D) | ||IW — Z||, < sin(me) and d(P, Q) < e} C Stab (D).

Note that the condition ||W — Z||, < sin(we) implies that, if £ is semi-stable in o, then the phase
of W(FE) differs from the phase of Z(E) by less than e.

Lemma. The subsets B-(c) form a basis for a topology on Stab (D) as € varies in (0,1/4) and o
varies in Stab (D).

The crucial point of the proof is the following result.
Lemma ([Bri02, 6.2]). If T € B.(0), then there exist constants ki, ky > 0 such that
klUle < [IUll7 < k2l |U]s
for allU € (K (D) ® C)*.
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Theorem ([Bri02, 1.2]). For each connected component ¥ C Stab (D) there exists a linear subspace
V(X) C (K(D) ® C)* with a well-defined linear topology such that

Z2:3— V() Z(Z,P)=2
s a local homeomorphism.
The key step in the proof is the following theorem.

Theorem ([Bri02, 7.1]). For every o = (Z,P) € Stab (D) there ezists ¢g > 0 such that the
following holds. If 0 < e < &g, and W: K(D) — C is a group homomorphism satisfying

(W(E) — Z(E)| < sin(ne)|Z(E)|
for every E € D semi-stable in o, then there exists (W, Q) € Stab (D) with d(P, Q) < ¢.
We conclude the section with a couple of general results on the sapce of stability conditions.

Proposition ([Bri02, 8.1]). The topology on Stab (D) defined above is induced by the generalized

metric
o (G [ <0

o7 = s {1o7(3) = (X)),
0#£X€eD
Lemma ([BriOQ/,\E%.Q]). The generalized metric space Stab (D) carries a right action of the universal
covering space GLT(2,R) of GLT(2,R), and a left action by isometries of the group Aut(D) of
exact autoequivalences of D. These two actions commute.

07 (X) — oF(X)],

6. NUMERICAL STABILITY CONDITIONS

While everything up to now could have been defined on any triangulated category 7 instead of
on D = D(A) for some abelian category A, what follows only makes sense if 7 is

e linear over a field k, i.e., the morphisms of 7 have a structure of a vector space over k,
with respect to which the composition law is bilinear.

e of finite type, i.e., for every pair of objects E, F' € T, the vector space &;Hom 7(E, Fi])
is finite-dimensional.

e numerically finite, i.e., the numerical Grothendieck group defined below has finite rank.

Let A = M, (Ox) be the abelian category of coherent sheaves over a smooth algebraic variety
X, and let D = D*(A) be its bounded derived category.

Definition. There exists a bilinear form on K (D), known as the Euler form, defined by
X(E,F) = (~1)' dim; Hom p(E, F[i]),

and a free abelian groun N (D) = K(D)/K(D)*, called the numerical Grothendieck group of

D.

Definition. A stability condition (Z,P) on D is said to be numerical if the central charge Z
factors through the quotient group N (D).

Let Staba/(D) be the subspace of Stab (D) consisting of numerical stability conditions. The
following is a corollary of [Bri02, Theorem 1.2].
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Corollary ([Bri02, 1.3]). For each connected component ¥ C Staby/(D) there exists a subspace
V(X) C (N(D)®C)* and a local homeomorphism

Z:x—V(> Z2(Z,P)="Z
In particular, ¥ is a finite-dimensional complex manifold.

Example. Let C be a smooth projective curve, let A = Mo, (O¢), and let D = D*(A). Then
N (D) ~ Z & Z, and the quotient map K(D) — N (D) is given by E — (rk(E), deg(FE)). Since
there exists a numerical stability condition (Z,P) with

Z(E) = —deg(F) +irk(F)
on A, there exists a local homeomorphism
Z: Staby (D) — (M(D) @ C)*
whose image is some open subset of the two-dimensional vector space (N (D) ® C)*.
Theorem ([Bri02, 9.1]). If X is a non-singular projective curve of genus one, then
Staby (D) ~ GL*(2,R).

Theorem ([Bri02, 9.2]). If X is a non-singular projective curve of genus g > 2, then there exists
a connected component Stab\-(D) C Staby (D) such that

Stab®(D) ~ GL* (2, R).

7. K3 SURFACES

Let S be an algebraic K3 surface over C !, let A = M_,,(Og), and let D = D°(A). Define a
symmetric bilinear form (the Mukai bilinear form) on the cohomology ring

H*(S,Z) = H°(S,Z) ® H*(S,Z) ® H*(S, Z)
by
((7’1>D1> 51)a (7“2>D2, 52)) =Dy - Dy — 1155 —1r2571.

