
EIGENVALUE PROBLEMS FOR THE p-LAPLACIANAN LÊDEPARTMENT OF MATHEMATICS, UNIVERSITY OF UTAH155 SOUTH 1400 EASTSALT LAKE CITY, UT 84112, USAAbstract. We study nonlinear eigenvalue problems for the p-Laplaceoperator subject to di�erent kinds of boundary conditions on a boundeddomain. Using the Ljusternik-Schnirelman principle, we show the exis-tence of a nondecreasing sequence of nonnegative eigenvalues. We provethe simplicity and isolation of the principal eigenvalue and give a char-acterization for the second eigenvalue.1. IntroductionEigenvalue problems for the p�Laplace operator subject to zero Dirichletboundary conditions on a bounded domain have been studied extensivelyduring the past two decades and many interesting results have been ob-tained. The investigations principally have relied on variational methodsand deduce the existence of a principal eigenvalue as a consequence of min-imization results of appropriate functionals. This principal eigenvalue thenis the smallest of all possible eigenvalues and its existence proof is very muchthe same for all possible types of boundary conditions. The study of highereigenvalues, on the other hand, introduces complications which depend uponthe boundary conditions in a signi�cant way, and thus the existence proofsmay di�er signi�cantly, as well. On the other hand, there is a large class ofcommonly studied eigenvalue problems which allow for a uni�ed treatment.It is such a class of problems which is being studied here. We consider,among others, the following eigenvalue problems:� Dirichlet problem:D(
) : � ��pu = �jujp�2u; in 
;u = 0; on @
:� No-
ux problem:P (
) : 8<: ��pu = �jujp�2u; in 
;u = constant ; on @
;R@
 jrujp�2 @u@nds = 0:1991 Mathematics Subject Classi�cation. 35B45,35J60, 35J70.Key words and phrases. Nonlinear eigenvalue problems, Ljusternik-Schnirelman Prin-ciple, p-Laplacian, variational methods. 1



� Neumann problem:N(
) : � ��pu = �jujp�2u; in 
;@u@n = 0; on @
:� Robin problem:R(
) : � ��pu = �jujp�2u; in 
;jrujp�2 @u@n + �jujp�2u = 0; on @
:� Steklov problem:S(
) : � �pu = jujp�2u; in 
;jrujp�2 @u@n = �jujp�2u; on @
:Here 
 is a bounded domain in RN , �pu := div(jrujp�2ru) is the p-Laplacian operator with p > 1, and @u@n denotes the outer normal derivativeof u with respect to @
. We note that, when N = 1 and 
 = (a; b), P (
)becomes the periodic boundary value problem8<: �(ju0jp�2u0)0 = �jujp�2u; in (a; b);u(a) = u(b);u0(a) = u0(b):The parameter � (which may be a function) in R(
) is in [0;1). Weobserve that the Dirichlet and Neumann problems correspond to the cases� = 0 and � =1, respectively.Besides being of mathematical interest, the study of the p-Laplacian op-erator is also of interest in the theory of non-Newtonian 
uids both for thecase p � 2 (dilatant 
uids) and 1 < p < 2 (pseudo-plastic 
uids), see [4]. Itis also of geometrical interest for p � 2, some of which is discussed in [32].Many results have been obtained on the structure of the spectrum of theDirichlet problemD(
). It is shown in [17] that there exists a nondecreasingsequence of positive eigenvalues f�ng tending to 1 as n!1. Moreover,the �rst eigenvalue is simple and isolated, see [2, 23]. Recently, in [3], acharacterization of the second eigenvalue of D(
) was also given.The existence of such a sequence of eigenvalues can be proved using thetheory of Ljusternik - Schnirelman (e.g. see [7, 16, 35]). For that reason wecall this sequence the L-S sequence f�ng. To establish the simplicity of the�rst eigenvalue �1, one shows that any (nontrivial) eigenfunction associatedto �1 does not change sign and that any two �rst eigenfunctions are constantmultiples of each other. It follows from the proof of the simplicity of �1 thatany eigenfunction associated to an eigenvalue � 6= �1 has to change sign.This fact together with the closedness of the spectrum give the isolation of�1. It will also be shown that the eigenvalue �2 of the L-S sequence is infact the least of all eigenvalues which exceed the �rst eigenvalue.The spectrum of the Dirichlet problem D(
) has, among others, the fol-lowing properties: 2



(i) There exists a nondecreasing sequence of nonnegative eigenvalues ob-tained by the Ljusternik-Schnirelman principle (L-S sequence) f�ngtending to 1 as n!1 (Garc��a Azorero and Peral Alonso [17]).(ii) The �rst eigenvalue �1 is simple and only eigenfunctions associatedto �1 do not change sign (Anane [2] and Lindqvist [23]).(iii) The set of eigenvalues is closed (Anane and Tousli [3]).(iv) The �rst eigenvalue �1 is isolated (Lindqvist [23]).(v) The eigenvalue �2 is the second eigenvalue ([3]), i.e.,�2 = inff� : � is an eigenvalue of D(
) and � > �1g:Comparatively, the spectra of N(
), P (
), R(
), S(
) have been investi-gated little and it is natural to pose the problem of analyzing the structuresof the spectra of N(
); P (
); R(
); S(
) and compare these to that ofD(
):We remark that in the case N = 1 fairly complete information on thespectra of the Dirichlet, Neumann, and periodic boundary value problemsis available (see, e.g., [25], [14]).The purpose of this paper is to study this problem and show, among otherthings, that properties (i)-(v) of the spectrum of the Dirichlet problem alsohold for P (
); N(
); R(
) and S(
).By choosing appropriate function spaces, we will see later in section 2 thatwe can unify all problems as one single abstract problem. And if we denoteby f�Dn g; f�Pn g; f�Nn g the corresponding L-S sequences of eigenvalues ofD(
), P (
), N(
) (respectively) then(1.1) �Dn � �Pn � �Nn ; for all n:The paper is organized as follows: We �rst present, for the sake of com-pleteness the Ljusternik-Schnirelman principle and applications to our set-ting. We then establish the existence of L-S sequences for the Dirichlet,Periodic, Neumann, Robin, and Steklov problems. This is followed by adiscussion of global boundedness and C1;� smoothness of eigenfunctions. InSection 5 we establish the promised properties of the spectra of the Dirich-let, Periodic, Neumann, Robin and Steklov problems. The �nal sectionconsists of some appendices containing useful results which are needed inthe development.2. The Ljusternik-Schnirelman principle and its applications2.1. The Ljusternik-Schnirelman principle in Banach spaces. Werecall here a version of the Ljusternik-Schnirelman principle which was dis-cussed by F. Browder [7] and E. Zeidler [34], [35] (section 44.5, remark44.23). We then shall apply the principle (theorem 2.1) to establish theexistence of a sequence of eigenvalues for eigenvalue problems in closed sub-spaces of W 1;p(
). 3



Let X be a real re
exive Banach space and F;G be two functionals onX. Consider the following eigenvalue problem(2.1) F 0(u) = �G0(u); u 2 SG; � 2 R;where SG is the level SG = fu 2 X : G(u) = 1g.We assume that:(H1) F;G : X!R are even functionals and that F;G 2 C1(X;R) withF (0) = G(0) = 0.(H2) F 0 is strongly continuous (i.e. un * u in X implies F 0(un)!F 0(u))and hF 0(u); ui = 0; u 2 coSG implies F (u) = 0, where coSG is theclosed convex hull of SG.(H3) G0 is continuous, bounded and satis�es condition (S0), i.e. as n!1,un * u; G0(un)* v; hG0(un); uni!hv; ui implies un!u:(H4) The level set SG is bounded and u 6= 0 implieshG0(u); ui > 0; limt!+1G(tu) = +1; infu2SGhG0(u); ui > 0:It is known that (u; �) solves (2.1) if and only if u is a critical point of Fwith respect to SG (see Zeidler [35], proposition 43.21).For any positive integer n; denote by An the class of all compact, sym-metric subsets K of SG such that F (u) > 0 on K and 
(K) � n, where
(K) denotes the genus of K, i.e., 
(K) := inffk 2 N : 9h : K!Rk nf0g such that h is continuous and odd g.We de�ne: an = � supH2An infu2H F (u); An 6= ;:0; An = ;:(2.2)Also let � = � supfn 2 N : an > 0g; if a1 > 0;0; if a1 = 0:(2.3)We now state the Ljusternik-Schnirelman principle.Theorem 2.1. Under assumptions (H1)-(H4), the following assertions hold:(1) If an > 0, then (2.1) possesses a pair �un of eigenvectors and aneigenvalue �n 6= 0; furthermore F (un) = an.(2) If � =1, (2.1) has in�nitely many pairs �u of eigenvectors corre-sponding to nonzero eigenvalues.(3) 1 > a1 � a2 � ::: � 0 and an!0 as n!1.(4) If � =1 and F (u) = 0; u 2 coSG implies hF 0(u); ui = 0, then thereexists an in�nite sequence f�ng of distinct eigenvalues of (2.1) suchthat �n!0 as n!1.(5) Assume that F (u) = 0; u 2 coSG implies u = 0. Then � = 1 andthere exists a sequence of eigenpairs f(un; �n)g of (2.1) such thatun * 0; �n!0 as n!1 and �n 6= 0 for all n.Proof. We refer to [7] or [34] for the proof. ˜4



