Section 7.3, Some Trigonometric Integrals

Homework: 7.3 #1-31 odds

We will look at five commonly encountered types of trigonometric integrals:

. [sin" xdz and [ cos” z dx

—_

. [ sin™ x cos™ x dx
. [sinma cosnx dz, [sinmasinnx dz, and [ cos ma cos nz dx

. [tan™ zdz and [ cot” z dx

Tt = W N

. Jtan™ xzsec™ dz and [ cot™ x csc” x dx

We will demonstrate how to calculate these by example. Throughout this section, we will be using
many trigonometric identities, including:

sin?z 4+ cos?z =1

1+ tan?z = sec’ z

1+ cot?z =csc’z

. 9 1 —cos2x
sin“yx = ————
2
9 1+ cos2x
cos“r = ———
2
. 1. .
sinmz cosnz = o [sin(m + n)z 4 sin(m — n)z]
1
sin ma sin nx = -5 [ cos(m + n)z — cos(m — n)z]
1
COSME COSNT = o [ cos(m 4 n)z + cos(m — n)z]

1 Integrals of the form [sin"zdr and [ cos™zdx

We will look at examples when n is odd and when n is even. When n is odd, we will use sin® z +

cos?z = 1. When n is even, we will use either sin® z = % or cos?x = W

Examples

1. Find [ cos® z dx.
We will use the identity cos? z = 1 — sin® z, so we will substitute cos

/cos5xdx = /(1 —sin? x)% cos x dx

:/(1 —25in2x+sin4m) cosx dx

Yz = (1 —sin®z)2

= / (cosx — 2sin2xcosx+sin4xcosx) dx

2 . 1
:sinx—gsindx—k;sinsm—&—(]
5



2. Find [sin*zdax
We will start by using sin® z = Locos2r,

. 2
/sin4zdx—/<1c2052z> dx

= 1/(1—20052x+cos 2x)dx

/dm—f/cos%‘dx—&— /cos22xda:
1

T 9 + 1—|—c054xd
= — 7111 —_—
4 gomEr Ty 2 *
T 1
=_— — —sin2 — sin4
1 41n x+8+3281n xz+C
_3 1 2z + 4z + C,
=3 41nx 3251nx

where we also used that cos? z = W in the third-to-last line.

2 Integrals of the form [ sin™ x cos"z dx

If either m or n is an odd positive integer, we will use the identity sin?z + cos?>z = 1. If both m
and n are even and positive, we will use the half-angle identities.

Examples

1. Find [cos®zsin™*zdx
Since the exponent for cosine is odd, we will replace cos® x by (1 —sin? )2 =1-2 sin? z+sin 2:

/cos5xsin_4xdm = /cos z(1 - 2sin’ z + sin* z) sin™* 2 dz
:/COSCESin_4IEd$72/COSl’SiIl_Ql’dij/COSIEdl'
1, . _3 . 1 .
= fg(sm:r) +2(sinz) " +sinz+C

(Be careful with notation, since sin~* x refers to the inverse sine function, not 1/(sinz).)

2. Find [ cos? zsin® z dz.

2
We will substitute cos? x = W and sin*z = (1_08“27> . Then,

1 27 (1 —cos2z >
/COSQ$SiD4l‘dl‘=/ —|—c205 x( CZOb x) dx

1
=3 /(1 + cos2z)(1 — 2 cos 2z + cos? 2x) dx

1
=3 /(1 — cos 2z — cos? 2x + cos® 2z) dx

1 1 1 9 1 3
= 8/d:c 8/cos2xdm S/COS 2xdx—|—8/cos 2x dx

1 1 4 1
—1—6$1n2x—§/ydac—&—g/cosZm(l—sinZQx)dm

Lanor— &~ Lnae+ Lsinoe— 2 %+ C
16511’1{,5 16 64Sln.’l; 1681n.%‘ 48Sln$



3 Integrals of the form [ sinma cosnz dz, [ sinmasinnz dz, and
[ cosma cos nx dx

Here, we will use the identities sinmz cosnz = }[sin(m + n)z + sin(m — n)z], sinmazsinnz =
1

— 3 [cos(m + n)z — cos(m — n)z], and cos ma cosnz = %[ cos(m + n)z + cos(m — n)z].
Examples
1. Find [ sin4a cosbz dx

Since sin ma cosnz = 1 [sin(m + n)x + sin(m — n)z|, we will use this with m = 4 and n = 5:

1

2
: 1 . .

/sm4x cos b dx = 3 / (sin9z + sin(—z)) dx

1 1
= —1—8c059x+ icos:v—kC’,

where we used that cos(—x) = cosz.

. ™ . . .. .
2. Find f_w sin ma sin nx dxr, where m and n are positive integers.
First, consider m # n. Then,

rTT 1 ™
/ sin mz sin nx dr = 5 / [ cos(m 4 n)z — cos(m — n)z] dz

1 :
B —2[m+nsm(m+n)x— m—n

=0

snin — )

—T

If m = n, then

s 1 s
/ sin ma sin na de = —5/ [cos(2m)x — 1] da

T

1] 1
=—= [ sin(2m)x — L:|
2| 2m

—T

4 Integrals of the form [ tan”xdx and [ cot" zdx

2

In the tangent case, we will use tan?z = sec?z — 1. In the cotangent case, we will use cot?z =
2

csc? 2 — 1. Here, we will only replace tan? z or cot? z, distribute, integrate what we can, then repeat
as necessary.

Examples

1. Find ftan4xdac

/tan4a:das = /tan2 z(sec’ z — 1) dx
= /tan2x59c2xda:—/tan2xdx
Lo 3 2
:gtan x— [ (sec®x —1)dx

1
:gtan3x—tanx+x+6’



2. Find [ cot® z dx

/cot5xdx = /cot3 x(csc?z — 1) da
= /cotgmcsczx— /cot3xdx
1
=-1 cot* & — /cotx(cchx —1)dx

1 cosT
—*C0t4x—/COtJJCSCQ$d.’E+/ - dx
4 sinx

1 1
—Zcot4x+ §cot2x—|—ln|sinx| +C

5 Integrals of the form [ tan” xsec” dr and [ cot™xcsc" x dx

2 2

If n is even, use either sec? z = tan? z + 1 or csc? x = cot? x + 1 to replace all but 2 powers of secz
or cscx, then you can use a u-substitution to integrate.

If m is odd, we will use that the derivative of secx is secxztanz (or the derivative of cscx is
—cscx cot z), and replace m — 1 powers of either tangent or cotangent using a Pythagorean identity.

Examples

1. Find ftan1/2:csec4:z:dx

/tan1/2 rsect zdr =

:/tan T sec xdi+/tan1/2xsec2xdx

tan'/? z(tan? +1) sec? z dx
2 2 ]
Ztan?z + S tan® 22+ C
7 3
2. Find [ cot® zcsc®/? z dw

/cothcscg/zde = /cotx(csc2x —1)esc®? xda

=
= /cotxcsc:rcsc"pxdxf/cotxcsc:rcscl/2xdx

2 2
== cse™/?x + 3 esc?/2 +C



