Section 7.2, Integration by Parts

Homework: 7.2 #1-57 odd

So far, we have been able to integrate some products, such as [ ze®” dx. They have been able to
be solved by a wu-substitution. However, what happens if we can’t solve it by a u-substitution? For
example, consider [ xe® dz. For this, we will need a technique called integration by parts.

From the product rule for derivatives, we know that D,[u(z)v(z)] = v/ (z)v(x) + u(z)v'(z). Rear-
ranging this and integrating, we see that:

u(z) Jo(x)] = ' (z)v(z)

/ dxf/D dzf/ o (z)v(z) dz

This gives us the formula needed for integration by parts:

/ W) (x) dr = u(a)o(z) — / W ()o(z) dz, or, we can write it as

/udvzuv—/vdu

In this section, we will practice choosing v and v properly.

Examples
Perform each of the following integrations:

1. [ze*dx
Let u = z, and dv = e* dz. Then, du = dz and v = ¢*. Using our formula, we get that

/xegﬁdw:xew—/ewdw:wem—e””—f—C

Inz
Since we do not know how to integrate Inz, let u = Inx and dv = 2~'/2. Then du = 1/x and
v=2z'2 so0

Inx
dx = 22'/? lnxf/ch*l/2 dx
f

=222 g — 422 + C

3. [arctanz dz
We aren’t given a (obvious) product here, but we don’t have an integration formula for arctan x.
So, we can think of the integral as fl arctan x dx, and let © = arctanx and dv = 1dx. Then,

du = sz and v = z. Using the formula,
x
/arctanx dxr = rarctanz — / —dx
1+ 2

1
= rarctanx — 5 In(14 2% +C

A similar technique can be used to integrate other inverse trigonometric functions, as well as
the natural logarithm function.



4. [x?sin(2z) dx
Let u = 22 and dv = sin(2x) dz. Then, du = 2x dr and v = —%. Using our formula,
2

/x2 sin(2x) dr = —% cos(2z) + /a:cos(Zx) dx

Since we do not know the integral of x cos(2x), we will repeat integration by parts with u = x
and dv = cos(2x) dx. Then, du = dz and v = SIH(TQ””) We then get

/ v cos(2r) dr = & sin(2a) — / % do

cos(2x) e

= gsin(2:c) +

As a result, our final answer is

2

2
/x2 sin(2z) dz = _% cos(2z) + %Sin(Qx) n cos(2x)

+C

5. [e*coszdx
Let u = €” and dv = cos x dx. Then, du = e® dr and v = sin x, so

/e”’cosxdx:emsinx—/ewsinxdx

We will repeat integration by parts with u = e” and dv = sinzdz, so du = e*dxr and
v = —coszx. From our formula, we see:

/em cosxdr = e’ sinz — /e"” sinx dx
=e"sinx + e cosx — / e’ cosxdr. Solving for the integral, we get

2/elcosmdx =e%sinz + e” cosx

1 1
/excosmdac = §exsinm+ §excosx+0

6. Derive a reduction formula for f cos™ x dxr when n > 2.
Let u = cos" ' 2 and dv = cosx dz. Then, du = —(n — 1) cos™~
our formula,

2rsinzdr and v = sinz. By

/cos” rdr =sinxcos" 'z + /(n — 1) cos" 2 xsin® x dx
— n—1 n—2 .2
= sin x cos x+/(n— 1) cos" “ (1 — cos” ) dx

=sinzcos" tx+ (n—1) /cos”f2 xdr —(n—1) / cos” x dx.
Solving for original integral, we get that

n/cos” rdr =sinxcos" 'z + (n—1) /Cosn_2 xdx

1 . _ n—1 _
/cos”xdx:fsmxcos" Yo+ cos" 2 xdx
n n