2.2. Applications of the L-S principle in W 1;p(
) and its subspaces.Let 
 be a bounded domain in RN with C1 boundary. Let X be a closedsubspace of W 1;p(
) such that W 1;p0 (
) � X �W 1;p(
) with the norm k � kinduced by the norm in W 1;p(
). De�ne on X the functionalsF (u) = Z
 a(x)ju(x)jpdx+ Z@
 b(s)ju(s)jpds;(2.4) G(u) = Z
(jru(x)jp + ju(x)jp)dx+ Z@
 �(s)ju(s)jpds;(2.5)where a 2 L1(
) and b; � 2 L1(@
) such that a; b; � � 0 a.e. (Werefer to [20] where the the surface integral on @
 and the spaces Lp(@
) arediscussed.)As before we de�ne SG = fu 2 X : G(u) = 1g.It is easy to see that F and G are C1 functionals. LetA = 1pF 0; B = 1pG0;where hAu; vi = Z
 ajujp�2uvdx+ Z@
 bjujp�2uvds;(2.6) hBu; vi = Z
(jrujp�2ru � rv + jujp�2uv)dx(2.7) +Z@
 �jujp�2uvds; u; v 2 X:Then (2.1) becomes Au = �Bu; where G(u) = 1. Thus for any v 2 X,Z
 ajujp�2uvdx+ Z@
 bjujp�2uvds =(2.8) ��Z
(jrujp�2ru � rv + jujp�2uv)dx + Z@
 �jujp�2uvds� :We claim that F;G satisfy hypotheses (H1), (H2), (H3), and (H4) men-tioned in 2.1.It follows straightforwardly from (2.6), (2.7) that (H1) and (H4) hold.Proposition 2.2. Let F be de�ned in (2.4), then F 0 satis�es (H2).Proof. It su�ces to show that A is strongly continuous. Let un * u in X,we need to show that Aun!Au in X�.5



For any v 2 X, by H�older's inequality in the space Lp(@
) and Sobolev'sembedding theorem, it follows thatjhAun �Au; vij � ����Z
 a(junjp�2un � jujp�2u)vdx���� +����Z@
 b(junjp�2un � jujp�2u)vds����� kak1kjunjp�2un � jujp�2uk pp�1 kvkp +kbk1kjunjp�2un � jujp�2ukL pp�1 (@
)kvkLp(@
)� C1kak1kjunjp�2un � jujp�2uk pp�1 kvk +C2kbk1kjunjp�2un � jujp�2ukL pp�1 (@
)kvk;where we have denoted (and we shall continue to do so) by k � k, k � kp thenorms in W 1;p(
), and Lp(
), respectively.We next show junjp�2un!jujp�2u in L pp�1 (
). To see this, let wn =junjp�2un and w = jujp�2u. Since un * u in W 1;p(
), un!u in Lp(
), itfollowswn(x)! w(x); a.e. in 
 and Z
 jwnj pp�1 dx! Z
 jwj pp�1 dx:We conclude from lemma A.1 that wn ! w in Lp=(p�1)(
) .Using the compact embedding W 1;p(
) ,! Lp(@
) and arguing as above,we obtain that junjp�2un!jujp�2u in L pp�1 (@
). Therefore Aun!Au inX�. ˜In order to verify (H3) we need the following lemma which uses a calcu-lation from chapter 6 of [21].Lemma 2.3. Let B be de�ned in (2.7), then for any u; v 2 X one hashBu�Bv; u� vi � (kukp�1 � kvkp�1)(kuk � kvk):Furthermore, hBu�Bv; u� vi = 0 if and only if u = v a.e. in 
.Proof. Straightforward computations give ushBu�Bv; u� vi= Z
[jrujp + jrvjp � jrujp�2ru � rv � jrvjp�2rv � ru]dx+Z
(jujp + jvjp � jujp�2uv � jvjp�2vu)dx+Z@
 �(jujp + jvjp � jujp�2uv � jvjp�2vu)ds:6



Since Z@
 �(jujp + jvjp � jujp�2uv � jvjp�2vu)ds �Z@
 �(jujp + jvjp � jujp�1jvj � jvjp�1juj)ds =Z@
 �(jujp�1 � jvjp�1)(juj � jvj)ds � 0;we have hBu�Bv; u� vi� Z
[jrujp + jrvjp � jrujp�2ru � rv � jrvjp�2rv � ru]dx+Z
(jujp + jvjp � jujp�2uv � jvjp�2vu)dx= kukp + kvkp�Z
(jrujp�2ru � rv + jujp�2uv)dx�Z
(jrvjp�2rv � ru+ jvjp�2vu)dx:Using H�older's inequality, we obtainZ
(jrujp�2ru � rv + jujp�2uv)dx � �Z
 jrujp� p�1p �Z
 jrvjp� 1p+ �Z
 jujp� p�1p �Z
 jvjp� 1p :(2.9)Applying the inequality(a+ b)�(c+ d)1�� � a�c1�� + b�d1��;which holds for any � 2 (0; 1) and for any a > 0; b > 0; c > 0; d > 0, witha = Z
 jrujpdx; b = Z
 jujpdx;c = Z
 jrvjpdx; d = Z
 jvjpdx; � = p� 1p ;we conclude thatZ
(jrujp�2ru � rv + jujp�2uv)dx � kukp�1kvk:Hence, Z
(jrvjp�2rv � ru+ jvjp�2vu)dx � kvkp�1kuk:7



Therefore,hBu�Bv; u� vi � kukp + kvkp � kukp�1kvk � kvkp�1kuk� (kukp�1 � kvkp�1)(kuk � kvk)� 0:Now let u; v be such that hBu�Bv; u� vi = 0. Then we havehBu�Bv; u� vi = (kukp�1 � kvkp�1)(kuk � kvk) = 0:It follows that kuk = kvk and that the equality holds in (2.9). As equalityin H�older's inequality is characterized, we obtain from (2.9) that u = kv a.e.in 
, for some constant k � 0. Therefore, k = 1 and u = v a.e. in 
. ˜Proposition 2.4. Let G be de�ned in (2:5) then G0 satis�es (H3).Proof. As B = G0=p, it su�ces to show this for B. Using Sobolev's embed-ding theorem, H�older's inequality and following the arguments used in theproof of proposition 2.2 one can easily see that B is continuous and bounded.It remains to be shown that B satis�es condition (S0). That means if fungis a sequence in X such thatun * u; Bun * v; and hBun; uni!hv; uifor some v 2 X� and u 2 X, then it follows that un!u in X.By Sobolev's compact embedding theorem we have un!u in Lp(
). SinceX is a re
exive Banach space, by the Lindenstrauss-Asplund-Troyanski the-orem (see [30]) one can �nd an equivalent norm such that X with this normis locally uniformly convex. In such a space weak convergence and normconvergence imply (strong) convergence. Thus to show un!u in X, we onlyneed to show kunk!kuk.To this end, we �rst observe thatlimn!1hBun �Bu; un � ui = limn!1(hBun; uni � hBun; ui � hBu; un � ui) = 0:On the other hand, it follows from lemma 2.3 thathBun �Bu; un � ui � (kunkp�1 � kukp�1)(kunk � kuk):Hence kunk!kuk as n!1. And therefore B satis�es condition (S0). ˜We now can apply theorem 2.1 to conclude the following.Theorem 2.5 (Existence of L-S sequence). Let X be a closed subspace ofW 1;p(
) such that W 1;p0 (
) � X and let F; G be the two functionals de�nedin (2.4), (2.5). Then there exists a nonincreasing sequence of nonnegativeeigenvalues f�ng obtained from the Ljusternik-Schnirelman principle suchthat �n!0 as n!1, where(2.10) �n = supH2An infu2H F (u);and each �n is an eigenvalue of F 0(u) = �G0(u).8



