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ABSTRACT. We study nonlinear eigenvalue problems for the p-Laplace
operator subject to different kinds of boundary conditions on a bounded
domain. Using the Ljusternik-Schnirelman principle, we show the exis-
tence of a nondecreasing sequence of nonnegative eigenvalues. We prove
the simplicity and isolation of the principal eigenvalue and give a char-
acterization for the second eigenvalue.

1. INTRODUCTION

Eigenvalue problems for the p—Laplace operator subject to zero Dirichlet
boundary conditions on a bounded domain have been studied extensively
during the past two decades and many interesting results have been ob-
tained. The investigations principally have relied on variational methods
and deduce the existence of a principal eigenvalue as a consequence of min-
imization results of appropriate functionals. This principal eigenvalue then
is the smallest of all possible eigenvalues and its existence proof is very much
the same for all possible types of boundary conditions. The study of higher
eigenvalues, on the other hand, introduces complications which depend upon
the boundary conditions in a significant way, and thus the existence proofs
may differ significantly, as well. On the other hand, there is a large class of
commonly studied eigenvalue problems which allow for a unified treatment.
It is such a class of problems which is being studied here. We consider,
among others, the following eigenvalue problems:

e Dirichlet problem:

 =Apu = Au|P?u, in Q,
D) : { u = 0, on 0.

e No-flux problem:

—Apu = MNul[P"?u, in Q,
P(Q): u = constant , on €,
J50 \Vu|p’2%ds = 0.
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e Neumann problem:

—Apu AulP~2u, in €,

N(©Q): { g—z 0, on 0.

e Robin problem:

. “Apu = Ajuf?u, in Q,

e Steklov problem:

) Apu = |u[P"?u, in Q,
S() { VulP28% = Au|P~2u, on 0%

Here Q is a bounded domain in RN, Ayu := div(|Vu[P~2Vu) is the p-
Laplacian operator with p > 1, and % denotes the outer normal derivative
of u with respect to 2. We note that, when N =1 and Q = (a,b), P(12)
becomes the periodic boundary value problem

—(['|P~2d") = AulP2%u, in (a,b),
u(a) = u(b),
u'(a) = u'(b).

The parameter § (which may be a function) in R(€2) is in [0,00). We
observe that the Dirichlet and Neumann problems correspond to the cases
0 =0 and g = oo, respectively.

Besides being of mathematical interest, the study of the p-Laplacian op-
erator is also of interest in the theory of non-Newtonian fluids both for the
case p > 2 (dilatant fluids) and 1 < p < 2 (pseudo-plastic fluids), see [4]. It
is also of geometrical interest for p > 2, some of which is discussed in [32].

Many results have been obtained on the structure of the spectrum of the
Dirichlet problem D(£2). It is shown in [17] that there exists a nondecreasing
sequence of positive eigenvalues {\,} tending to oo as n—oo. Moreover,
the first eigenvalue is simple and isolated, see [2, 23]. Recently, in [3], a
characterization of the second eigenvalue of D() was also given.

The existence of such a sequence of eigenvalues can be proved using the
theory of Ljusternik - Schnirelman (e.g. see [7, 16, 35]). For that reason we
call this sequence the L-S sequence {)\,}. To establish the simplicity of the
first eigenvalue A1, one shows that any (nontrivial) eigenfunction associated
to A1 does not change sign and that any two first eigenfunctions are constant
multiples of each other. It follows from the proof of the simplicity of A\; that
any eigenfunction associated to an eigenvalue A # A; has to change sign.
This fact together with the closedness of the spectrum give the isolation of
A1. It will also be shown that the eigenvalue Ao of the L-S sequence is in
fact the least of all eigenvalues which exceed the first eigenvalue.

The spectrum of the Dirichlet problem D() has, among others, the fol-

lowing properties:
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(i) There exists a nondecreasing sequence of nonnegative eigenvalues ob-
tained by the Ljusternik-Schnirelman principle (L-S sequence) {\,}
tending to co as n—oo (Garcia Azorero and Peral Alonso [17]).

(ii) The first eigenvalue A; is simple and only eigenfunctions associated
to A1 do not change sign (Anane [2] and Lindqvist [23]).

(iii) The set of eigenvalues is closed (Anane and Tousli [3]).

(iv) The first eigenvalue A; is isolated (Lindqvist [23]).

(v) The eigenvalue Ag is the second eigenvalue ([3]), i.e.,

Ao = inf{\ : X is an eigenvalue of D(£2) and A > A\ }.

Comparatively, the spectra of N(2), P(2), R(f2), S(©2) have been investi-
gated little and it is natural to pose the problem of analyzing the structures
of the spectra of N(Q2), P(Q), R(2), S(2) and compare these to that of
D(Q).

We remark that in the case N = 1 fairly complete information on the
spectra of the Dirichlet, Neumann, and periodic boundary value problems
is available (see, e.g., [25], [14]).

The purpose of this paper is to study this problem and show, among other
things, that properties (i)-(v) of the spectrum of the Dirichlet problem also
hold for P(€2), N(Q2), R(2) and S().

By choosing appropriate function spaces, we will see later in section 2 that
we can unify all problems as one single abstract problem. And if we denote
by {A\PY, {A}, {AN} the corresponding L-S sequences of eigenvalues of
D(2), P(2), N(Q) (respectively) then

(1.1) AD S AP > AN for all n.

The paper is organized as follows: We first present, for the sake of com-
pleteness the Ljusternik-Schnirelman principle and applications to our set-
ting. We then establish the existence of L-S sequences for the Dirichlet,
Periodic, Neumann, Robin, and Steklov problems. This is followed by a
discussion of global boundedness and C'*®* smoothness of eigenfunctions. In
Section 5 we establish the promised properties of the spectra of the Dirich-
let, Periodic, Neumann, Robin and Steklov problems. The final section
consists of some appendices containing useful results which are needed in
the development.

2. THE LJUSTERNIK-SCHNIRELMAN PRINCIPLE AND ITS APPLICATIONS

2.1. The Ljusternik-Schnirelman principle in Banach spaces. We
recall here a version of the Ljusternik-Schnirelman principle which was dis-
cussed by F. Browder [7] and E. Zeidler [34], [35] (section 44.5, remark
44.23). We then shall apply the principle (theorem 2.1) to establish the
existence of a sequence of eigenvalues for eigenvalue problems in closed sub-
spaces of W1P(Q).
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Let X be a real reflexive Banach space and F,G be two functionals on
X. Consider the following eigenvalue problem

(2.1) F'(u) = pG'(u), u € S, u €R,
where S¢ is the level S = {u € X : G(u) = 1}.
We assume that:

(H1) F,G : X—R are even functionals and that F,G € C'(X,R) with
F(0) = G(0) =0.

(H2) F' is strongly continuous (i.e. u, — u in X implies F'(u,)—F'(u))
and (F'(u),u) = 0, u € coSg implies F(u) = 0, where coSg is the
closed convex hull of S¢.

(H3) G'is continuous, bounded and satisfies condition (Sp), i.e. as n—o0,

up — u, G'(up) = v, (G'(up),un)—(v,u) implies u, —u.
(H4) The level set S¢ is bounded and u # 0 implies
! li tu) = inf (G’ .
(G'(u),u) > O,t_g?ooG( u) = 400, ulenSG<G (w),u) >0

It is known that (u, ) solves (2.1) if and only if  is a critical point of F
with respect to S (see Zeidler [35], proposition 43.21).

For any positive integer n, denote by A, the class of all compact, sym-
metric subsets K of Sg such that F(u) > 0 on K and y(K) > n, where
v(K) denotes the genus of K, i.e., y(K) := inf{k € N : 3h : KRk \
{0} such that h is continuous and odd }.

We define:
~f supyep, infyen Fu), A, #0.
(2.2) an = { 0 N
Also let
_ J sup{neN:a, >0}, ifa; >0,
(2:3) X { 0, if ay = 0.

We now state the Ljusternik-Schnirelman principle.

Theorem 2.1. Under assumptions (H1)-(H}), the following assertions hold:

(1) If a, > 0, then (2.1) possesses a pair tu, of eigenvectors and an
eigenvalue p, # 0; furthermore F(uyp) = ay,.

(2) If x = o0, (2.1) has infinitely many pairs tu of eigenvectors corre-
sponding to nonzero eigenvalues.

(3) oo >ay >agy > ... >0 and a,—0 as n—oo.

(4) If x = o0 and F(u) = 0, u € coSq implies (F'(u),u) = 0, then there
exists an infinite sequence {p,} of distinct eigenvalues of (2.1) such
that p,—0 as n—oo.

(5) Assume that F(u) =0, u € coSq implies u = 0. Then x = oo and
there exists a sequence of eigenpairs {(un,un)} of (2.1) such that
Uy — 0, p,—0 as n—oo and p, # 0 for all n.

Proof. We refer to [7] or [34] for the proof. O
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2.2. Applications of the L-S principle in W'”({2) and its subspaces.
Let Q be a bounded domain in RN with C' boundary. Let X be a closed
subspace of W1P(€2) such that Wol’p(Q) C X C WHP() with the norm || - ||
induced by the norm in WP(Q). Define on X the functionals

R4 P = [ eeu@rde+ [ s,
(2.5) G(u) = /Q(Vu(rl;)|p+u(r1;)|p)dm+ /aﬂﬂ(s)u(s)pds,

where a € L*®(2) and b, § € L*(09Q) such that a, b, § > 0 a.e. (We
refer to [20] where the the surface integral on 0f2 and the spaces L”(0€2) are
discussed.)

As before we define Sg = {u € X : G(u) = 1}.

It is easy to see that F' and G are C' functionals. Let

1 1
A=-F', B=-@,

p p
where
(2.6) (Au,v) = /a|up2uvd:t+/ blu|P?uvds,
) Jon
(2.7) (Bu,v) = /(|Vup2V1L-V1)+|up2m;)dm
)

+/ BlulP2uvds, u,v € X.
o0

Then (2.1) becomes Au = pBu, where G(u) = 1. Thus for any v € X,

(2.8) /a|up2uvd:r+/ blu|P?uvds =
Q Jon

1 </ ([VulP~?Vu - Vo + |ulP?uv)dz + / 6u|p21wds> .
Q a9

We claim that F,G satisfy hypotheses (H1), (H2), (H3), and (H4) men-
tioned in 2.1.
It follows straightforwardly from (2.6), (2.7) that (H1) and (H4) hold.