The resulting lattice H*(S,Z) is even and non-degenerate and has signature (4,20). Let Q be
a non-zero holomorphic two-form on S, and let H*°(S) C H?(S,C) denote the one-dimensional
complex subspace spanned by the class of €2. Then the numerical Grothendieck group of D is

N(S)=Z®NS(S)®Z = H*(S,Z)nQ*+ C H*(S,C).
Definition. The Mukai vector of an object E € D(S) is the element of N'(S) defined by the
formula
v(E) = (tk(E), 1 (E), s(E)) = ch(E)\/td(S) € H*(S,Z),
where ch(E) is the Chern character of F and s(E) = chy(F) + rk(E).

The Mukai bilinear form makes N (S) into an even lattice of signature (2, p), where 1 < p < 20
is the Picard number of S. This form is the negative of the Euler form, i.e., for any F, F' € D(S5),

X(E,F) =Y (-1)' dim¢ Hom §(E, F) = —(v(E), v(F)).

i

IFor the results on sheaves on S mentioned here, see also [Muk87].



STABILITY CONDITIONS ON DERIVED CATEGORIES 15

Let Stab(S) be the set of numerical locally-finite stability conditions on D. It is the union of
finite-dimensional complex manifolds. Remember that a stability condition ¢ = (Z,P) on D is
said to be numerical if the central charge Z takes the form

Z(E) = (n(0),v(E))

for some vector (o) € NS(S)® C. There is a natural connected component ¥(.S) C Stab(S) with
an open subset U(S) where the stability conditions can be described explicitly.

Fix a pair of R-divisors #,w € NS(S) ® R with w in the ample cone. We can then look at the
group homomorphism

Z:N(S)—C
defined by Z(E) = (exp(f + iw),v(E)). More explicitly, if v(E) = (r, A, s), then
1o 2 2 (A o AN2Y 1 (A ' :
2(B) = QT’(A 2rs+rw' — (A—rB)* ) +i(A—rf) w 1f7'7£0'
(A-B—s)+i(A w) ifr=20
Now, for a torsion-free sheaf E on S, define
al)w
MW(E) T I'k(E) )

let F be the set of torsion-free sheaves on S all of whose p,-semi-stable Harder-Narasimhan factors
have slope u, < - w, let 7 be the set of sheaves whose torsion-free parts have p-semi-stable
Harder-Narasimhan factors of slope u, > 3 - w, and let

A(B,w):={E e D(S)|H(E)=0fori¢ {-1,0}, HYE) € F and H(E) € T}.
Then A(f,w) is the heart of a bounded ¢-structure on D(S).

Lemma ([Bri03, 5.2]). Fiz a pair of R-divisors §,w € NS(S) ® R with w in the ample cone. Then
the group homomorphism Z defined above is a slope-function on the abelian category A(G,w) if
and only if Z(E[1]) & R<o for every non-zero torsion-free sheaf E on S which is p,-semi-stable

of slope p,(E) = - w.

Proof. The condition for Z to be a slope-function on A((,w) is that Z(F) is in the strict upper
half-plane H = {rexp(im¢) | r > 0 and 0 < ¢ < 1} for all non-zero F € A(f,w). If E: A — B is
an element of A(f3,w), then

Z(E) = Z(B) — Z(A) = Z(H(E)) — Z(H™(E)) = Z(H(E)) + Z(H ' (E)[1]),

and it therefore suffices to show that Z(E) € H for every E € 7 and Z(FE][l]) € H for every
EecF.

e If £ € 7 is supported in dimension 0, then » = 0, A = 0, and s = ¢3(E) > 1. Therefore
Z(E)eRoCH.

e If F € T is supported in dimension 1, then 7 = 0 and A -w > 0. Therefore Im (Z(£)) > 0
and Z(F) € H.

o If £ € 7 is a torsion-free sheaf, then p,(F) > - w, and Z(F) € H.

o If £ € F is such that p,(F) < §-w, then Z(E[l]) = -Z(F) € H.

o If £ € F is such that p,(F) = (- w, then Z(E[1]) € H by assumption.

Remark. Note that, if £ € F is such that p,(E) = (- w, then (A —rf3)-w = 0, and the Hodge
index theorem gives (A —r3)? < 0. Moreover, A? — 2rs > —2 by [Muk87, 2.5, and therefore, if
w? > 2, then Z(E[1]) € H for every E € F.
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It can be proved that, when Z is a slope-function on A(,w), it also has the Harder-Narasihman
property, and it induces a stability condition in Stab(S). In all such stability conditions, the
skyscreaper sheaves O, (with p a point in S) are semi-stable of phase 1. The following proposition
gives some kind of converse of this result.