Proof. The existence of such a sequence f�ng follows from theorem 2.1-(5).To verify (2.10) we observe, using (2.4), (2.5), (2.6) and (2.7), that�n = �nG(un) = �nhBun; uni = hAun; uni = F (un) = an:Combining this with (2.2) we obtain (2.10). ˜3. Eigenvalue problems for the p-LaplacianWe shall establish the existence of a sequence of eigenvalues using theprinciple given in the previous section. We �rst notice that by choosingthe function spaces appropriately, the Dirichlet problem D(
), the No-
uxproblem P (
), and the Neumann problem N(
) yield the same formula forweak solutions.3.1. Weak solutions.De�nition 3.1.(i) Let X be either W 1;p0 (
), W 1;p0 (
)� R or W 1;p(
). Then a pair(u; �) 2 X�R is a weak solution of D(
); P (
); N(
), respectively,provided that(3.1) Z
 jrujp�2ru � rvdx = �Z
 jujp�2uvdx; for any v 2 X:(ii) A pair (u; �) 2W 1;p(
)�R is a weak solution of the Robin problemR(
) provided that(3.2) Z
 jrujp�2ru � rvdx+ Z@
 �jujp�2uvds = �Z
 jujp�2uvdx;for any v 2W 1;p(
).(iii) A pair (u; �) 2W 1;p(
)�R is a weak solution of the Steklov problemS(
) provided that(3.3) Z
 jrujp�2ru � rvdx+ Z
 jujp�2uvdx = �Z@
 jujp�2uvds;for any v 2W 1;p(
).In all cases, such a pair (u; �), with u nontrivial, is called an eigenpair, �is an eigenvalue and u is called an eigenfunction.It follows from (3.1), (3.2) and (3.3) that all eigenvalues � are nonnegative(by choosing v = u).It will be shown that if @
 is of class C1;
 ; then eigenfunctions of (3.1),(3.2), (3.3) belong to C1;�(�
). Hence ru exists on @
 and the boundaryconditions of the problems P (
), N(
), R(
), and S(
) make sense. Thefollowing lemma assures that if an eigenfunction u is smooth enough, thenu solves the corresponding partial di�erential equation.9



Lemma 3.2. Let (u; �) be an eigenpair, i.e., a weak solution, of (3.1) (withX = W 1;p0 (
), W 1;p0 (
)� R or W 1;p(
)), or (3.2), or (3.3) such that u isin W 2;p(
), then (u; �) solves D(
), P (
), N(
), R(
), and S(
), respec-tively.Proof. Let us verify this for the No-
ux problem P (
) and the Steklovproblem S(
). The veri�cation for the others proceeds in a similar way.Let X = W 1;p0 (
)� R and (u; �) 2 W 1;p0 (
)� R � R+ be an eigenpairof (3.1) with u 2 W 2;p(
). Since u =constant on @
, to show (u; �) solvesP (
) it remains to show(3.4) Z
(��pu)vdx = �Z
 jujp�2uvdx; 8v 2 C10 (
);and(3.5) Z@
 jrujp�2 @u@nds = 0:We recall the �rst formula of Green (see [28])Z
(�pu)vdx+ Z
 jrujp�2ru � rvdx = Z@
 jrujp�2 @u@nvds;which holds for a C1 boundary @
 and for any u 2W 2;p(
), v 2W 1;p(
).Applying Green's �rst identity to (3.1), we obtainZ
(��pu)vdx + Z@
 jrujp�2 @u@nvds = �Z
 jujp�2uvdx; 8v 2W 1;p0 (
)� R:Thus (3.4) follows immediately, i.e., ��pu = �jujp�2u in 
. Consequently,Z@
 jrujp�2 @u@nvds = 0; 8v 2W 1;p0 (
)� R:We obtain (3.5), since v =constant on @
.Now let (u; �) 2 W 2;p(
) � R+ be an eigenpair of (3.3). Using againGreen's �rst identity, it follows from (3.3) thatZ
(��pu)vdx+ Z@
 jrujp�2 @u@nvds+ Z
 jujp�2uvdx = �Z@
 jujp�2uvds;for any v 2W 1;p(
). Thus, taking any v in C10 (
) we haveZ
(��pu+ jujp�2u)vdx = 0;which implies �pu = jujp�2u in 
. Furthermore, since the range of the tracemapping W 1;p(
) ,! Lp(@
) is dense in Lp(@
), we haveZ@
 jrujp�2 @u@nvds = �Z@
 jujp�2uvds;8v 2 Lp(@
):Therefore, jrujp�2 @u@n = �jujp�2u on @
. ˜10



3.2. Existence results. Let F and G be de�ned in (2.4) and (2.5). Wewill show that by choosing an appropriate subspace X of W 1;p(
) and ap-propriate functions of a; b; � we can apply theorem 2.5 to the Dirichlet, theNo-
ux, the Neumann, the Robin, and the Steklov problems.Theorem 3.3 (Existence of L-S sequences for D(
); P (
); N(
)).Let F and G be de�ned in (2.4) and (2.5) with a � 1; b � 0 and � � 0.Let X be W 1;p0 (
); W 1;p0 (
)�R, or W 1;p(
), then there exists a non-decreasing sequence of nonnegative eigenvalues f�Xn g of (3.1) obtained byusing the Ljusternik-Schnirelman principle such that �Xn = 1�Xn � 1!1as n!1, where each �Xn is an eigenvalue of the corresponding equationF 0(u) = �G0(u) de�ned in (2.10).Proof. With a � 1; b � 0 and � � 0, F and G becomeF (u) = Z
 jujpdx;G(u) = Z
(jrujp + jujp)dx:And thus F 0(u) = �G0(u) is equivalent toZ
 jujp�2uvdx = �Z
(jrujp�2ru � rv + jujp�2uv)dx; 8v 2 X;or Z
 jrujp�2ru � rvdx = � 1� � 1�Z
 jujp�2uvdx; 8v 2 X:Comparing the last equation to (3.1) and applying theorem 2.5 we obtainthe result. ˜As mentioned above, if X = W 1;p0 (
), W 1;p0 (
)� R, or W 1;p(
) we havef�Dn g, f�Pn g, and f�Nn g are the corresponding L-S sequences of eigenvaluesof D(
), P (
), and N(
), respectively.Since SW 1;p0 (
) � SW 1;p0 (
)�R
� SW 1;p(
) where SX = fu 2 X : G(u) = 1g,it follows from (2.10) that �Dn � �Pn � �Nn . Thus �Dn � �Pn � �Nn , for all n:This proves inequality (1.1) mentioned in section 1.Theorem 3.4 (Existence of L-S sequences for R(
)).Let X be W 1;p(
) and F , G be de�ned in (2.4), (2.5) with a(x) � 1,b(x) � 0 and �(x) � � > 0. Then there exists a nondecreasing sequenceof nonnegative eigenvalues f�ng of (3.2) obtained by using the Ljusternik-Schnirelman principle such that �n = 1�n � 1!1 as n!1, where each �nis an eigenvalue of the corresponding equation F 0(u) = �G0(u) de�ned in(2.10). 11



Proof. With a(x) � 1; b(x) � 0 and �(x) � �, F and G becomeF (u) = Z
 jujpdx;G(u) = Z
(jrujp + jujp)dx+ � Z@
 jujpds:Thus F 0(u) = �G0(u) is equivalent toZ
 jujp�2uvdx = ��Z
(jrujp�2ru � rv + jujp�2uv)dx+ � Z@
 jujp�2uvds� ;for any v 2W 1;p(
); orZ
 jrujp�2ru � rvdx+ � Z@
 jujp�2uvds = � 1� � 1�Z
 jujp�2uvdx;for any v 2W 1;p(
).Comparing the last equation to (3.2) and applying theorem 2.5 we obtainthe result. ˜Theorem 3.5 (Existence of L-S sequences for S(
)).Let X be W 1;p(
) and F; G be de�ned in (2.4), (2.5) with a � 0; b � 1 and� � 0. Then there exists a nondecreasing sequence of nonnegative eigenval-ues f�ng of (3.3) obtained using the Ljusternik-Schnirelman principle suchthat �n = 1�n!1 as n!1, where each �n is an eigenvalue of the corre-sponding equation F 0(u) = �G0(u) de�ned in (2.10).Proof. With a � 0; b � 1 and � � 0, F and G becomeF (u) = Z@
 jujpds;G(u) = Z
(jrujp + jujp)dx:And thus F 0(u) = �G0(u) is equivalent toZ@
 jujp�2uvds = �Z
(jrujp�2ru � rv + jujp�2uv)dx; 8v 2W 1;p(
);or Z
(jrujp�2ru � rv + jujp�2uv)dx = 1� Z@
 jujp�2uvds; 8v 2W 1;p(
):Comparing the last equation to (3.3) and applying theorem 2.5 we obtainthe result. ˜3.3. Remarks.� We notice that theorem 2.5 assures the existence of an L-S sequenceof eigenvalues for any closed subspace X of W 1;p(
) and any func-tionals F , G de�ned in (2.4), (2.5). It follows that we can study12