Proposition 2.2. Let F be defined in (2.4), then F' satisfies (H2).
Proof. Tt suffices to show that A is strongly continuous. Let u, — u in X,

we need to show that Awu,— Au in X*.
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For any v € X, by Holder’s inequality in the space LP(92) and Sobolev’s
embedding theorem, it follows that

(A = Au) <[ a2 = P uoda| +
JQ

/ b(|tn|P %y — |ulP%u)vds
J o0

< llalloollfun P~ *un — [ulP"2ull_» [lvll, +
—2 —2
1Bloo [feen|®“uun = ul"Zull 2oy o 10l o0
< Crillallsolllun " un — [ulP~*ull e_|lv]| +
P2, |y lP2
CollBlloo lln ™ "tin = Ju[™Zull, z2p oo Nl
where we have denoted (and we shall continue to do so) by || - ||, || - ||, the

norms in W1?(Q), and LP(Q), respectively.
_Db_
We next show |u, [P 2u,—|uP2u in L»=7(2). To see this, let w, =
|tp P 2uy, and w = |uP~?u. Since u, — u in WHP(Q), up,—u in LP(Q), it
follows

wp(z) = w(z), a.e. in Q@ and /|wan1dx—>/ |w|P%1dac
Q Q

We conclude from lemma A.1 that w, — w in LP/?=1(Q) .
Using the compact embedding W'?(Q) — LP(92) and arguing as above,

we obtain that |u, [P 2u,—|ulP2u in LP%((?Q). Therefore Au,—Au in
X O

In order to verify (H3) we need the following lemma which uses a calcu-
lation from chapter 6 of [21].

Lemma 2.3. Let B be defined in (2.7), then for any u,v € X one has

(Bu— Bo,u—v) > (JulP — o)l — ol
Furthermore, (Bu — Bv,u —v) = 0 if and only if u = v a.e. in ).
Proof. Straightforward computations give us

(Bu — Bv,u — v)

= /Q[VUPD + |Vo|P — |VuP2Vu - Vo — |Vo[P 2V - Vu]dz

J
)

+
J o

+ [ (uf? + o] — |ulP2uv — |v]P2ou)ds

B|ul? + [v]P — |ulP~2uv — |v]P~2vu)ds.



Since

/ BlulP + [vP — |ulP?uv — [v]P2vu)ds >
J o

Bllul? + v — [P o] — [oP ul)ds =

[Pt =P )l — ods > o,
JoQ
we have
(Bu — Bv,u — v)
> /[Vu|p + |VolP — |VulP2Vu - Vo — |[VoP~2Vo - Vuldz
Ja

+ / (Jul? + |v|P — [uP~2uv — |v|P~2ou)dx
Jo
= [lul? +[of”

— / ([VulP~?Vu - Vo + |u|P?uv)dz
)

— / (IVu|P2Vo - Vu + [vP~20u)da.
Q

Using Holder’s inequality, we obtain

p—1

p—1 1
/(|Vup2Vu -V + |ulPPuv)dr < </ Vu|p> ’ </ V1)p> ’
Q Q Q

p=1 1
(2.9) + (/ u|p> ’ (/ w)p.
Q Q
Applying the inequality
((J,—I—b)a((j-i-d)l*a > aaclfa _I_badlfa’

which holds for any « € (0,1) and for any a > 0,b > 0,¢ > 0,d > 0, with

a= / \Vu|Pdz, b:/ |u|Pdz,
Jo Q

-1
c:/ VoPdz, d:/ |v|Pdz, (J(:p—,
Q Q p

we conclude that
/(|Vup2Vu -Vo + |u\p72uv)d:r < ||u||p71||v||.
Q

Hence,

/ (IVo[P2Vv - Vu + [v|P2ou)dz < ||v||P~"|ul].
Ja
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Therefore,

(Bu—Bo,u—v) > |ull? + [olP — [[ul”~" o] = [P~ |lu]
> (lulPH = lolP=) (lull = [lv]])
> 0.
Now let u, v be such that (Bu — Bv,u —v) = 0. Then we have
(Bu— Bv,u—wv) = ([[ullP~" = [o|P~") (llull — [loll) = 0.

It follows that ||u]| = |lv|| and that the equality holds in (2.9). As equality
in Holder’s inequality is characterized, we obtain from (2.9) that u = kv a.e.
in 2, for some constant k > 0. Therefore, £k =1 and v = v a.e. in (. U

Proposition 2.4. Let G be defined in (2.5) then G' satisfies (H3).

Proof. As B = G'/p, it suffices to show this for B. Using Sobolev’s embed-
ding theorem, Holder’s inequality and following the arguments used in the
proof of proposition 2.2 one can easily see that B is continuous and bounded.
It remains to be shown that B satisfies condition (Sp). That means if {uy,}
is a sequence in X such that

Up — U, Buy — v, and (Buy,u,)— (v, u)

for some v € X* and u € X, then it follows that u,—u in X.

By Sobolev’s compact embedding theorem we have u,,—wu in LP(£2). Since
X is a reflexive Banach space, by the Lindenstrauss-Asplund-Troyanski the-
orem (see [30]) one can find an equivalent norm such that X with this norm
is locally uniformly convex. In such a space weak convergence and norm
convergence imply (strong) convergence. Thus to show u,—u in X, we only
need to show |lu,|—ul-

To this end, we first observe that

lim (Bu, — Bu,u, —u) = lim ((Buy, up) — (Buy, u) — (Bu,u, —u)) = 0.
n—oo n—oo

On the other hand, it follows from lemma 2.3 that
(Bun — Bu,up —u) > ([unlP~ — flalP~) (Junll — ul]).
Hence ||uy||—||u|| as n—o0o0. And therefore B satisfies condition (Sp). O
We now can apply theorem 2.1 to conclude the following.

Theorem 2.5 (Existence of L-S sequence). Let X be a closed subspace of
WP(Q) such that Wol’p(Q) C X and let F, G be the two functionals defined
in (2.4), (2.5). Then there exists a nonincreasing sequence of nonnegative
eigenvalues {uy,} obtained from the Ljusternik-Schnirelman principle such
that p,—0 as n—oc, where

2.1 = inf F
(2.10) in = Sup  inf (u),

and each py, is an eigenvalue of F'(u) = pG'(u).
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Proof. The existence of such a sequence {p,} follows from theorem 2.1-(5).
To verify (2.10) we observe, using (2.4), (2.5), (2.6) and (2.7), that

pn = pnG(up) = pn(Buy, up) = (Auy, uy) = F(uy) = ap.
Combining this with (2.2) we obtain (2.10). O

3. EIGENVALUE PROBLEMS FOR THE p-LLAPLACIAN

We shall establish the existence of a sequence of eigenvalues using the
principle given in the previous section. We first notice that by choosing
the function spaces appropriately, the Dirichlet problem D(£2), the No-flux
problem P(£2), and the Neumann problem N (€2) yield the same formula for
weak solutions.

3.1. Weak solutions.
Definition 3.1.

(i) Let X be either Wol’p(Q), Wol’p(Q) @R or WHP(Q). Then a pair
(u, A) € X xR is a weak solution of D(2), P(2), N(Q), respectively,
provided that

(3.1) / \Vu|P2Vu - Vods = )\/ luP~2uvdz, for any v € X.
Q Q

(ii) A pair (u, ) € WIP(Q) x R is a weak solution of the Robin problem
R(Q) provided that

(3.2) / Vu|p2Vu-Vvd:v+/ ﬂ|up2uvds:)\/ |u[P~2uvdz,
Q a9 Q

for any v € WHP(Q).
(iii) A pair (u, ) € WIP(Q) xR is a weak solution of the Steklov problem
S(Q) provided that

(3.3) / \VulP~*Vu - Vodz +/ P 2uvds = )\/ ulP~?uvds,
) Q o9

for any v € WHP(Q).

In all cases, such a pair (u, X), with u nontrivial, is called an eigenpair, A
s an eigenvalue and u is called an eigenfunction.

It follows from (3.1), (3.2) and (3.3) that all eigenvalues A are nonnegative
(by choosing v = u).

It will be shown that if Q is of class C'7, then eigenfunctions of (3.1),
(3.2), (3.3) belong to C%(Q). Hence Vu exists on 92 and the boundary
conditions of the problems P(Q2), N(Q), R(f2), and S(2) make sense. The
following lemma assures that if an eigenfunction u is smooth enough, then
u solves the corresponding partial differential equation.
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Lemma 3.2. Let (u, \) be an eigenpair, i.e., a weak solution, of (3.1) (with
X = W, P(Q), Wy (Q) @R or W'P(Q)), or (3.2), or (3.8) such that u is
in WP(Q), then (u,\) solves D(2), P(Q), N(Q), R(Q), and S(Q), respec-
tively.

Proof. Let us verify this for the No-flux problem P() and the Steklov
problem S(£2). The verification for the others proceeds in a similar way.

Let X = W, P(Q) @R and (u,)) € W,”(Q) @R x Rt be an eigenpair
of (3.1) with u € W*P(Q). Since u =constant on 9, to show (u, A) solves
P(9) it remains to show

(3.4) /(—Apu)vd:v = )\/ |lu[P?uvdz, Vv € C§°(Q),
) )
and
0
(3.5) / IVuP2% s = 0.
Joq on

We recall the first formula of Green (see [28])

0
/(Apu)vdm +/ |VulP2Vu - Vodz :/ \Vu|p72lvds,
Q Q o0 on

which holds for a C! boundary 99 and for any v € W2P(Q), v € W'P(Q).
Applying Green'’s first identity to (3.1), we obtain

0
/(Apu)vdm + / |Vu\p72—uvds = )\/ |u[P~?uvdz, Vv € Wol’p(ﬂ) e R.
JaQ Joa on Q
Thus (3.4) follows immediately, i.e., —Ayu = A|lu|P?u in Q. Consequently,
0

/ \Vu|”*2lvds =0, Yv e Wol’p(Q) o R.

Joa on
We obtain (3.5), since v =constant on 0.

Now let (u,\) € W2P(Q) x RT be an eigenpair of (3.3). Using again
Green’s first identity, it follows from (3.3) that

0
/(Apu)vdm + / |Vu\p72—uvds + / P 2uvdr = )\/ ulP?uvds,
Q N on Q o0
for any v € WHP(Q). Thus, taking any v in C§°(£2) we have
/(Apu + ulP2u)vdz = 0,
Q

which implies Ayu = |uP~2u in Q. Furthermore, since the range of the trace
mapping WP (Q) — LP(09) is dense in LP(99), we have

/ \Vu|”*2@vds = )\/ ulP2uvds, Vv € LP(0S2).
o0 on o0

Therefore, \Vu|p’2% = AulP~%u on 9. O
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3.2. Existence results. Let F' and G be defined in (2.4) and (2.5). We
will show that by choosing an appropriate subspace X of W'?(Q) and ap-
propriate functions of a, b, 8 we can apply theorem 2.5 to the Dirichlet, the
No-flux, the Neumann, the Robin, and the Steklov problems.

Theorem 3.3 (Existence of L-S sequences for D(Q2), P(Q), N(Q)).