Proposition ([Bri03, 6.2]). Suppose ¢ = (Z,P) € Stab(S) is a stability condition on S such
that for each point p € S the sheaf O, is stable in o of phase one. Then there exists a pair
B,w € NS(S) @ R with w in the ample cone such that the heart A = P((0,1]) of o is A(S,w).

There exists a connected component ¥(S) C Stab(.S) that contains all of the stability condition
constructed above, and a natural open subset U(S) C 3(S) containing all of the conditions for
which O, is stable of phase 1 for every point p € S.

We shall now study these stability conditions more in depth.

Definition. A sheaf E on S is called (§,w)-twisted semi-stable if for every sub-sheaf F' C
either

o u,(F) < p,(E) or

* (1(F) = po(E) and rk(E) - (s(F) — e1(F) - 8) < 1k(F) - (s(E) — e1(E) - ).

Note that every (3, w)-twisted semi-stable sheaf is also f,-semi-stable, and that being a (0,w)-
twisted semi-stable sheaf is exactly being a Gieseker semi-stable sheaf.

Proposition ([Bri03, 12.2]). Fiz a pair f,w € NS(S) ® Q with w ample. For integers n >> 0,
there is a unique stability condition o,, € U(S) satisfying w(o,) = exp(f+inw). Suppose E € D(S)
satisfies

tk(E) >0 and (ci(F)—rk(E)F)-w > 0.
Then E is semi-stable in o, for all n >> 0 precisely if E is a shift of a (§,w)-twisted semi-stable
sheaf on S.

Idea of the Proof. The first statement follows as soon as (nw)? > 2 (non-trivial). Note that, for
every n >> 0, the stability conditions o,, have the same heart A(f,w).
To get an idea of how the proof works, let us prove the proposition in the case § = 0. Then the
central charge Z,, of o, simplifies to
1
Zn(E) = §rn2w2 — s+ inA - w.
Let E be a sheaf. Then it is easy to see that the argument of 7, (F) satisfies

0 if dimsuppFE =2
o1 1
lim - arg(Z,(F)) = 5 if dimsuppE =1.
1 if dimsuppF =0

Suppose first that £ € D is semi-stable in o, for all n >> 0 and that rk(E) > 0, ¢;(E) -w > 0.
Applying a shift, we can assume that F € A(0,w), and there exists a short exact sequence

0— HYE)1] — E — H*E) — 0
in A(0,w). Since the phase of E tends to 0 as n — oo, and E is semi-stable in o, for n >> 0,
H~Y(E) must be zero, or otherwise H!(E)[1] would be an element of A(0,w) contained in F
whose phase would tend to 1 as n — oo. Therefore E ~ H°(E) is a sheaf. Similarly, £ must be

torsion-free, or is torsion sub-sheaf would be an element of A4(0,w) contained in £ whose phase
would tend to 1 as n — oo.
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Let us now show that F is Gieseker semi-stable. Let F' C E be a sub-sheaf of maximal slope
e, We can assume that ¢;(F') - w > 0 because otherwise F' clearly does not destabilize E. Then
Fisin A(0,w), and since F is semi-stable in o, for n >> 0, the phase of Z,(F") must be less than
the phase of Z,(FE) for n >> 0 2 Therefore, for n >> 0,

(9) a(F)-w < a(E) w
rk(F)n?w? — 2s(F) ~— rk(E)n*w? — 2s(E)’
which implies that p,(F) < p,(F). Moreover, if u,(F) = p,(E), then ¢;(F) - w is equal to
(rk(F)/tk(E)) - (c1(E) - w), and (9) simplifies to
—2s(E)rk(F) < —2s(F)rk(FE),
and F is therefore Gieseker semi-stable.

Conversely, supposed that £ is a Gieseker semi-stable torsion-free sheaf such that ¢;(E)-w > 0.
Then £ € A(0,w). Suppose that

0 —F —FE—G—0
is a short exact sequence in A(0,w). Then there exists a distinguished triangle
F—F—G— F[1]
in D and a long exact sequence of sheaves
0— HYF)—0— HYG)— H'(F) — E — H°(G) — 0.

In particular, H~'(F) = 0 and F ~ HY(F) is also a sheaf. There exists an injective map
(F/H™Y(G)) — E, and since p,(H™'(G)) < 0 and E is Gieseker semi-stable,

o) < i (g ) < ()

Moreover, if p,(F) = p,(E), then H™!(G) must be zero, and s(F)rk(E) < s(E)rk(F). Therefore,
the inequality (9) above is satisfied for all n >> 0, and E' is semi-stable in o,. O
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