eigenvalue problems with mixed boundary conditions, i.e., any com-bination of the Dirichlet, the No-
ux, the Neumann, the Robin con-ditions. To give an example, let us consider the following Dirichlet-No-
ux-Neumann problem:DPN(
) : 8>>>><>>>>: ��pu = �jujp�2u; in 
;u = 0; on �1;u = constant, on �2;R�2 jrujp�2 @u@nds = 0;@u@n = 0; on �3;where �1, �2, �3 are disjoint open connected subsets of @
 such that�1 [ �2 [ �3 = 
.Let X := fu 2W 1;p(
) : uj�1 = 0; uj�2 = constantg. Then X is aclosed subspace of W 1;p(
). We say a pair (u; �) 2 X �R is a weaksolution of (3.6) if(3.6) Z
 jrujp�2rurvdx = �Z
 jujp�2uvdx; 8v 2 X:Then we apply theorem 2.5 to obtain a nondecreasing sequence ofnonnegative eigenvalues f�DPNk g of (3.6) such that �Nk � �DPNk ��Dk for each k, where �Dk and �Nk are the k-th L-S eigenvalues of theDirichlet problem and the Neumann problem, respectively. Further-more, if an eigenfunction u of (3.6) is inW 2;p(
), then u solves (3.6).To see this, we use Green's �rst identity and follow the argumentsused in the proof of lemma 3.2.� In the next section, we will show that eigenfunctions are in C1;�(�
)provided that @
 is regular enough. However, in order to havethe result stated in lemma 3.2 we require that eigenfunctions arein W 2;p(
). When N = 2, the authors in [19] showed that solutionsto �pu = 0 in 
, p 6= 2, in general, do not have any better regu-larity than C1;�. To our knowledge, higher degrees of regularity ofeigenfunctions are unknown.4. Regularity results on eigenfunctionsIn this section we shall prove boundedness of eigenfunctions and use thisfact to obtain C1;�(
) and C1;�(�
) smoothness of (weak) eigenfunctions ofthe nonlinear eigenvalue problems D(
), P (
), N(
), R(
), and S(
).4.1. Boundedness for eigenfunctions. Let 
 be a bounded domain in
RN with C1 boundary and 1 < p < 1. To obtain the regularity of eigen-functions in 
 and on the boundary @
 we need to show that such eigenfunc-tions are in L1(
). If p > N the answer follows from Sobolev's embeddingtheorem (see theorem A.5).The following theorems extend lemma 3.2 of Dr�abek - Kufner - Nicolosi[13], which asserts that any nonnegative eigenfunction of the Dirichlet prob-lem (1.1) is in L1(
). 13



Theorem 4.1 (Boundedness for solutions of D(
); P (
); N(
)). Let X beW 1;p0 (
), W 1;p0 (
)� R or W 1;p(
) and let (u; �) 2 X � R+ be an eigenso-lution of the weak form (3.1). Then u 2 L1(
).Proof. By Sobolev's embedding theorem it su�ces to consider the case p �N . In this proof, we use the Moser iteration technique (see for example [13]).Let us assume �rst that u � 0. For M > 0 de�ne vM (x) = minfu(x);Mg.Letting f(x) = x, if x � M and f(x) = M , if x > M; it follows fromtheorem B.3 that vM 2 X \ L1(
):For k > 0 de�ne ' = vkp+1M , then r' = (kp + 1)rvkpM . It follows that' 2 X \ L1(
): Using ' as a test function in (3.1), one obtains(kp+1)Z
 jrujp�2ru�rvMvkpMdx = �Z
 jujp�2uvkp+1M dx � �Z
 juj(k+1)pdx;or (kp+ 1)(k + 1)p Z
 jrvk+1M jpdx = �Z
 u(k+1)pdx;and then(kp+ 1)(k + 1)p Z
(jrvk+1M jp + jvk+1M jp)dx � ��+ (kp+ 1)(k + 1)p�Z
 u(k+1)pdx;thus kvk+1M kp � �� (k + 1)p(kp+ 1) + 1� kuk(k+1)p(k+1)p:However, by Sobolev's embedding theorem, there is a constant c1 > 0such that kvk+1M kp� � c1kvk+1M k;here we take p� = NpN�p ; if p < N and p� = 2p, if p = N . ThuskvMk(k+1)p� � kvk+1M k1=(k+1)p�� c 1k+11 �� (k + 1)p(kp+ 1) + 1� 1p(k+1) kuk(k+1)p:Using calculus, we can �nd a constant c2 > 0 such that�� (k + 1)p(kp+ 1) + 1� 1ppk+1 � c2;for any k > 0.Thus kvMk(k+1)p� � c 1k+11 c 1pk+12 kuk(k+1)p:Letting M!1, Fatou's lemma implies(4.1) kuk(k+1)p� � c 1k+11 c 1pk+12 kuk(k+1)p:Choosing k1 such that (k1 + 1)p = p�, then (4.1) becomeskuk(k1+1)p� � c 1k1+11 c 1pk1+12 kukp� :14



Next, we choose k2 such that (k2 + 1)p = (k1 + 1)p�, then taking k2 = kin (4.1), we havekuk(k2+1)p� � c 1k2+11 c 1pk2+12 kuk(k2+1)p = c 1k2+11 c 1pk2+12 kuk(k1+1)p� :By induction we obtainkuk(kn+1)p� � c 1kn+11 c 1pkn+12 kuk(kn�1+1)p� ;where the sequence fkng is chosen such that (kn+1)p = (kn�1+1)p�, k0 = 0.It is easy to see that kn + 1 = �p�p �n. Hencekuk(kn+1)p� � cPni=1 1ki+11 cPni=1 1pki+12 kukp� :As pp� < 1, there is C > 0 such that for any n = 1; 2; :::kuk(kn+1)p� � Ckukp� ;where rn = (kn + 1)p�!1 as n!1.We will indirectly show that u 2 L1(
). Suppose u 62 L1(
), thenthere exists " > 0 and a set A of positive measure in 
 such that ju(x)j >Ckukp� + " = K, for all x 2 A. Thenlim infn!1 kukrn � lim infn!1 �ZAKrn�1=rn = lim infn!1 KjAj1=rn = K > Ckukp� ;which contradicts what has been established above.If u (as an eigenfunction of (3.1) ) changes sign, we consider u+. Bylemma B.2, u+ 2 X. De�ne for each M > 0, vM (x) = minfu+(x);Mg.Taking again ' = vkp+1M as a test function in X, we obtain(kp+ 1)Z
 jrujp�2ru � rvMvkpMdx = �Z
 jujp�2uvkp+1M dx;which implies(kp+ 1)Z
 jru+jp�2ru+ � rvMvkpMdx = �Z
 ju+jp�2u+vkp+1M dx:Proceeding the same way as above we conclude that u+ 2 L1(
). Similarlywe have u� 2 L1(
). Therefore u = u+ + u� is in L1(
). ˜Corollary 4.2 (Global boundedness for R(
) solutions).Let (u; �) be an eigensolution of the weak form (3.2). Then u 2 L1(
).Proof. Let u be an eigenfunction of (3.2). We assume �rst that u � 0.Let vM = minfu;Mg and ' = vkp+1M . Theorem B.3 implies that vM ; ' 215