Let F and G be defined in (2.4) and (2.5) with a =1, b =0 and = 0.
Let X be WyP(Q), WyP(Q) @R, or W'2(Q), then there exzists a non-
decreasing sequence of nonnegative eigenvalues {\X} of (3.1) obtained by
using the Ljusternik-Schnirelman principle such that XX = MLX — 1—=00

[

as n—o00, where each p.X is an eigenvalue of the corresponding equation

F'(u) = pG'(u) defined in (2.10).

Proof. Witha =1, b=0 and =0, F and G become
Flu) = / P da,
Q
G(u) = /(|Vu” + |u|P)dz.
Q
And thus F'(u) = pG’(u) is equivalent to

/ |ul[P 2 uvds = ,u/ ([VulP~?Vu - Vo + |u|P?uv)dz, Yo € X;
) Q

or
1
/ \Vu|P~2Vu - Vodz = (— — 1) / ulP2uvdz, Yv € X.
Q H Q
Comparing the last equation to (3.1) and applying theorem 2.5 we obtain
the result. U

As mentioned above, if X = W,?(2), W,"(2) @ R, or W?(Q2) we have
AP AAPY and {AN} are the corresponding L-S sequences of eigenvalues
of D(2), P(R2), and N (), respectively.

Since SW&,p(Q) C SW[]l,p(Q)@R C SWl,p(Q) where Sx = {u € X : G(u) =1},
it follows from (2.10) that p2 < pl < pud. Thus AP > A > A | for all n.
This proves inequality (1.1) mentioned in section 1.

Theorem 3.4 (Existence of L-S sequences for R(f2)).

Let X be W'P(Q) and F, G be defined in (2.4), (2.5) with a(z) = 1,
b(z) = 0 and B(x) = B > 0. Then there exists a nondecreasing sequence
of nonnegative eigenvalues {\,} of (3.2) obtained by using the Ljusternik-
Schnirelman principle such that A, = uLn — 1—00 as n—o0, where each py
is an eigenvalue of the corresponding equation F'(u) = pG'(u) defined in
(2.10).
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Proof. With a(z) =1, b(z) =0 and B(z) = 8, F and G become
Fa = [ s
)

/(|Vup + |ulP)dz + ﬁ/ |ulPds.

) a9
Thus F'(u) = pG'(u) is equivalent to
/ luP2uvdz = p /(|V1L”2VU Vo + |uP2uv)dx + ﬂ/ u|p2m;ds> ,

Q Q o0
for any v € WHP(Q); or

1
/ |Vu|P?Vu - Vodz + ﬁ/ |lu[P~?uvds = (— - 1) / |u[P~?uvdz,
Q o0 K JQ

for any v € WHP(Q).
Comparing the last equation to (3.2) and applying theorem 2.5 we obtain
the result. U

G(u)

Theorem 3.5 (Existence of L-S sequences for S()).

Let X be W'P(Q) and F, G be defined in (2.4), (2.5) witha =0, b=1 and
B =0. Then there exists a nondecreasing sequence of nonnegative eigenval-
ues {\n} of (3.8) obtained using the Ljusternik-Schnirelman principle such
that A\, = %—)oo as n—o0, where each py, is an eigenvalue of the corre-

n

sponding equation F'(u) = uG'(u) defined in (2.10).
Proof. Witha =0, b=1and =0, F and G become

Fa = [ s

o
/(|vup + uf?)da.
Q

And thus F'(u) = pG’(u) is equivalent to

2
£
I

/ |uP " 2uvds = u/(Vu|p2Vu Vo + [ulP?uv)dz, Yo € WHP(Q);
o0 Q

or
1
/(Vu|p2Vu Vo + |uP2uv)dr = —/ |ulP~2uvds, Yo € WHP(Q).
Q B Joq
Comparing the last equation to (3.3) and applying theorem 2.5 we obtain
the result. O
3.3. Remarks.

e We notice that theorem 2.5 assures the existence of an L-S sequence
of eigenvalues for any closed subspace X of W'?(Q) and any func-

tionals F', G defined in (2.4), (2.5). It follows that we can study
12



(3.6)

eigenvalue problems with mixed boundary conditions, i.e., any com-
bination of the Dirichlet, the No-flux, the Neumann, the Robin con-
ditions. To give an example, let us consider the following Dirichlet-
No-flux-Neumann problem:

—Apu = MNulP"?u, in Q,
u = 0, onI'y,
DPN(Q) : u = constant, on I'y,
—20
fm |VulP~25%ds = 0,
g—z = 0, on F3,

where I', I's, '3 are disjoint open connected subsets of 02 such that
T,ul, Ul =9Q.

Let X := {u € W'?(Q) : ulp, = 0,u|p, = constant}. Then X is a
closed subspace of WP(€). We say a pair (u,\) € X x R is a weak
solution of (3.6) if

/ Vul|P?VuVude = )\/ |ulP~2uvdz, Vv € X.
Q )

Then we apply theorem 2.5 to obtain a nondecreasing sequence of
nonnegative eigenvalues {APPN} of (3.6) such that AN < APPN <
AP for each k, where AP and ALY are the k-th L-S eigenvalues of the
Dirichlet problem and the Neumann problem, respectively. Further-
more, if an eigenfunction u of (3.6) is in W2P (), then u solves (3.6).
To see this, we use Green’s first identity and follow the arguments
used in the proof of lemma 3.2.

In the next section, we will show that eigenfunctions are in C1%(Q)
provided that 0 is regular enough. However, in order to have
the result stated in lemma 3.2 we require that eigenfunctions are
in W2P(Q). When N = 2, the authors in [19] showed that solutions
to Ayu = 0 in €2, p # 2, in general, do not have any better regu-
larity than C1®. To our knowledge, higher degrees of regularity of
eigenfunctions are unknown.

4. REGULARITY RESULTS ON EIGENFUNCTIONS

In this section we shall prove boundedness of eigenfunctions and use this
fact to obtain C1*(Q) and C1?(£2) smoothness of (weak) eigenfunctions of
the nonlinear eigenvalue problems D(2), P(Q), N(2), R(f2), and S(€).

4.1. Boundedness for eigenfunctions. Let 2 be a bounded domain in
RN with C' boundary and 1 < p < co. To obtain the regularity of eigen-
functions in 2 and on the boundary 952 we need to show that such eigenfunc-
tions are in L*>°(Q). If p > N the answer follows from Sobolev’s embedding
theorem (see theorem A.5).

The following theorems extend lemma 3.2 of Drébek - Kufner - Nicolosi
[13], which asserts that any nonnegative eigenfunction of the Dirichlet prob-
lem (1.1) is in L®(2).

13



Theorem 4.1 (Boundedness for solutions of D(2), P(2), N(Q2)). Let X be
Wi P(Q), Wy P(Q) @R or W'P(Q) and let (u,A) € X x R be an eigenso-
lution of the weak form (3.1). Then u € L>*(Q).

Proof. By Sobolev’s embedding theorem it suffices to consider the case p <
N. In this proof, we use the Moser iteration technique (see for example [13]).
Let us assume first that v > 0. For M > 0 define vy (z) = min{u(z), M }.
Letting f(z) = 2, if x < M and f(z) = M, if z > M, it follows from
theorem B.3 that vy, € X N L*(Q).
For k > 0 define ¢ = UIX/II’H then Vo = (kp + I)VUIX/II’. It follows that
p € X N L>®(NQ). Using ¢ as a test function in (3.1), one obtains

(kp+1)/ |Vu\p72Vu-VUMUIXf;dx = )\/ \u|p72uv§5+ld:r < )\/ |u|EF1P
) ) )

or
:p_l:l‘ll /|v k+1‘pd$ / k+1)pd$
and then
(kp+1)/ k+1 k41 < (kp+1)>/ k41
L (VR 4 b PYde < (A (k1P .
0T 1) Q(\ v ) |P)dx G 1) Qu T
thus
(k+1) (k+1)p
ok 1P < (Mg + 1) Bl

However, by Sobolev’s embedding theorem, there is a constant ¢; > 0
such that

k—!—l”
)

o3 llp= < erllv

here we take p* = NN—f’p, ifp<Nandp = 2p, if p = N. Thus

k
loallgnyer < IokFH LAY
1
(k+1)P p(R+T)
< 7 ()™ ey

Using calculus, we can find a constant ¢s > 0 such that

1
p PVETT
(AMH)P <o,

(kp +1)
for any £ > 0.
Thus ) )
ol ype < e e ullgga)p
Letting M —oc, Fatou’s lemma implies
1 1
(4.1) ||u”(k+1)p* <oyt ||U”(k+1)p

Choosing k; such that (k; + 1)p = p*, then (4.1) becomes

k1+1

[[ll gy +1)p < (’k”l o)
14



Next, we choose kg such that (ko + 1)p = (k1 + 1)p*, then taking ky = k
n (4.1), we have

1
k2+1 ,/k2+1

1 1
ko+1 +Jko+1
SC{QHCQ ’ ||“||(k2+1) =C ||u||(k1+1)p*

[[all (ko +1)pr

By induction we obtain
1

I N
||“||(kn+1)p* < Cf"HCQ fn ||U||(kn,1+1)p*
where the sequence {k, } is chosen such that (k,+1)p = (k,—1+1)p*, ko = 0.
n

It is easy to see that k, +1 = (%) . Hence

1
=1 ki +1

HQLH(kn-+l)p* < Cq = kr+102

As 1% < 1, there is C > 0 such that for any n = 1,2, ...

[ll g1 <

where r, = (k, + 1)p*—00 as n—oc.

We will indirectly show that v € L°(£2). Suppose u ¢ L*(Q2), then
there exists € > 0 and a set A of positive measure in § such that |u(z)| >
p- +€=K, forall z € A. Then

1/rn
liminf ||u||,, > liminf </ K”) = limian|A‘1/T" =
n—00 n—00 A n—00

which contradicts what has been established above.
If u (as an eigenfunction of (3.1) ) changes sign, we consider ut. By

lemma B.2, vt € X. Define for each M > 0, vp(z) = min{u™(z), M }.

Taking again ¢ = vﬁ?“ as a test function in X, we obtain

(kp +1) /Q |VulP2Vu - VUMdeT = )\/ ulP™ QUU?;H
which implies
(kp+1) /Q VuT|P2Vut Vvade = )\/ jut P2y T kp“
Proceeding the same way as above we conclude that u™ € L>(2). Similarly
we have u~ € L*(Q2). Therefore u = u™ +u~ is in L>®(1). O

Corollary 4.2 (Global boundedness for R(€2) solutions).
Let (u, \) be an eigensolution of the weak form (3.2). Then u € L*(Q).