W 1;p(
) \ L1(
) and vM j@
 = minfuj@
;Mg. Since � > 0, we have(kp+ 1)Z
 jrujp�2ru � rvMvkpMdx �(kp+ 1)Z
 jrujp�2ru � rvMvkpMdx + � Z@
 jujp�2uvkp+1M ds= �Z
 jujp�2uvkp+1M dx:Then we use the argument used in the proof of theorem 4.1 to conclude thatu 2 L1(
).If u changes sign, one can easily show that both u+ and u� are in L1(
).Therefore u 2 L1(
). ˜Theorem 4.3 (Global boundedness for S(
) solutions).Let (u; �) be an eigensolution of the weak form (3.3). Then u 2 L1(
).Proof. Arguing as in theorem 4.1, we can assume that 1 < p � N and u � 0.For M > 0 de�ne vM (x) = minfu(x);Mg. For k > 0 de�ne ' = vkp+1M ,then r' = (kp + 1)rvMvkpM . It follows that ' 2 W 1;p(
) \ L1(
). Using' as a test function we have(kp+1)Z
 jrujp�2ru�rvMvkpMdx+Z
 jujp�2uvkp+1M dx = �Z@
 jujp�2uvkp+1M ds;which implies(kp+ 1)(k + 1)p Z
 jrvk+1M jpdx+ Z
 jujp�2uvkp+1M dx � �Z@
 u(k+1)pds:Letting M!1, using Fatou's lemma we obtain(kp+ 1)(k + 1)p Z
 jruk+1jpdx+ Z
 juj(k+1)pdx � �Z@
 u(k+1)pds:Since (kp+1)(k+1)p < 1 for any k > 0, we conclude that(kp+ 1)(k + 1)p Z
(jruk+1jp + juk+1jp)dx � �Z@
 u(k+1)pdx:By Sobolev's embedding theorem, there exists c1 > 0 such thatkuk+1kLq(@
) � c1kuk+1k;here we take q = (N�1)pN�p , if p < N and q = 2p if p = N . ThuskukL(k+1)q(@
) � c 1k+11 �� (k + 1)p(kp+ 1)� 1p(k+1) kukL(k+1)p(@
):Using the iteration method in the proof of theorem 4.1 we obtain that u 2L1(@
). Hence for any k > 0,Z
 u(k+1)pdx � (kp+ 1)(k + 1)p Z
 jruk+1jpdx+ Z
 u(k+1)pdx � �Z@
 u(k+1)pdx:16



Thus kuk(k+1)p � �� R@
 u(k+1)pdx� 1(k+1)p= (�j@
j) 1(k+1)p kukL1(@
)� CkukL1(@
);where j@
j = �@
(@
) is the boundary measure of @
. Letting k!1 weconclude that u 2 L1(
). ˜4.2. Regularity results on eigenfunctions. Let 
 be a bounded domainin RN , 1 < p <1. Consider the degenerate elliptic equation(4.2) ��pu(x) = f(x; u(x)); in 
;where f : 
� R!R is a Carath�eodory function, i.e.� x 7! f(x; u) is measurable on 
 for all u 2 R,� u 7! f(x; u) is continuous for a.e. x 2 
.A function u 2W 1;ploc (
) is called a weak solution of (4.2) ifZ
 jrujp�2ru � r'dx = Z
 f(x; u)'dx; 8' 2 C10 (
):The following result was established by DiBenedetto [12] and Tolksdorf[29].Theorem 4.4. Let u be a weak solution of (4.2) and let g(x) = f(x; u(x)),a.e. x 2 
. If g belongs to Lq(
) with q > pp�1N , then u is a C1;�(
)function for some � > 0. In particular, the result holds if g 2 L1(
).Combining theorem 4.1, corollary 4.2, theorem 4.3 and theorem 4.4 weobtainTheorem 4.5. If u 2W 1;p(
) is an eigenfunction of (3.1), (3.2) or (3.3),then u is in C1;�(
).Proof. We have shown in theorems 4.1, 4.3 and corollary 4.2 that any eigen-function of (3.1), (3.2) or (3.3) is in L1(
). If we de�ne g(x) = ju(x)jp�2u(x)in 
, then g is also in L1(
). Therefore, it follows from theorem 4.4 thatany eigenfunction of (3.1), (3.2) or (3.3) is in C1;�(
). ˜We shall also need, as an important tool in our development, a Harnacktype inequality due to Trudinger [31] (theorem 1.1, p.724 and corollary 1.1,p.725) given in the following theorem.Theorem 4.6 (Harnack inequality). Let u 2W 1;p(
) be a weak solution of(4.2). Suppose that for all M < 1 and for all (x; s) 2 
 � (�M;M) thecondition jf(x; s)j � b1(x)jsjp�1 + b2(x)holds, where b1; b2 are nonnegative functions in L1(
) depending only onM . 17



Then if 0 � u(x) < M in a cube K(3r) := Kx0(3r) � 
, there exists aconstant C such that maxK(r) u(x) � CminK(r)u(x);where Kx0(r) denotes a cube in RN of edgelength r and center x0 whoseedges are parallel to the coordinate axes.Corollary 4.7. If u 2 W 1;p(
) is a nonnegative eigenfunction of (3.1),(3.2) or (3.3), then u is strictly positive in the whole domain 
.Proof. Let u be a nonnegative eigenfunction, then u is in C1;�(
) \ L1(
)and u 6� 0. Suppose u(x0) = 0 for some x0 2 
. By theorem 4.6 u isidentically zero on any cube in 
 containing x0 and thus by connectednesswe obtain u � 0 in 
, which is a contradiction. Therefore u is strictlypositive in 
. ˜Having proved that any (weak) eigenfunction of eitherD(
), P (
), N(
),R(
) or S(
) is in L1(
), we now can use boundary regularity results forsolutions of degenerate elliptic equations in Lieberman [22] to obtain that uis in C1;�(�
). We state the results as follows:Theorem 4.8. Let 
 be a bounded domain in RN with C1;
 boundary,0 < 
 � 1. Let u be a bounded weak solution of the problem� ��pu(x) = g(x); a.e. in 
;u = �; on @
;(4.3)with kuk1 �M . If g is in L1(
) and � is in C1;
(@
) with kgk1 � K andk�kC1;
 (@
) � L, then there exists a positive constant � = �(
;N; p;M;K)such that u is in C1;�(�
) andkukC1;�(�
) � C(
;N; p;M;K;L;
):Theorem 4.9. Let 
 be a bounded domain in RN with C1;
 boundary,0 < 
 � 1. Let u be a bounded weak solution of the problem� ��pu(x) = g(x); a.e. in 
;jrujp�2 @u@n = �(x; u); on @
;(4.4)with kuk1 � M . If g is in L1(
) with kgk1 � K and � satis�es theconditionj�(x; z) � �(y;w)j � L[jx� yj
 + jz � wj
 ]; j�(x; z)j � L;for all (x; z) and (y,w) in @
� [�M;M ]. Then there exists a positive con-stant � = �(
;N; p;M;K) such that u is in C1;�(�
) andkukC1;�(�
) � C(
;N; p;M;K;L;
):We recall that a weak solution u in W 1;p(
) of (4.3) satis�esZ
 jrujp�2ru � r'dx = Z
 g'dx; 8' 2W 1;p0 (
);u� � 2 W 1;p0 (
);18



while a weak solution u in W 1;p(
) of (4.4) satis�esZ
 jrujp�2ru � r'dx = Z
 g'dx + Z@
 �(x; u)'dx; 8' 2W 1;p(
):We observe that if � � 0 or �(x; z) = jzjp�2z then � satis�es the hypothe-ses of theorems 4.8 and 4.9 for any 0 < 
 � minfp� 1; 1g. Therefore if @
is of class C1;
, then eigenfunctions of (3.1), (3.2) or (3.3) are in C1;�(�
).5. On the spectrum of the p-LaplacianIn this section we will study the spectra of the Dirichlet, No-
ux, Neu-mann, Robin, and Steklov problems. In fact, as mentioned in Section 1, wewill show for all the above problems the following:� The �rst eigenvalue �1 is simple and only eigenfunctions associatedto �1 do not change sign.� The set of eigenvalues is closed.� The �rst eigenvalue �1 is isolated.� The eigenvalue �2 is the second eigenvalue, i.e.,�2 = inff� : � is an eigenvalue and � > �1g:Here �1 and �2 are the �rst two eigenvalues of the L-S sequence established(using the Ljusternik-Schnirelman principle) in section 3 (theorems 3.3, 3.4,and 3.5).In what follows we assume that 
 is a bounded domain in RN with C1;
boundary, 
 > 0; and 1 < p <1.5.1. Simplicity of the �rst eigenvalue. We will show that the �rst ele-ment �1 of the L-S sequence of eigenvalues is simple and only eigenfunctionsassociated to �1 do not change sign. We recall from the regularity resultsof Section 4 that eigenfunctions are in C1;�(
) if @
 is of class C1 (theorem4.5) and are in C1;�(�
) if @
 is of class C1;
 (theorems 4.8 and 4.9).Let us recall the abstract problem which we have discussed in Section2. We have established in theorem 2.5 that there exists a nonincreasingsequence of nonnegative values f�ng tending to 0 as n!1 such that �n =supH2An infu2H F (u) and f�ng are eigenvalues of F 0(u) = �G0(u), where Fand G are de�ned in (2.4), (2.5) and An is de�ned in (2.2).5.1.1. The Dirichlet, No-
ux, Neumann problems. We �rst notice that �D1 >�P1 = �N1 = 0 which agrees with inequality (1.1), a consequence of theorem3.3. Here f�Dn g, f�Pn g, and f�Nn g denote the corresponding L-S sequences ofeigenvalues of D(
), P (
), and N(
), respectively. For simplicity we willwrite �1 instead of �D1 ; �P1 or �N1 when there is no ambiguity. It is easy tosee from the characterization of �1 in (2.10) that�1 + 1 = 1�1 = inffZ
(jrujp + jujp)dx : u 2 X and Z
 jujpdx = 1g:19



Thus(5.1) �1 = infu2Xnf0g R
 jrujpdxR
 jujpdx ;where X is W 1;p0 (
); W 1;p0 (
)� R or W 1;p(
). It follows immediately that�1 is the smallest eigenvalue.Theorem 5.1. Given X = W 1;p0 (
); W 1;p0 (
)� R or W 1;p(
). Then the�rst eigenvalue �1 is simple. Moreover, all �rst eigenfunctions do not changesign.Proof. If X = W 1;p0 (
), the result is due to Anane [2] and Lindqvist [23]and their technique of proof will be used again in the proof of theorem 5.4to show the simplicity of the �rst eigenvalue of the Robin problem.In case X =W 1;p0 (
)�R or W 1;p(
) (No-
ux or Neumann problem), bychoosing v � 1 in (3.1) we have �1 = 0 which is the smallest eigenvalue.And all �rst eigenfunctions (eigenfunctions associated with �1 = 0) have zerogradients and thus are nonzero constant functions. Thus the eigenspace issimple.
˜Next, let us show that any eigenfunction associated to an eigenvalue � >�1 has to change sign.Proposition 5.2. Let (u; �) be an eigenpair of (3.1) with � > �1. Then uhas to change sign in 
.Proof. Again when X = W 1;p0 (
) the result is proved in Anane [2] andLindqvist [23]. Now let X = W 1;p0 (
) � R or X = W 1;p(
), as (u; �)satis�es (3.1) for any v 2 X, by choosing v � 1 one obtains:Z
 jujp�2u = 0:Therefore, u has to change sign. ˜5.1.2. The Robin problem. It follows from (2.10) and theorem 3.4 that the�rst eigenvalue �1 can be characterized as�1 = infu2W 1;p(
)fZ
 jrujpdx+ � Z@
 jujpds : Z
 jujpdx = 1g:Lemma 5.3. Let u be an eigenfunction associated with �1, then either u > 0or u < 0 in 
.Proof. We notice that if u is a �rst eigenfunction, so is juj. By the Harnackinequality (theorem 4.6), either juj > 0 in the whole domain or juj � 0. Tosee this, let assume juj(x0) = 0 for some x0 2 
. Then theorem 4.6 impliesthat juj is identically zero in a ball centered at x0. Covering 
 by such ballswe conclude that u � 0 in 
, which is a contradiction. Thus, juj must bepositive in 
. By the continuity of u, either u or �u is positive in the wholedomain. ˜20



Theorem 5.4. The principal eigenvalue �1 is simple, i.e., if u and v aretwo eigenfunctions associated with �1, then there exists c such that u = cv.Proof. By lemma 5.3 we can assume u and v are positive in 
. In this proofwe use the technique that Lindqvist [23] used to prove the simplicity of the�rst eigenvalue of the Dirichlet problem. Let� = (u+ ")p � (v + ")p(u+ ")p�1 and � = (v + ")p � (u+ ")p(v + ")p�1 ;where " is a positive parameter. Thenr� = �1 + (p� 1)�v + "u+ "�p�ru� p�v + "u+ "�p�1rv:Since u and v are bounded (corollary 4.2), r� is in Lp(
) and thus � isin W 1;p(
). By symmetry, the gradient of the test-function � in the corre-sponding equation for v has a similar expression with u and v interchanged.Set u" = u + " and v" = v + ": Inserting these test functions into theirrespective equations obtained from (3.2) and adding these equations, weobtain�1 Z
 �up�1up�1" � vp�1vp�1" � (up" � vp")dx= Z
 ��1 + (p� 1)� v"u"�p� jru"jp +�1 + (p� 1)�u"v"�p� jrv"jp� dx�Z
 "p� v"u"�p�1 jru"jp�2ru" � rv" + p�u"v"�p�1 jrv"jp�2rv" � ru"#+� Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds= Z
(up" � vp")(jr lnu"jp � jr ln v"jp)dx�pZ
 vp" jr lnu"jp�2r lnu" � (r ln v" �r lnu")dx�pZ
 up"jr ln v"jp�2r ln v" � (r lnu" �r ln v")dx+� Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds= L" + � Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")dx:21



Taking x = r lnu"; y = r ln v" and vice versa, it follows from inequality(A.3) in lemma A.2 thatL" = Z
(up" � vp")(jr lnu"jp � jr ln v"jp)dx�pZ
 vp" jr lnu"jp�2r lnu" � (r ln v" �r lnu")dx�pZ
 up"jr ln v"jp�2r ln v" � (r lnu" �r lnv")dx� 0:By the Dominated Convergence Theorem, which also holds in Lp(@
); itis apparent that(5.2) lim"!0+ �1 Z
 �up�1up�1" � vp�1vp�1" � (up" � vp")dx = 0:and(5.3) lim"!0+ � Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds = 0:(We have from theorem 4.8 that u and v are in C1;�(�
).)Let us consider the case p � 2. According to inequality (A.1) in lemmaA.2 we have0 � C(p)Z
� 1vp" + 1up"� jv"rue � u"rv"jpdx� L"� �1 Z
 �up�1up�1" � vp�1vp�1" � (up" � vp")dx� � Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds;for every " > 0. Recalling (5.2), (5.3), letting "!0+, and using Fatou'slemma we obtain lim"!0+ v"rue � u"rv" = 0 a.e. in 
;and thus vru = urv a.e. in 
:We obtain immediately that r �uv � = 0, i.e., there is a constant k such thatu = kv a.e. in 
. By continuity, u = kv at every point in 
. This provesthe result for the case p � 2.The case 1 < p < 2 is very similar. Applying inequality (A.2) in lemmaA.2 we obtain0 � C(p)Z
(u"v")p(up" + vp") jv"rue � u"rv"j2jv"rue + u"rv"j2�pdx� L"� �1 Z
 �up�1up�1" � vp�1vp�1" � (up" � vp")dx� � Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds;22



for every " > 0. Using (5.2) and (5.3), we obtain that u = kv for someconstant k. ˜Proposition 5.5. Let v be an eigenfunction associated to � 6= �1. Then vchanges sign in 
.Proof. Suppose that v does not change sign in 
, then by theorem 4.6 wecan assume that v > 0 in 
. Let u be an eigenfunction associated to �1.Making similar computations as in the proof of theorem 5.4 we concludethat Z
 ��1up�1up�1" � �vp�1vp�1" � (up" � vp")dx� � Z@
 �up�1up�1" � vp�1vp�1" � (up" � vp")ds:= L" � 0:Letting "!0+ we obtain(�1 � �)Z
(up � vp)dx � 0:Hence if we take ku instead of u we obtain for any k > 0 that(�1 � �)Z
(kpup � vp)dx � 0;which yields a contradiction if we choose kp > R
 vpdx= R
 updx. Therefore,v changes sign in 
. ˜5.1.3. The Steklov problem. Arguing as for the Dirichlet and Robin prob-lems, one sees that the �rst eigenvalue �1 of S(
) can be characterized as�1 = infu2W 1;p(
)�Z
(jrujp + jujp)dx : Z@
 jujpds = 1� :Lemma 5.6. If u1 is an eigenfunction associated with �1, then either u1 > 0or u1 < 0 in �
.Proof. We have that ju1j is also a minimizer. It follows from the Harnackinequality (theorem 4.6) and theorem 4.9 that ju1j > 0 on 
 and ju1j isin C1;�(�
). Thus if there is x0 2 @
 such that u1(x0) = 0, by the Hopflemma (see [33], theorem 5) we obtain @ju1j@n (x0) < 0. But the boundary con-dition jrujp�2 @u@n = �jujp�2u imposes that @ju1j@n (x0) = 0. This contradictionimplies that ju1j > 0 in �
, which proves the lemma. ˜Theorem 5.7. The principal eigenvalue �1 is simple, i.e., if u and v aretwo eigenfunctions associated with �1, then there exists a constant c suchthat u = cv.Proof. The proof of this theorem is due to Mart��nez and Rossi [24] in whichthey use the technique developed in [2, 23] (see theorem 5.4). However, inorder to carry the arguments made in [24], it requires that u, and v arebounded eigenfunctions. For the sake of completion we include the proofhere. 23