Proof. Let u be an eigenfunction of (3.2). We assume first that u > 0.

kp+1

Let vp; = min{u, M} and ¢ = v}, . Theorem B.3 implies that vy, ¢ €

15



WP(Q) N L*(2) and vy |sq = min{u|sn, M}. Since 8 > 0, we have

(kp+1) / \Vu|P2Vu - VUMvﬁ/’;dm <
Q

(kp + 1)/ V| 2Vu - VUMUIX/I;d:r + B |u\p72uvlz/lj+1ds
Q 09

= )\/|up2uv§5+ld:v.
)

Then we use the argument used in the proof of theorem 4.1 to conclude that

u € L*°(Q).
If u changes sign, one can easily show that both u* and u~ are in L>°(Q).
Therefore u € L>(2). O

Theorem 4.3 (Global boundedness for S(£2) solutions).
Let (u, A) be an eigensolution of the weak form (3.3). Then u € L*(Q).

Proof. Arguing as in theorem 4.1, we can assume that 1 < p < N and u > 0.

For M > 0 define vy () = min{u(z), M}. For k > 0 define ¢ = UIX/I;H,
then Vo = (kp + 1)VUMUIX/I;. It follows that ¢ € W1P(Q) N L>(Q). Using
@ as a test function we have

kp+1 VulP 2Vu- Voo lde+ [ |ulP 2w’ de = A U p72u1)kp+1ds,
M M M
Q Q [o19)

which implies
(kp"‘l)/ k-1 / —2. kptl / k1
— Voi T Pde + ulP o P de < A uETDP g
Letting M —oc, using Fatou’s lemma we obtain
kp+1
%/ (VuF P dy +/ u|F+HDP g < )\/ wk+r g,
0 0 o0
(kp+1)
(k+1)P
k 1
(kp + )/(|Vuk+1|p+ |uk+1|p)d:v < )\/ w 0P g
(k+1)P Jo 20
By Sobolev’s embedding theorem, there exists ¢; > 0 such that
k+1||

Since < 1 for any k£ > 0, we conclude that

lu* ) Lagoa) < eilu

here we take g = (]]V\,:lp)p, if p< N and g =2p if p = N. Thus

1
= (k4 1P pGD)
lullysene@ny < o (Am> [l 00 a02)-

Using the iteration method in the proof of theorem 4.1 we obtain that u €
L>*(0R2). Hence for any k > 0,

/u(kH)”drI; < M/ |Vuk+1|pdm—|—/u(k+1)”dm < A/ S+ Dp g
Q k+1)P Jo Q

( o0
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Thus

1
||uH(k+1)p < [)\ faﬂ u(k+1)Pdm] (k+1)p
1
= ()\|8Q|)(k+l)? H“HL‘X’(aQ)
< Cllullreeaa),

where |09 = ppq(0N) is the boundary measure of 0€). Letting k—oc we
conclude that u € L>°(Q). O

4.2. Regularity results on eigenfunctions. Let (2 be a bounded domain
in RV, 1 < p < 0o. Consider the degenerate elliptic equation

(4.2) —Apu(z) = f(z,u(z)), inQ,
where f : Q x R—R is a Carathéodory function, i.e.
- & — f(x,u) is measurable on  for all u € R,
- u — f(z,u) is continuous for a.e. z € Q.
A function u € WZIO’CP(Q) is called a weak solution of (4.2) if

/ VulP"2Vu - Vpds = / f(z,u)pdz, Vo € C5°(Q).
Q Q

The following result was established by DiBenedetto [12] and Tolksdorf
[29].

Theorem 4.4. Let u be a weak solution of (4.2) and let g(x) = f(z,u(x)),
a.e. x € Q. If g belongs to LY(Q) with q > Z%N, then u is a C1H*(€)

function for some a > 0. In particular, the result holds if g € L>°(2).

Combining theorem 4.1, corollary 4.2, theorem 4.3 and theorem 4.4 we
obtain

Theorem 4.5. If u € WYP(Q) is an eigenfunction of (3.1), (3.2) or (3.3),
then u is in C1(Q).

Proof. We have shown in theorems 4.1, 4.3 and corollary 4.2 that any eigen-
function of (3.1), (3.2) or (3.3) is in L*°(£). If we define g(z) = |u(z)|P 2u(x)
in Q, then g is also in L*(2). Therefore, it follows from theorem 4.4 that
any eigenfunction of (3.1), (3.2) or (3.3) is in C1*(Q). O

We shall also need, as an important tool in our development, a Harnack
type inequality due to Trudinger [31] (theorem 1.1, p.724 and corollary 1.1,
p.725) given in the following theorem.

Theorem 4.6 (Harnack inequality). Let u € W'P(Q) be a weak solution of
(4.2). Suppose that for all M < oo and for all (z,s) € Q x (—M, M) the
condition

|f (. 5)] < bi()]s[P~" + ba(a)

holds, where by, by are nonnegative functions in L () depending only on
M.
17



Then if 0 < u(z) < M in a cube K(3r) := K,,(3r) C Q, there exists a
constant C such that

max u(z) < C minu(x),
K(r) (z) < K(r) (=)

where Ku,(r) denotes a cube in RN of edgelength v and center xy whose
edges are parallel to the coordinate azxes.

Corollary 4.7. If u € W'P(Q) is a nonnegative eigenfunction of (3.1),
(3.2) or (3.3), then u is strictly positive in the whole domain €.

Proof. Let u be a nonnegative eigenfunction, then u is in C1¥(Q) N L>(€2)
and u Z 0. Suppose u(zg) = 0 for some zy € Q. By theorem 4.6 u is
identically zero on any cube in €2 containing zy and thus by connectedness
we obtain v = 0 in €2, which is a contradiction. Therefore u is strictly
positive in €. U

Having proved that any (weak) eigenfunction of either D(2), P(€2), N(£2),
R(Q) or S(Q) is in L*°(£2), we now can use boundary regularity results for
solutions of degenerate elliptic equations in Lieberman [22] to obtain that u
is in C12(€2). We state the results as follows:

Theorem 4.8. Let Q be a bounded domain in RN with C*7 boundary,
0 <y <1. Let u be a bounded weak solution of the problem

—Apu(z) = g(z), a.e inQ,
(4.3) { ! u = ¢, on 0,

with ||ul|ee < M. If g is in L>=(Q) and ¢ is in C17(0Q) with ||g||s < K and
|llcra0) < L, then there exists a positive constant o = a(y, N,p, M, K)
such that u is in CH*(Q) and

||u||Cl*O‘(Q) < 0(77 N7p7 Mu Ka L, Q)

Theorem 4.9. Let Q be a bounded domain in RN with C'7 boundary,
0 <y <1. Let u be a bounded weak solution of the problem

—Apu(z) = g(z), ae inQ,
|Vu\p’2§—z = ¢(z,u), on 09,

with ||uleec < M. If g is in L>=(Q) with ||g|llcc < K and ¢ satisfies the
condition

(2,2) — @y, w)| < Ll — y" + |2 — w]], [$(a, 2)| < L.

for all (z,2) and (y,w) in O x [~M, M]. Then there exists a positive con-
stant o = a7y, N,p, M, K) such that u is in C1*(Q) and

||U||Cl,a(Q) < 0(77 N,p,M, K, L, Q)
We recall that a weak solution u in W1?(Q) of (4.3) satisfies
/ |VulP"*Vu - Vodz = /ggod:r, Yo € Wol’p(Q),
) Q

u—¢ € WyP(Q),
18
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while a weak solution u in W1?(Q) of (4.4) satisfies
/ VulP2Vu - Vodz = /gapd:v +/ bz, u)pdz, Yo € WHP(Q).
Jo Jo o9

We observe that if ¢ = 0 or ¢(x, z) = |2|P~ 22 then ¢ satisfies the hypothe-
ses of theorems 4.8 and 4.9 for any 0 <y < min{p — 1, 1}. Therefore if 9§
is of class C17, then eigenfunctions of (3.1), (3.2) or (3.3) are in C1:%(Q).

5. ON THE SPECTRUM OF THE P-LAPLACIAN

In this section we will study the spectra of the Dirichlet, No-flux, Neu-
mann, Robin, and Steklov problems. In fact, as mentioned in Section 1, we
will show for all the above problems the following:

e The first eigenvalue \; is simple and only eigenfunctions associated
to A; do not change sign.

e The set of eigenvalues is closed.

e The first eigenvalue A is isolated.

e The eigenvalue ), is the second eigenvalue, i.e.,

Ao = inf{\ : X is an eigenvalue and A > A;}.

Here \; and Ay are the first two eigenvalues of the L-S sequence established
(using the Ljusternik-Schnirelman principle) in section 3 (theorems 3.3, 3.4,
and 3.5).

In what follows we assume that € is a bounded domain in RY with C1+Y
boundary, v > 0, and 1 < p < oo.

5.1. Simplicity of the first eigenvalue. We will show that the first ele-
ment A of the L-S sequence of eigenvalues is simple and only eigenfunctions
associated to Ay do not change sign. We recall from the regularity results
of Section 4 that eigenfunctions are in C1%(Q) if 99 is of class C' (theorem
4.5) and are in C1%(Q) if 9Q is of class C'7 (theorems 4.8 and 4.9).

Let us recall the abstract problem which we have discussed in Section
2. We have established in theorem 2.5 that there exists a nonincreasing
sequence of nonnegative values {p,} tending to 0 as n—oc such that p, =
supgep, infuey F(u) and {p,} are eigenvalues of F'(u) = pG'(u), where F
and G are defined in (2.4), (2.5) and A,, is defined in (2.2).

5.1.1. The Dirichlet, No-fluz, Neumann problems. We first notice that AP >
)\f = )\{V = 0 which agrees with inequality (1.1), a consequence of theorem
3.3. Here {\P}, {\'}, and {A\'} denote the corresponding L-S sequences of
eigenvalues of D(Q), P(Q2), and N(Q), respectively. For simplicity we will
write A; instead of AP, AP or A when there is no ambiguity. It is easy to
see from the characterization of y; in (2.10) that

1
A+1l=—= inf{/ (IVulP + |ulP)dz : v € X and / ulPdx = 1}.
H1 Q I
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Thus
Jo IVulPdz
weX\{0} [q lulPdz

where X is Wy P(Q), W,P(Q) ® R or WP(Q). It follows immediately that
A1 is the smallest eigenvalue.

Theorem 5.1. Given X = W, 7(Q), W P(Q) @R or W'(Q). Then the
first eigenvalue Ay is simple. Moreover, all first eigenfunctions do not change
sign.

Proof. Tf X = W,?(Q), the result is due to Anane [2] and Lindqvist [23]
and their technique of proof will be used again in the proof of theorem 5.4
to show the simplicity of the first eigenvalue of the Robin problem.

In case X = W, ?(Q) @R or W'?(Q) (No-flux or Neumann problem), by
choosing v = 1 in (3.1) we have A; = 0 which is the smallest eigenvalue.
And all first eigenfunctions (eigenfunctions associated with A; = 0) have zero
gradients and thus are nonzero constant functions. Thus the eigenspace is
simple.

(5.1) Al =

O

Next, let us show that any eigenfunction associated to an eigenvalue A >
A1 has to change sign.