By lemma 5.6 we can assume u and v are positive in �
. We take �1 =(up � vp)=up�1 and �2 = (vp � up)=vp�1 as test functions to obtainZ
 jrujp�2ru � r�up � vpup�1 � dx = �1 Z@
 jujp�2u�up � vpup�1 � ds� Z
 jujp�2u�up � vpup�1 � dx:and Z
 jrvjp�2rv � r�vp � upvp�1 � dx = �1 Z@
 jvjp�2v�vp � upvp�1 � ds� Z
 jvjp�2v�vp � upvp�1 � dx:Adding both equations we get(5.4)0 = Z
 jrujp�2ru � r�up � vpup�1 � dx+ Z
 jrvjp�2rv � r�vp � upvp�1 � dx:Using the fact thatr�up � vpup�1 � = ru� pvp�1up�1rv + (p� 1)vpupru;the �rst term of (5.4) becomesZ
 jrujpdx� pZ
 vp�1up�1 jrujp�2rv � rudx+ (p� 1)Z
 vpup jrujpdx =Z
 jr lnujpupdx� pZ
 vpjr lnujp�2r lnu � r ln vdx+ (p� 1)Z
 jr lnujpvpdx:We have an analogous expression for the second term of equation (5.4)and thus (5.4) becomes0 = Z
(up � vp)(jr lnujp � jr ln vjp)dx� pZ
 vpjr lnujp�2r lnu � (r ln v �r lnu)dx� pZ
 upjr ln vjp�2r ln v � (r lnu�r lnv)dx:For p � 2, letting fx; yg be fr lnu;r ln vg and applying inequality (A.1)in lemma A.2 we obtain0 � Z
C(p)jr lnu�r ln vjp(up + vp)dx:Hence, 0 = jr lnu�r lnvj:This implies u = kv. For p < 2 we use inequality (A.2) in lemma A.2 toobtain the same result. 24



˜Proposition 5.8. Let u be an eigenfunction associated to � 6= �1 then uchanges sign on @
, i.e., the sets fx 2 @
 : u(x) > 0g and fx 2 @
 : u(x) <0g have positive boundary measure.Proof. Suppose that u does not change sign in 
, then we can assume thatu > 0 in 
 due to the Harnack inequality (theorem 4.6). Let u1 be aneigenfunction associated to �1. Making similar computations as in [24] weconclude that(�1 � �)Z@
(up1 � up)ds � C Z
 jr lnu�r lnu1jp(up1 + up)dx:Hence if we take ku instead of u we obtain for any k > 0 thatZ@
(up1 � kpup)ds � 0;which yields a contradiction if we choose kp < R@
 up1ds= R@
 upds. Thereforeu changes sign in 
.Suppose that u does not change sign on @
. We then can assume u � 0on @
. Using u+ as a test function in (3.3) we concludeZ
 jrujp�2ruru+dx+ Z
 jujp�2uu+dx = 0:Since u changes sign in 
, the left hand side is strictly positive. This con-tradiction implies that u changes sign on @
.
˜5.2. Closedness of the set of eigenvalues. We will show that the spectraof the Dirichlet, the No-
ux, the Neumann, the Robin, and the Steklovproblems are closed. Precisely, we will prove that the sets of all numbers �that satisfy (3.1), (3.2) or (3.3), respectively, are closed.We �rst show the closedness of the sets of eigenvalues of the Dirichlet,the No-
ux, the Neumann, and the Robin problems.Theorem 5.9. The sets of eigenvalues of D(
), P (
), N(
), and R(
)(equations (3.1) and (3.2)) are closed.Proof. Let X be eitherW 1;p0 (
), W 1;p0 (
)� R orW 1;p(
). Let f(un; 
n)g bea sequence of eigenpairs of (3.1) or (3.2) such that 
n ! 
 for some 
 � 0.Without loss of generality we can assume kunk = 1 and thus fung has aweakly convergent subsequence, i.e., we may assume that un * u in X. Bylemma 2.3,hB(un)�B(u); un � ui � (kunkp�1 � kukp�1)(kunk � kuk):However, as the (un; 
n)'s are eigenpairs, the left hand side equalshB(un)�B(u); un � ui = (
n + 1)hAun; un � ui+ hBu; un � uiwhich tends to 0, as n!1. 25



Since hB(un)�B(u); un � ui!0 we conclude that kunk ! kuk as n!1.It follows that un ! u in X, sinceW 1;p(
) is locally uniformly convex (withrespect to an equivalent norm, see the proof of proposition 2.4 or [30]).To show that 
 is an eigenvalue of (3.1) or (3.2) and u is an associatedeigenfunction we need to show for any v 2 X as n!1,Z
 jrunjp�2run � rvdx ! Z
 jrujp�2ru � rvdx;(5.5) Z
 junjp�2unvdx ! Z
 jujp�2uvdx;(5.6) Z@
 junjp�2unvdx ! Z@
 jujp�2uvdx:(5.7)Let wn = jrunjp�2run and w = jrujp�2ru. Then as un!u in W 1;p(
)wn(x)! w(x); a.e. in 
 and Z
 jwnj pp�1 dx! Z
 jwj pp�1 dx:It follows from lemma A.1 that wn ! w in Lp=(p�1)(
). Thus, by H�older'sinequality we obtain (5.5). Similarly, we have (5.6) and (5.7). ˜We now show the closedness of the spectrum of the Steklov problem.Theorem 5.10. The set of eigenvalues of (3.3) is closed.Proof. Let f(un; 
n)g be a sequence of eigenvalues of (3.3) such that 
n ! 
for some 
 � 0. Without loss of generality we can assume kunk = 1 andthus fung has a weakly convergent subsequence, i.e., we may assume thatun * u in W 1;p(
).We recall that each (un; 
n) satis�esZ
 jrunjp�2run � rvdx+ Z
 junjp�2unvdx = 
n Z@
 junjp�2unvds;or hB(un); vi = 
n Z@
 junjp�2unvds;for all v 2W 1;p(
). By lemma 2.3, we havehB(un)�B(u); un � ui � (kunkp�1 � kukp�1)(kunk � kuk):However, the left hand side equalshB(un)�B(u); un � ui = 
n Z@
 junjp�2un(un � u)dx+ hBu; un � ui;which tends to 0 as n!1.The rest of the proof follows from the argument that we used in the proofof theorem 5.9. Therefore, (u; 
) is an eigenpair of (3.3). ˜5.3. Isolation of the �rst eigenvalue.26



5.3.1. The Dirichlet, No-
ux, Neumann, and Robin problems. Let us recall(see appendix C) that if u is a continuous function on 
 then the set Z(u) =fx 2 
 : u(x) = 0g is called the zero set of u and any component ! of
 n Z(u) is called a nodal domain of u.Given �, an eigenvalue of either (3.1) or (3.2), and u an associated eigen-function to �, we de�ne:N(u) = the number of components of 
 n Z(u);N(�) = supfN(u) : u is an associated eigenfunction to �g:We will show that N(�) is �nite.Theorem 5.11. Let (u; �) be an eigenpair of (3.1) or (3.2) and let ! be anodal domain of u. Then there exist two constants c and r independent of!; u and � such that the Lebesgue measurej!j � [(�+ 1)cp)]r =: C > 0:Therefore N(�) � j
j=C. (In the case X =W 1;p0 (
)� R we assume furtherthat @
 is connected so that theorem C.3 holds.)Proof. Let X be either W 1;p0 (
), W 1;p0 (
)� R or W 1;p(
). We will provethe theorem for (u; �) satisfying(5.8) Z
 jrujp�2ru � rvdx+ Z@
 �jujp�2uvds = �Z
 jujp�2uvdx; 8v 2 X;with a given � � 0. Thus, if we take � = 0 we obtain the result for theDirichlet, the No-
ux, and the Neumann problems and if we take � > 0,X =W 1;p(
) we obtain the result for the Robin problem.We �rst notice that the regularity results from section 4 assure that u isin C(�
). Let �u = u�! be the restriction of u on !. Then by theorem C.3we have �u 2 X. Furthermore, r�u = ru�!. Taking the test function v in(5.8) to be �u and using lemmas C.3 and C.4, we obtainZ
 jr�ujpdx+ � Z@
 j�ujpds = �Z
 j�ujpdx = �Z! jujpdx:Adding R
 j�ujpdx to both sides and using H�older's inequality, we concludeZ
(jr�ujp + j�ujp)dx+ � Z@
 j�ujpdx = (�+ 1)Z! jujpdx:Thus Z
(jr�ujp + j�ujp)dx � (�+ 1)j!j1� pp� (Z! jujp�dx) pp�= (�+ 1)j!j1� pp� (Z
 j�ujp�dx) pp� :Here we choose p� = NpN�p , if p < N and p� = 2p, if p � N .27