Proposition 5.2. Let (u, A) be an eigenpair of (3.1) with X > Ay. Then u
has to change sign in Q.

Proof. Again when X = Wol’p(Q) the result is proved in Anane [2] and
Lindqvist [23]. Now let X = W,P(Q) @ R or X = W'P(Q), as (u,\)
satisfies (3.1) for any v € X, by choosing v = 1 one obtains:

/ uP~2u = 0.
Q

Therefore, u has to change sign. U

5.1.2. The Robin problem. It follows from (2.10) and theorem 3.4 that the
first eigenvalue A\; can be characterized as

A= inf {/ \VulPdx —i—ﬂ/ \ulPds : / \ulPdz = 1}.
ueWhr(Q) Jo o0 9]

Lemma 5.3. Let u be an eigenfunction associated with A1, then either u > 0
or u < 0 in €.

Proof. We notice that if u is a first eigenfunction, so is |u|. By the Harnack
inequality (theorem 4.6), either |u| > 0 in the whole domain or |u| = 0. To
see this, let assume |u|(z9) = 0 for some zy € 2. Then theorem 4.6 implies
that |u| is identically zero in a ball centered at zy. Covering © by such balls
we conclude that v = 0 in Q, which is a contradiction. Thus, |u| must be
positive in 2. By the continuity of u, either u or —u is positive in the whole
domain. U
20



Theorem 5.4. The principal eigenvalue A1 is simple, i.e., if u and v are
two eigenfunctions associated with A1, then there exists ¢ such that u = cv.

Proof. By lemma 5.3 we can assume u and v are positive in 2. In this proof
we use the technique that Lindqvist [23] used to prove the simplicity of the
first eigenvalue of the Dirichlet problem. Let

y— (ute)P —(v+e)P and 6 — (v+e)P —(u+e)P

(u+e)p-1 (v+e)p-1

3

where ¢ is a positive parameter. Then

v+e\? v+e\!
Vn:{1+(p1)<u+8> }VUP<u+6> Vo.

Since u and v are bounded (corollary 4.2), Vn is in LP(2) and thus 7 is
in WP (Q). By symmetry, the gradient of the test-function 6 in the corre-
sponding equation for v has a similar expression with u and v interchanged.

Set ue = u + € and v, = v + €. Inserting these test functions into their
respective equations obtained from (3.2) and adding these equations, we
obtain

-1 -1
uP P
_ P _ P
Al/g[ p-1 7’1](“5 vede

u v

v \? us \?
= / I+(p—-1) | — IVueP +31+(p—1)( — Vo |P| dz
Q Ug Ve
v \P ! u\ P!
— / p <—€> |Vu, [P~ *Vu, - Vu, +p <—g> |V, P2V, - Vu,
JQ Ue Ve

wP~l Pl
+5.an [ el pl] (

U Ve

ul —vP)ds

= /Q(ulg’ — o) (|VInu. |’ — |VIno|?P)dz
p/Qvf|VlnuE|pQVlnuE (VInv, — Vinu.)dz

—p/ u’E’|Vlnv€|”72Vlnv‘E - (VInu, — Vinv.)dz
Q

wP~l Pl

+8 [ — — 1] (uP —vP)ds
Joa LuP v?

upP~t P!
= LE + ,3 ? — ? (UIE) — 7)5)6[.’1’}.
o0 LU Ve
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Taking x = Vinu,, y = VInv, and vice versa, it follows from inequality
(A.3) in lemma A.2 that

L. = /(uig — ") (|VInu|P — |VIno |P)dz
)
p/ v?|VInu P2V inu, - (Vinv, — Vinu,)dz
Q

—p/ u’E’\Vlnvg\pJVlnvg - (VInu, — Vino.)dz
Q
> 0.

By the Dominated Convergence Theorem, which also holds in LP(0€), it
is apparent that

. wub—1 Pl » »
(5.2) E1_1>1r51+ )\I/Q [upl — vfgl] (uP? —vP)dx = 0.
and
uP=1 Pl
5.3 i _—— P vP)ds = 0.
(53) aar(r)l+lg 0 [upl 1)?1] (e — vf)ds

(We have from theorem 4.8 that u and v are in C1*(Q).)
Let us consider the case p > 2. According to inequality (A.1) in lemma
A.2 we have

1 1
0 < C'(p)/ (—p + —p> |ve Ve — us Vo [Pdx
o \vs  ug
< L
p—1 p—1 p—1 p—1
< >\1/ [u_l - U—l} (uf —v)dz — 3 [u_l - U—l} (ul —vl)ds,
o Lu? v? Joa [u? vP

for every € > 0. Recalling (5.2), (5.3), letting e—0", and using Fatou’s
lemma we obtain

lim v.Vue — u:Vo. =0 a.e. in €,
e—0t

and thus
vVu =uVo a.e. in Q.

We obtain immediately that V (%) =0, i.e., there is a constant k£ such that
u = kv a.e. in §). By continuity, v = kv at every point in €. This proves
the result for the case p > 2.

The case 1 < p < 2 is very similar. Applying inequality (A.2) in lemma
A.2 we obtain

ve Ve — e Vo |?
0 < C uv”u”—l—v”|E ¢ dx
< O [ (v +or) T
< L
ubP~t P! uP~! P!
< )\I/Q [F — F] (uf —ovP)dz — g . [? — v?l] (uf — vP)ds,
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for every € > 0. Using (5.2) and (5.3), we obtain that v = kv for some
constant k. U

Proposition 5.5. Let v be an eigenfunction associated to A # A\1. Then v
changes sign in €.

Proof. Suppose that v does not change sign in €2, then by theorem 4.6 we
can assume that v > 0 in 2. Let u be an eigenfunction associated to A;.
Making similar computations as in the proof of theorem 5.4 we conclude
that
p—1 p—1 p—1 p—1
/ [Alupl - )\Upl] (ufl —oP)dz — [% - %] (uf —oP)ds.
Q Ug Vg o0 Lu Vg

=L.>0.

Letting e—~0" we obtain
(A1 —A) / (uP —ovP)dz > 0.
Hence if we take ku instead of u vale obtain for any k£ > 0 that
(M= A) /Q(kpup —oP)dx >0,
which yields a contradiction if we choose kP > fQ vPdzx/ fQ uPdz. Therefore,

v changes sign in (). O

5.1.3. The Steklov problem. Arguing as for the Dirichlet and Robin prob-
lems, one sees that the first eigenvalue A; of S(£2) can be characterized as

A= inf {/(Vu|p + |ulP)dz / \ulPds = 1} .
weWbhr(Q) Lo [219]

Lemma 5.6. If uy is an eigenfunction associated with Ay, then either u; > 0
or u; < 0 in Q.

Proof. We have that |uq| is also a minimizer. It follows from the Harnack
inequality (theorem 4.6) and theorem 4.9 that |u;| > 0 on Q and |u;] is
in C1*(2). Thus if there is 2y € 95 such that u;(z¢) = 0, by the Hopf

lemma (see [33], theorem 5) we obtain %(agg) < 0. But the boundary con-
dition |Vu\p*2§—z = A|u|P~2u imposes that 8‘5;1‘ (zg) = 0. This contradiction
implies that |u;| > 0 in €, which proves the lemma. O

Theorem 5.7. The principal eigenvalue A1 is simple, i.e., if u and v are
two eigenfunctions associated with A1, then there exists a constant ¢ such
that u = cv.

Proof. The proof of this theorem is due to Martinez and Rossi [24] in which
they use the technique developed in [2, 23] (see theorem 5.4). However, in
order to carry the arguments made in [24], it requires that u, and v are
bounded eigenfunctions. For the sake of completion we include the proof
here.
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By lemma 5.6 we can assume u and v are positive in Q. We take n; =
(uP — vP)/uP~" and no = (vP — uP)/vP~! as test functions to obtain

_ uP — P _ uP — P
|VulP2Vu -V — |dz = X\ ulP~2u — | ds
Q ubP— 90 ubP—
_ uP — P
JuP~2u — | d=.
Q uP—

P _ P P _ P
/ VolP 2V -V (%) de = )\1/ w|P 2y (1) it ) ds
Q pP— P pP—
Adding both equations we get

Q
P _ P
/ lv|P~v <U ? )dw.
Q i
(5.4)

P _ P P _ P
0= [ |[Vulf?Vu-V L )zt |Vo|P 2V - V ) ds.
Q uP~1 Q Pl

Using the fact that

and

D _ P p—1 D
V(“ v)zVu—pv Vv—i-(p—l))Vu,

1
up~! uP ! up

the first term of (5.4) becomes
oP 1 vP
/ \Vul|Pdz p/ —I\VUV’*QVU -Vudz + (p — 1)/ — |VulPdz =
QO QO uP~ QO uP
/ |V Inu|PuPdz p/ vP|VInulP2Vinu- Vinvds + (p — 1) / 'V InulPvPdr.
Q Q Q

We have an analogous expression for the second term of equation (5.4)
and thus (5.4) becomes

0 = /(u”—v”)(|Vlnu|p—|Vlnv|p)dgc
Jo
- p/vp|Vlnup2V1nu-(Vlnv—Vlnu)dm
Q

- p/ u?|V Inw[P2VInv - (Vinu — Vinw)dz.
Q

For p > 2, letting {z,y} be {VInu,VInv} and applying inequality (A.1)
in lemma A.2 we obtain

0> / C(p))VInu — VInuv|P(uf + oP)dz.
Ja
Hence,

0=|VInu—Vlino|.

This implies u = kv. For p < 2 we use inequality (A.2) in lemma A.2 to

obtain the same result.
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Proposition 5.8. Let u be an eigenfunction associated to X # Ay then u
changes sign on 09, i.e., the sets {x € 0 : u(z) > 0} and {x € 0N : u(z) <
0} have positive boundary measure.

Proof. Suppose that v does not change sign in {2, then we can assume that
u > 0 in Q due to the Harnack inequality (theorem 4.6). Let u; be an
eigenfunction associated to A;. Making similar computations as in [24] we
conclude that

(A1 — )\)/ (uf —uP)ds > C/ Vinu — Vinu [P (uf +uP)dz.
[219) Q
Hence if we take ku instead of u we obtain for any k£ > 0 that
/ (uf — KPuP)ds <0,
J o0

which yields a contradiction if we choose k” < [, ulds/ [, uPds. Therefore
u changes sign in 2.

Suppose that u does not change sign on 0§2. We then can assume u < (
on 9. Using u™ as a test function in (3.3) we conclude

/ |VuP~2VuVutde —I—/ lu[P~?uutdz = 0.
) )

Since u changes sign in {2, the left hand side is strictly positive. This con-
tradiction implies that u changes sign on 0f).
O

5.2. Closedness of the set of eigenvalues. We will show that the spectra
of the Dirichlet, the No-flux, the Neumann, the Robin, and the Steklov
problems are closed. Precisely, we will prove that the sets of all numbers A
that satisfy (3.1), (3.2) or (3.3), respectively, are closed.

We first show the closedness of the sets of eigenvalues of the Dirichlet,
the No-flux, the Neumann, and the Robin problems.

Theorem 5.9. The sets of eigenvalues of D(Q2), P(2), N(Q2), and R(Q2)
(equations (3.1) and (3.2)) are closed.

Proof. Let X be either W, ”(Q), W, ?(Q) @ R or W'?(Q). Let {(un,n)} be
a sequence of eigenpairs of (3.1) or (3.2) such that v, — v for some v > 0.
Without loss of generality we can assume |lu,| = 1 and thus {u,} has a
weakly convergent subsequence, i.e., we may assume that u, — v in X. By
lemma 2.3,

(Blun) — Blu),un —u) = (JualP~" — lu?) (a1

However, as the (u,,y,)’s are eigenpairs, the left hand side equals
(B(up) — B(u), up —u) = (vn + 1){Aup, up — u) + (Bu, up — u)

which tends to 0, as n—oc.
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Since (B(uy) — B(u), unp, — u)—0 we conclude that ||u,| — ||u|| as n—oc.
It follows that u,, — u in X, since WP (Q) is locally uniformly convex (with
respect to an equivalent norm, see the proof of proposition 2.4 or [30]).

To show that «y is an eigenvalue of (3.1) or (3.2) and w is an associated
eigenfunction we need to show for any v € X as n—o0,

(5.5) / |V, P ?Vuy, - Vodz — / |VulP~2Vu - Vodz,
Q Q
(5.6) / [P 2upvdz — / |u[P~2uvdz,
Q Q
(5.7) / [P 2upuds — ulP 2 uvdz.
[219] [219]

Let wy, = |[Vu,[P~?Vu, and w = |Vu[P"?Vu. Then as u,—u in WP (Q)
wp(z) = w(x), a.e. in Q and /|wnpﬂdac—>/ |w|P%1dx
Q )

It follows from lemma A.1 that w, — w in LP/(®=1)(Q). Thus, by Holder’s
inequality we obtain (5.5). Similarly, we have (5.6) and (5.7). O

We now show the closedness of the spectrum of the Steklov problem.
Theorem 5.10. The set of eigenvalues of (3.3) is closed.

Proof. Let {(un,vn)} be a sequence of eigenvalues of (3.3) such that ,, — 7
for some v > 0. Without loss of generality we can assume |lu,| = 1 and
thus {u,} has a weakly convergent subsequence, i.e., we may assume that
Up — u in WHP(Q).

We recall that each (u,,y,) satisfies

/ |V, P2V, - Vodz +/ |t [P 2 upvde = 7n/ U [P 2 upvds,
Q Q a0

or

(B(un)u U> = Tn / ‘Un‘p72unvd37
oN

for all v € WHP(Q). By lemma 2.3, we have
(B(un) — B(w),un — w) > (JunllP~" = [ull"=") (Junll — [ul)-

However, the left hand side equals
(B(up) — B(u),u, —u) = ’yn/ ([P~ 200, (g, — w)da + (Bu, uy, — u),
onN

which tends to 0 as n—o0.
The rest of the proof follows from the argument that we used in the proof
of theorem 5.9. Therefore, (u,y) is an eigenpair of (3.3). O

5.3. Isolation of the first eigenvalue.
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5.3.1. The Dirichlet, No-fluxz, Neumann, and Robin problems. Let us recall
(see appendix C) that if u is a continuous function on 2 then the set Z(u) =
{z € Q : u(r) = 0} is called the zero set of u and any component w of
Q\ Z(u) is called a nodal domain of u.
Given A, an eigenvalue of either (3.1) or (3.2), and u an associated eigen-
function to A, we define:
N(u) = the number of components of Q\ Z(u),

N(A\) = sup{N(u):u is an associated eigenfunction to A\}.
We will show that N () is finite.

Theorem 5.11. Let (u, \) be an eigenpair of (3.1) or (3.2) and let w be a
nodal domain of u. Then there exist two constants ¢ and r independent of
w,u and X such that the Lebesque measure

w| > [(A+ 1)eP)] =: C > 0.

Therefore N(X) < |2|/C. (In the case X = Wol’p(Q) ® R we assume further
that 0% is connected so that theorem C.3 holds.)

Proof. Let X be either W, ?(2), W,?(Q) ® R or WP(Q). We will prove
the theorem for (u, A) satisfying

(5.8) / Vu|p2Vu-Vvd:E+/ BlulP?uvds = )\/ ulP~2uvdz, Yo € X,
Jo a9 Jo

with a given 8 > 0. Thus, if we take § = 0 we obtain the result for the
Dirichlet, the No-flux, and the Neumann problems and if we take 8 > 0,
X = WP(Q) we obtain the result for the Robin problem.

We first notice that the regularity results from section 4 assure that v is
in C(Q). Let 4 = ux, be the restriction of v on w. Then by theorem C.3
we have u € X. Furthermore, Vu = Vuy,. Taking the test function v in
(5.8) to be u and using lemmas C.3 and C.4, we obtain

/ |Vupd.f1:+ﬁ/ afPds = A/ alPdz = A / P da.
Q onN Q Jw

Adding [, |u[Pdz to both sides and using Holder’s inequality, we conclude

/(Vu|”+|u”)dm+ﬁ/ aPds = (A+1)/ P ds.
Q o0 w
Thus

p*dx)Pl*

u

w|P a|P)dx wlipl*
/Q(Vu FlaPyds < (4 Dlw (/

- (A+1)|w15’*(/ aP dw) v .
JQ

NN—f;,,ifp<Nandp*:2p,ifp2N_
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By Sobolev’s embedding theorem one has

P
lll oy < clall = ¢ ( [ war + u|p)dx) ,

which implies

_ 1—& ) _
”“HQP*(Q) <A+ Dw| P u||’£p*(ﬂ).
Since u # 0, we conclude that |w| > (A + 1)c?)", where r = —N/p, if
p<Nandr=-2,ifp> N. O

Corollary 5.12. Let (u,)\) be an eigenpair of (3.1) or (3.2) and let QF =
{z € Q :u(z) > 0} such that |QQT| > 0. Then there exist two constants c
and r independent of u and \ such that

Q4] > [(A+ D) = > 0.

The result also holds for Q= = {z € Q : u(z) < 0}, if |Q7| > 0. In fact,
the corollary is still valid if O is only of class C' (so that the embedding
theorem A.5 can be applied) instead of class C'7.

Proof. By lemma B.2 we have 4 is in X (the lemma does not require any
regularity on the boundary 092). Replacing u in the proof of theorem 5.11
by u™ and using the same argument, we obtain the corollary. U

We are in the position to prove the isolation of the first eigenvalue \;.
Theorem 5.13. The first eigenvalue A of (3.1) or (3.2) is isolated.

Proof. Let X be Wy*(Q), WyP(Q) @R or W'2(Q). Suppose A; is not
isolated. Then by theorem 5.9 there exists a sequence of eigenpairs {(un, yn)}
such that as n—oo, up—u in X and y,—A;, where u is an eigenfunction
corresponding to Aj.

We can assume that ||u,| = |ju]| = 1 for any n and that u > 0 in Q.
Define for each n

Q, ={r€Q:uy(r) <0} and Q} = {z € Q: u,(z) > 0}.

By corollary 5.12, there exists a > 0 such that |Q2,/| > a > 0 for any n, i.e.,
the measure |, | is uniformly bounded from below. Since u is continuous
and positive on €2, there exists ¢ > 0 such that |Q.] > |Q] — a/4, where
Q. = {z € Q: u(z) > ec}. By Egoroff’s theorem there is a measurable
subset E of Q. such that |E| > || — a/4 and u, converges uniformly
to w on E. Thus there exists n. such that |u,(z) — u(z)| < /2, for any
z € E and any n > n.. In particular E C Q. Thus |Q, | < [Q| - |E| <
|0 — Q| +a/4 < |92 —|2+a/2 = a/2. We have arrived at a contradiction.
Therefore A; is isolated. O
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5.3.2. The Steklov problem. Given A, an eigenvalue of (3.3) and u an eigen-
function associated to A, theorem 4.9 implies that the eigenfunction u is in
C1(Q). Thus we may define:

Z(u) = {z€Q:u(x) =0},
N(u) = the number of components of Q\ Z(u),
N()\) = sup{N(u):u is an associated eigenfunction to A}.

We will show again that N () is finite.

Theorem 5.14. Let (u,)\) be a (weak) eigenpair of S(Q) and let w be a
component of Q\ Z(u). Then there exists a constant C independent of w,u
and A such that

0Q Nw| > CA 7P,

where B = (N —1)/(p—1), if 1l <p < N and =2, if p > N. Here |A|
denotes the boundary measure of a measurable subset A of 2. Consequently,

N(\) < |09QN8/C.
Proof. Let @ = ux,,, then by theorem C.3 we have & € W'P(2). Taking @
as a test function in (3.3) we obtain that

/ \Vu|P~?Vu - Vi + [uP*uudz = )\/ |u|P % unds.
Q a9

Hence, using Holder’s inequality in LP(0€2) and lemma C.4 we have

1/a
||a||{’,v1,p(m <A (/80 upad5> 002N 8w‘1/ﬂ.

If 1 <p< N, we choose «a = (N —1)/(N —p)and = (N —-1)/(p—1).
Then we use Sobolev’s embedding theorem (theorem A.5-(iii)) to conclude
that there exists a constant C' such that

a1 0y oy < ClllEy sy

If p > N we choose @ = 8 = 2 and we argue as before using the embedding
WP(Q) — L (08). O

Corollary 5.15. Let u be an eigenfunction associated to X # A1, then there
exists a constant C such that

09T > CA P and |09 | > CX P,
where QT = 9Q N {u > 0},0Q =002 N {u < 0}.
We can now establish the isolation of Aj.

Theorem 5.16. The principal eigenvalue A\ of S(Q) is isolated. That is,
there exists a > A\i such that A\ is the unique eigenvalue in [0, a.
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Proof. Suppose A1 is not isolated. Then by theorem 5.10, there exists a
sequence of eigenpairs {(uy,y,)} such that as n—o0o, u,—u in WH?(Q) and
Yn— A1, where u is an eigenfunction associated to Aj.

We can assume |uy,| = |lul|| = 1 for any n and u > 0 in Q. Define for
each n

00, ={z € 00 : u,(z) <0} and O = {z € 9N : u,(z) > 0}.

Then, by corollary 5.15, there is a > 0 such that |09, | > a > 0 for any n,
i.e., the measure |0, | is uniformly bounded from below.

Since u is continuous and positive on 02 there exists € > 0 such that
|0Q2| > |0 — a/4, where 02 = {x € 0Q : u(z) > €}. By Egoroff’s
theorem, there is a subset E of 0. such that |E| > |0Q.] — a/4 and u,
converges uniformly to u on E. Thus there exists n. such that |u,(z) —
u(z)| < €/2 for any z € E and any n > n,. In particular E C 09,/ . Thus
|09, | < [0Q] — |E| < |09Q] — [0Q:| + a/4 < |0Q| — [0 + a/2 = a/2. We
have arrived at a contradiction. Therefore A; is isolated.

O

5.4. On the second eigenvalue. In this subsection we will show that the
eigenvalue Ay of the L-S sequence of eigenvalues whose existence was estab-
lished in theorems 3.3, 3.4, and 3.5 is actually the smallest eigenvalue of
the spectrum that is greater than the principal eigenvalue A;. This work
is motivated by the result in [3] in which Anane and Tsouli consider the
Dirichlet problem.

We begin by proving an interesting property on the number of nodal
domains of a given eigenvalue of the Dirichlet, the Neumann or the Robin
problems.

Proposition 5.17. For any eigenvalue A of (3.1) or (3.2), we have
ANy S A

Here N () is the mazimal number of nodal domains associated with X (see
theorem 5.11) and An(y) is the N(\)-th eigenvalue taken from the L-S se-
quence of theorem 3.3 or theorem 8.4.

Proof. Let r = N(A), then there is an eigenfunction u # 0 associated to A
such that N(u) = r. Let wy,ws,...,w, be the r-components of Q\ Z(u). For
1=1,2,...,7 we define
u(z)
vi() = § Lf,, lulPdz]'/P”
0, ifz e Q\w;.

if z € w;,

By theorem C.3 we have that v; € X (=W,7(Q), W,”(Q) @R, or
Wr(Q)), for i = 1,2,...,r. Let X, denote the subspace of X spanned
by {v1,v9,...,0,}. Since the v;’s are linearly independent, we have that
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dimX, = r.

For each v € X, v = Z;:l a;v;, we have:
T T
F(o) = [ Jolds = 3o Fo) = 3 el
Q i=1 i=1

Thus the map v — F(v)'/? defines a norm on X,. Hence the compact set
S, defined by
1
Sy = {1)€XTZF(U) :)\—-1-1}’
which can be identified with the unit sphere of R", has genus r.
By choosing v = v; as a test function, we obtain

/ \Vu|P~?Vu - Vodz + 3 / |uP~2uv;ds = \ / P~ 2uv;dz,
Jo Jon Jo
which (by lemma C.4) becomes

/ |Vo;[Pdz + 3 |vilPds = )\/ |v;|Pd,
Jw; wj

00NOw; i
or

G(vi) = A+ 1)F(v;), fori=1,2,....7.
Thus, for v € S;, we have

Gv)=(A+1) Z |i|PF(v;) = (A+ 1) Z |ailP = (A +1)F(v) = 1.
i=1 i=1
This implies S, C Siz. Hence,
1 1

= pp = inf F(v) > inf F(v) = —.
R R S

Therefore A, < A. O

We have an analogous result for the Steklov problem.

Proposition 5.18. For any eigenvalue \ of (3.3), we have
ANy S A

Here N(X) is the mazimal number of nodal domains associated with X (see
theorem 5.14) and Ay(y) is the N(\)-th eigenvalue taken from the L-S se-
quence of theorem 8.5.

Proof. Let r = N(A) then there is an eigenfunction u # 0 associated to A
such that N(u) = r. Let wi,ws,...,w, be the r-components of 2\ Z(u). For
1=1,2,...,7 we define
u(z)
vi(@) = Lsan, [ulPdz]'/P’ i
0, ifreQ\w.
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Then, by theorem C.3, we have v; € W'P(Q), for i = 1,2,..., 7.
Let X, denote the subspace of WP(Q) spanned by {vi,vs,...,v,}. For
eachv € X, v = Z;:l a;v;, we have

F(o) = / uPds = 3 s (o) = 3 Jeaf?.
o0 i=1 i=1

Thus the map v — F(v)'/? is a norm on X,. Hence the compact set S,
defined by

STZ{UGXT:FO)):%},

which can be identified with the unit sphere of R", it has genus r.
By choosing v = v; as a test function, we obtain:

/ |VulP?Vu - Voida + / P~ 2uvde = )\/ |ulP~?uv;ds,
Ja Jo Jon

which becomes

/ (|Vvil? + |v;|P)dz = A / |vi[Pds,
QNw; JO0Nw;

G(v;) = AF(v;), fori=1,2,...,r.
Thus, for v € S;, we have:

or

G(v) =AD [P F(v) = XY | = AF(v) = 1.
=1 =1
This implies S, C Siz. Hence

1 1
% T aep 2 R rw =y

Therefore A, < A. O
Theorem 5.19. For any of the problems,
Ao = inf{\ : X is an eigenvalue and X\ > A1 }.

Proof. Let v = inf{\ : X is an eigenvalue and A > X\;}. It suffices to show
Ao <.

Since the set of eigenvalues is closed and A; is isolated, y is an eigenvalue
different from A;. If v is an eigenfunction associated to v then v changes
sign. Thus Ay < An(,). On the other hand, propositions 5.17 and 5.18 imply
that Ay(,) < 7.

Therefore,

)\2:’)/.
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5.5. Remarks. We have the following remarks:

e For the Dirichlet problem, as mentioned by Lindqvist in [23] and
Anane, Tsouli in [3], we do not need any regularity of 9€2. There are
three reasons. Firstly, Sobolev’s embedding theorem A.5 holds for
W[]l’p(Q) without assuming that 9 is of class C'. Secondly, theorem
5.13 (isolation of A1) uses corollary 5.12 which in turn uses theorem
B.2; the latter theorem is valid for any arbitrary bounded domain
Q in RN, Thirdly, theorem 5.19 uses theorem 4.8 which holds in
WO1 P(Q) for any arbitrary bounded domain €.

e For the Neumann problem, the existence of the L-S sequence was
established by Friedlander in [15] and in this case we only need C"
boundary regularity for 92 so that the compact embedding

WhP(Q) — LP(Q)

(theorem A.5) holds.

e For the No-flux problem, similar to the Neumann problem, we only
need that 99 is of class C! which is used in Sobolev’s embedding
theorem A.5, to establish the existence of the L-S sequence of eigen-
values, simplicity and isolation of the first eigenvalue and closedness
of the spectrum. However, to establish the characterization of the
second eigenvalue Ay in theorem 5.19, we need Lieberman’s bound-
ary regularity of eigenfunctions (theorem 4.9) and connectedness of
0f) so that we can apply theorem C.3. Thus we require that 0f) is
of class C'7 and connected.

e The Robin problem which includes the Neumann problem (when
B = 0) requires 09 be of class C' to obtain the L-S sequence of
eigenvalues. Moreover, in the case 8 > 0, it requires 0¢2 be of class
C17 in order to have the simplicity and isolation of the principal
eigenvalue together with the characterization of the second eigen-
value.

e For the Steklov problem, Bonder and Rossi established the existence
of the L-S sequence of eigenvalues in [5] and Martinez, and Rossi
showed the isolation and simplicity for the first eigenvalue in [24].
Since the eigenvalue appears as a multiplier in the boundary term,
we need boundary regularity for eigenfunctions and thus we require
09 be of class C'7 for some v > 0.

e There are still some interesting open problems that we have not an-
swered:

1. Are there any eigenvalues different from L-S eigenvalues?

2. Are these spectra discrete?

3. Are all of the eigenvalues bifurcation points for equations involv-

ing higher order perturbations?

4. What type of Fredholm alternative may be derived for such eigen-

values? And what type of resonance results? We note that for the

Dirichlet problem much is known about the above questions in the
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linear case p = 2 (see [8, 9, 36]) and in the one-dimensional case
N =1 (see Necas [25]). Also if p > 2, it is shown in [27] that any
L-S eigenvalue of the Dirichlet problem is a bifurcation point.

APPENDIX A. SOME USEFUL RESULTS

The lemma below concerns Young functions which play an important
role in Orlicz-Sobolev space theory. In this paper, the result is used in
proposition 2.2, proposition 2.4, and theorem 5.9.

Lemma A.1. Let Q be a domain in RY and let ® : Rt =R be a Young
function which satisfies a Ao-condition, i.e., there is ¢ > 0 such that ®(2t) <
c®(t) for allt > 0. If {u,} is a sequence of integrable functions in € such
that

u(z) = lim wu,(z), a.e. € Q and / O(|lu|)dz = lim /<I>(|un|)d:v,
0 Tl*)OO. ()

n—o0
then

nli)rrolo O (|up, — u|)dz = 0.
Proof. See Rao and Ren [26] (theorem 12, page 83) for the proof. O

The following inequalities are due to Lindqvist and are used to show the
simplicity of the first eigenvalue in theorem 5.4 and theorem 5.7.

Lemma A.2.
a) Let p > 2 then for all 2,y € RN

(A.1) ylP > |alP + plaf’ 2z - (y — x) + C(p) |z — y/P.
b) Let 1 < p < 2, then for all z,3y € RV,

- iz —y[?
(A2) P> ol +plaP 2 (g — o) + Clp) Y
(lz| + lyl)>—»
c) For anyx #vy, p>1,
(A.3) yl? > |2f” +plzP~2z - (y — ).

In the above C(p) is a constant depending only on p.

Proof. We refer to Linqvist [23] for the proof of this lemma. O

Let u be a nonnegative function in W1»(Q), where Q is an open set in

RV, Then u can be approximated by a sequence of nonnegative functions
in C(Q) N WP(Q).

Lemma A.3. Let u be in WYP(2), u > 0. Let {u,} be a sequence such that
up—u in WHP(Q). Then the sequence {u}} also converges to u in W1P(Q).
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Proof. For each n, let v, := u and Q, = {z € Q : u,(z) < 0}. Then
Up 1= UpXqe, where A° denotes the complement of A in Q.
As vy, —u| < |up — u|, vp—u in LP(Q). It remains to show that as n—oc,

/ |Vou, — Vul|Pdz—0,
Q

which is equivalent to showing

/ |VulPdz—0.
Qp

By lemma B.2, Vu = 0 on the set S := {z € Q: u(z) = 0}, hence it suffices
to show |, N QF|—0 as n—o0, where QT = {x € Q : u(x) > 0}.

To this end, we recall that u,, converges to u in measure, i.e., given € > 0,
there exists n, such that for any n > n. we have [{z € Q: |u,(z) — u(z)| >
e} < e. It follows that |2, N {z € Q: u(z) > e}| < e for n > n.. Hence

limsup [Q, N QF| < e+ limsup |Q, N{z € Q: 0 < u(z) < e}| = O(e).

n—0o0 n—00

Letting e—0 we conclude that lim sup,,_, ., |2, N Q7] = 0. O

If a sequence {u,} in C"(Q) converges to some u in W'P(Q), u > 0, then
the sequence {u;r} is in C(Q) NW!P(Q) and converges to u. In fact, we can
construct such a sequence in C§°(Q) if u is in Wol’p(Q).

Corollary A.4. Let u be in W[]l’p(Q), u > 0. Then there exists a sequence
of nonnegative functions in C§°(2) converging to u in Wol’p(Q).

Proof. Let {uy,} be a sequence in C§°(2) converging to u in Wol’p(Q). It
follows from the proof of lemma A.3 that the sequence {u;} also converges
to u. Thus we can assume v is in Cy(2)N Wol’p(Q). Define for each € > 0 the
convolution u.(z) := J; * u(z) = [, J-(z — y)u(y)dy where J, is a mollifier.
Then u, is nonnegative and is in C§°(Q) if ¢, is sufficiently small. Applying
lemma 3.15 of [1] we conclude that lim. o u. = u in W?(Q). O

Theorem A.5 (Sobolev’s embedding theorem.). Let Q be a bounded domain
in RN with C' boundary.
(i) If1 < p < N, the space WP (Q) is continuously embedded in LP" (Q),
p* = Np/(N — p), and compactly embedded in LI(2) for any 1 <
q<p*.

(ii) If 0 < 1 — % < 1, the space W1P() is continuously embedded in
C*(Q), @ =1 — N/p, and compactly embedded in C?(Q) for any
8 < a.

(iii) If 1 < p < N, then under the trace mapping the space WP () is
continuously embedded in LY (09), ¢* = (Np — p)/(N — p), and
compactly embedded in L1(0Q) for any 1 < q < q*.
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For the proof we refer to Adams [1], Gilbarg and Trudinger [18] and
Kufner, John, and Fuéik [20]. In (i) and (ii), we do not need the C' boundary

requirement if W1?(Q) is replaced by Wol’p(Q).
APPENDIX B. THE CHAIN RULE IN W!P({)) AND ITS SUBSPACES

In this appendix we recall some important results from section 7.4 of
Gilbarg and Trudinger [18] which still hold in W'?(Q) and its subspaces,
where Q is a bounded domain in RY and p > 1. In fact, we consider the
chain rule in W'?(Q), W, ?(Q) ® R, and W,”(Q). The latter two spaces
with the induced norm || - [[yy1.5(q) are closed subspaces of W'?(€).

If 99 is of class C'! we can study the trace of a given u in WP () which
we denote by ulgq.

Lemma B.1. Let f be in C'(R) with f' € L®(R). Then:
(i) If u e WHP(Q), then fou € W'P(Q).
(ii) Ifu € WyP(Q) @R, then fouec W,"(Q) ®R.

(ili) If u € W, P (Q) and f(0) =0, then fou € W,7(Q).

In all cases we have V(f ou) = f'(u)Vu. Moreover, the traces of u and
f(u) on 0Q satisfy
f(uloa) = f(u)|ao.

The positive and negative parts of a function w are defined by
ut (z) = max{u(z),0}, v (z) = min{u(z),0}.

Lemma B.2. Let X be either one of the three spaces W'P(Q), W, ?(Q) @ R,
Wol’p(Q)- Ifue X, then u™,u,|u| are in X and

Vu, if u>0
—+ _ ) )
Vut = { 0, if u<o.
- 0, if u>0,
Vo = { Vu, if u<O0.

Vu, if u >0,

Viu| = 0, if uw=0,

—Vu, if u<O0.

Furthermore, (u|aa)t = ut|aq and (ulan)” = u™[sq.

We call a function piecewise smooth if it is continuous and has piecewise
continuous first derivatives. The set of points at which f is not differentiable
is called the set of corner points of f. The following chain rule generalizes
the two previous lemmas.

Theorem B.3. Let f € C(R) be a piecewise smooth function with f' €
L*°(R). Then
(i) Ifue Wl’p(Q), then fou € WLP(Q)'
(i) If u € WP(Q) @R, then foue WiP(Q).
(ili) If u € Wy P (Q) and f(0) =0, then fou € W,?(Q).
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In all cases, we have
_ | ffw)Vu, if ug L,
V(f"“)_{ 0, if uelL,

where L denotes the set of corner points of f. Furthermore, f(ulgg) =

f(u)laq-
APPENDIX C. RESTRICTION OF FUNCTIONS TO NODAL DOMAINS

Let u be a continuous function on a given bounded domain  in RY. We
define the zero set of u to be

Z(u) = {x € Q:u(z) = 0},
and call £ a nodal domain of u if £y is a component of Q \ Z(u).

We recall here two important results from Brézis [6].

Lemma C.1. (Theorem 1X.17, [6].)
Let Q be a bounded domain in RN with C' boundary. Givenu € WHP(Q)N
C(2), 1 <p < oo, then the following are equivalent:
(i) uw =0 on 09.
(i) w € Wy P(Q).
In fact, (i)=(ii) does not require that 9Q be of class C' but the reverse
implication does.

Lemma C.2. (Proposition 1X.18, [6])
Let Q be a bounded domain in RN with C' boundary and let u € LP(Q),
1 <p<oo. The following are equivalent:
(i) uw e WP ().
(ii) There exists a constant C such that

|
o 0z

where 1/p+1/p' = 1.
(iii) The function
Qo u(z), if ©e€Q,
- 0, if ©eRN\Q,
belongs to WIP(RN). In this case % = g.
Furthermore, the arguments that (i)= (ii)=(iii) do not require that 0 be
of class C' and still hold if RN is replaced by an open set Q' containing .

< Clgllw, Yo e CERY), i=1,--- N,

We state the main result of this section.
Theorem C.3. Let Q be a bounded domain in RN and let X be either
WP(Q) or Wol’p(Q). Suppose u is a function in X N C(2). Given 4, a
nodal domain of u, then the function u, defined by ur = uxq,, i-e.,
u(x), or z € O,
ul(,r) :{ ( ) f 1

0, for Q\ Q,
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s in X.

In the case X = W[]l’p(ﬂ) @R we assume further that 0N is connected
and that u is in C(Q) N Wol’p(Q) ® R. Then for any nodal domain Q0 of u,
the function uy defined by u1 = uxg, , i-e.,

[ u(z), forx e,
w(r) = { 0, for Q\ﬁll,

is in W, P (Q) @ R.
In all cases, we have Vuyi(z) = Vu(z)xq, (x) for a.e. x € Q.

Proof. Since u is strictly positive or negative in {2; we can assume u > 0 in
. Replacing u by u* we can also assume that u > 0 in €.
Case I: X = WIP(Q).

The proof of this case is a modification of lemma 5.2 of De Figueiredo
and Gossez [11].

We first show that u; belongs to W1P(£2) in a neighborhood of every point
x of €.

This is obvious if z € € or z € Q' Q. Let us consider the remaining
possibility: z € QN 0.

Taking an open ball B centered at x with B C © and a function ¢ €
C§°(B) with ¢ = 1 in a neighborhood of z, it suffices to show that ¢u; €
W, P(B). Call v the restriction of pu; to BN Q. Since v € C(BN Q) N
WP(BNQ;) vanishes on 9(BNSY; ), and by lemma C.1 v belongs to W[]l’p(Bﬂ
Q). It follows from lemma C.2 that pu; € Wol’p(B).

We have just shown that u; is in Wlif(Q) However, by lemma C.2.(iii)
and a direct computation one can easily see that Vui(z) = Vu(z)xq, (z)
for a.e. z € Q, which implies |Vui(z)| < |[Vu(z)|, a.e. z € Q. Therefore
up € WHP(Q).

Case II: X = W, " ().

The following argument is contained in lemma 5.6, Cuesta, De Figueiredo,
and Gossez [10].

Approximating u by a sequence of functions in C§°(£2) and taking positive
parts, we obtain a sequence {v,} C W[]l’p(ﬂ) N C () with v, > 0, supp vy,
compact in  and v,—u in Wol’p(Q) (see lemma A.3). Let w, = min{u,v,},
then the sequence {w,} has the same property as {v,}. Since w, has com-
pact support, w, € C(£2).

We claim that wy,(x) = 0 for all x € 9Q;. Indeed, if z € QN 9Q, then
u(z) = 0 (since €2 is a nodal domain) and thus wy,(z) = min{u(z),v,(z)} =
0. If x € 992 N 9y, then wy,(x) = 0 since w,, has compact support.

For each n, we define w,(r) = wy(z)xo,(z), * € Q. Then case I
implies that @, € W'P(Q) N C(Q). Since w, = 0 on 08y, W, = 0
on Q. Thus, by lemma C.1 we have w, € W,”(Q). Moreover, since
Vui; = Vuxo,, Vi, = Vw,xa, and w,—u in WP(Q), we conclude that
Wyp—uy in WHP(Q). Therefore, u; is in W[]l’p(Q).
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Case IIL: X = W, ""(Q) ® R.
Case I implies that uq is in W'P(Q). Let u/gsq = ¢ be the constant value
of u on 9. By the definition of uy, either u;(z) = 0 or ui(z) = ¢ for any

z € 0. However, since u; € C(€2) and 99 is connected, either ui|gq = 0
or uy|pn = ¢. Therefore, u; belongs to in Wol’p(Q) @ R. O

We have similar results for the trace of restriction functions.

Lemma C.4. Let Q be a bounded domain in RN with C' boundary. Let u
in C'(Q) N W'P(Q) be such that it has only finitely many nodal domains.
Then for any nodal domain Sy of u, the function ug defined by uo = uxq,

is in W1P(Q) and the trace uglaq of ug satisfies

] u(x), xe N oy,
(C.1) uglaq () = { 0, z€dQ\ 0.

Proof. The fact that ug is in W1P(Q) follows from the previous theorem. To
verify (C.1) we may assume without loss of generality that Q1 = {z € Q :
u(xz) > 0} consists of two components €2y and €.

Let uy = uXgq, and uy = uXgq,- We will show that the traces of u; and
ug satisfy formula (C.1) (with respect to the corresponding nodal domain).
By extending u to a function in CJ(B), where B is a ball containing Q, we
can find two sequences {v,} and {w,} in C*(Q) such that supp v, C Q,
supp w, C € for any n and v,—u1, w,—us in WH(Q). Consequently,
the traces vy|a0, Wnloo converge to uq|sqn and ug|gg in LP(0Q), respectively.
On the other hand, we notice that v, +w, converges to u™ in W1?(Q), and
thus (vplga + wnlan) converges to u™|sq in LP(09Q).

By lemma B.2, u™|yq is the restriction of ut to 99Q. i.e.,

a0(z) = u(z), x € INNIN or z € NN Iy,
Uolealt) = 0, otherwise .

We recall that the traces vy,|sq0, wn|sq are just the restrictions of v, and
wy, to 0L, respectively. Since suppv, C €21, suppw, C Qs and Qq, Qo are
disjoint, we conclude that

loa(z) — u(z), =€ dIQNI,
diloalr) = 0, otherwise ,

fori=1,2.
O
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