By Sobolev's embedding theorem one hask�ukLp�(
) � ck�uk = c�Z
(jr�ujp + j�ujp)dx� 1p ;which implies k�ukpLp� (
) � cp(�+ 1)j!j1� pp� k�ukpLp� (
):Since �u 6= 0, we conclude that j!j � ((� + 1)cp)r, where r = �N=p, ifp < N and r = �2, if p � N . ˜Corollary 5.12. Let (u; �) be an eigenpair of (3.1) or (3.2) and let 
+ =fx 2 
 : u(x) > 0g such that j
+j > 0. Then there exist two constants cand r independent of u and � such thatj
+j � [(�+ 1)cp)]r = � > 0:The result also holds for 
� = fx 2 
 : u(x) < 0g; if j
�j > 0. In fact,the corollary is still valid if @
 is only of class C1 (so that the embeddingtheorem A.5 can be applied) instead of class C1;
.Proof. By lemma B.2 we have u+ is in X (the lemma does not require anyregularity on the boundary @
). Replacing �u in the proof of theorem 5.11by u+ and using the same argument, we obtain the corollary. ˜We are in the position to prove the isolation of the �rst eigenvalue �1.Theorem 5.13. The �rst eigenvalue �1 of (3.1) or (3.2) is isolated.Proof. Let X be W 1;p0 (
); W 1;p0 (
)� R or W 1;p(
). Suppose �1 is notisolated. Then by theorem 5.9 there exists a sequence of eigenpairs f(un; 
n)gsuch that as n!1, un!u in X and 
n!�1, where u is an eigenfunctioncorresponding to �1.We can assume that kunk = kuk = 1 for any n and that u > 0 in 
.De�ne for each n
�n = fx 2 
 : un(x) < 0g and 
+n = fx 2 
 : un(x) > 0g:By corollary 5.12, there exists a > 0 such that j
�n j � a > 0 for any n, i.e.,the measure j
�n j is uniformly bounded from below. Since u is continuousand positive on 
, there exists " > 0 such that j
"j > j
j � a=4, where
" = fx 2 
 : u(x) > "g. By Egoro�'s theorem there is a measurablesubset E of 
" such that jEj > j
"j � a=4 and un converges uniformlyto u on E. Thus there exists n" such that jun(x) � u(x)j < "=2, for anyx 2 E and any n � n". In particular E � 
+n" . Thus j
�n" j < j
j � jEj <j
j� j
"j+a=4 < j
j� j
j+a=2 = a=2. We have arrived at a contradiction.Therefore �1 is isolated. ˜28



5.3.2. The Steklov problem. Given �, an eigenvalue of (3.3) and u an eigen-function associated to �, theorem 4.9 implies that the eigenfunction u is inC1;�(�
). Thus we may de�ne:Z(u) = fx 2 �
 : u(x) = 0g;N(u) = the number of components of �
 n Z(u);N(�) = supfN(u) : u is an associated eigenfunction to �g:We will show again that N(�) is �nite.Theorem 5.14. Let (u; �) be a (weak) eigenpair of S(
) and let ! be acomponent of �
 n Z(u). Then there exists a constant C independent of !; uand � such that j@
 \ !j � C���;where � = (N � 1)=(p � 1), if 1 < p < N and � = 2, if p � N . Here jAjdenotes the boundary measure of a measurable subset A of @
. Consequently,N(�) � j@
j��=C.Proof. Let �u = u�!, then by theorem C.3 we have �u 2 W 1;p(
). Taking �uas a test function in (3.3) we obtain thatZ
 jrujp�2ru � r�u+ jujp�2u�udx = �Z@
 jujp�2u�uds:Hence, using H�older's inequality in Lp(@
) and lemma C.4 we havek�ukpW 1;p(
) � ��Z@
 j�ujp�ds�1=� j@
 \ @!j1=� :If 1 < p < N , we choose � = (N � 1)=(N � p) and � = (N � 1)=(p � 1).Then we use Sobolev's embedding theorem (theorem A.5-(iii)) to concludethat there exists a constant C such thatk�ukpL�p(@
) � Ck�ukpW 1;p(
):If p � N we choose � = � = 2 and we argue as before using the embeddingW 1;p(
) ,! L�p(@
). ˜Corollary 5.15. Let u be an eigenfunction associated to � 6= �1, then thereexists a constant C such thatj@
+j � C��� and j@
�j � C���;where @
+ = @
 \ fu > 0g; @
� = @
 \ fu < 0g.We can now establish the isolation of �1.Theorem 5.16. The principal eigenvalue �1 of S(
) is isolated. That is,there exists a > �1 such that �1 is the unique eigenvalue in [0; a].29



Proof. Suppose �1 is not isolated. Then by theorem 5.10, there exists asequence of eigenpairs f(un; 
n)g such that as n!1, un!u in W 1;p(
) and
n!�1, where u is an eigenfunction associated to �1.We can assume kunk = kuk = 1 for any n and u > 0 in �
. De�ne foreach n@
�n = fx 2 @
 : un(x) < 0g and @
+n = fx 2 @
 : un(x) > 0g:Then, by corollary 5.15, there is a > 0 such that j@
�n j � a > 0 for any n,i.e., the measure j@
�n j is uniformly bounded from below.Since u is continuous and positive on @
 there exists " > 0 such thatj@
"j > j@
j � a=4, where @
" = fx 2 @
 : u(x) > "g. By Egoro�'stheorem, there is a subset E of @
" such that jEj > j@
"j � a=4 and unconverges uniformly to u on E. Thus there exists n" such that jun(x) �u(x)j < "=2 for any x 2 E and any n � ne. In particular E � @
+n" . Thusj@
�n" j < j@
j � jEj < j@
j � j@
"j + a=4 < j@
j � j@
j + a=2 = a=2. Wehave arrived at a contradiction. Therefore �1 is isolated.
˜5.4. On the second eigenvalue. In this subsection we will show that theeigenvalue �2 of the L-S sequence of eigenvalues whose existence was estab-lished in theorems 3.3, 3.4, and 3.5 is actually the smallest eigenvalue ofthe spectrum that is greater than the principal eigenvalue �1. This workis motivated by the result in [3] in which Anane and Tsouli consider theDirichlet problem.We begin by proving an interesting property on the number of nodaldomains of a given eigenvalue of the Dirichlet, the Neumann or the Robinproblems.Proposition 5.17. For any eigenvalue � of (3.1) or (3.2), we have�N(�) � �:Here N(�) is the maximal number of nodal domains associated with � (seetheorem 5.11) and �N(�) is the N(�)-th eigenvalue taken from the L-S se-quence of theorem 3.3 or theorem 3.4.Proof. Let r = N(�), then there is an eigenfunction u 6= 0 associated to �such that N(u) = r. Let !1; !2; :::; !r be the r-components of 
 nZ(u). Fori = 1; 2; :::; r we de�nevi(x) = 8<: u(x)[R!i jujpdx]1=p ; if x 2 !i;0; if x 2 �
 n !i:By theorem C.3 we have that vi 2 X (=W 1;p0 (
); W 1;p0 (
)� R, orW 1;p(
)), for i = 1; 2; :::; r. Let Xr denote the subspace of X spannedby fv1; v2; :::; vrg. Since the vi's are linearly independent, we have that30



dimXr = r.For each v 2 Xr; v =Pri=1 �ivi, we have:F (v) = Z
 jvjpdx = rXi=1 j�ijpF (vi) = rXi=1 j�ijp:Thus the map v 7! F (v)1=p de�nes a norm on Xr. Hence the compact setSr de�ned by Sr = �v 2 Xr : F (v) = 1�+ 1� ;which can be identi�ed with the unit sphere of Rr, has genus r.By choosing v = vi as a test function, we obtainZ
 jrujp�2ru � rvidx+ � Z@
 jujp�2uvids = �Z
 jujp�2uvidx;which (by lemma C.4) becomesZ!i jrvijpdx+ � Z@
\@!i jvijpds = �Z!i jvijpdx;or G(vi) = (�+ 1)F (vi); for i = 1; 2; :::; r:Thus, for v 2 Sr, we haveG(v) = (�+ 1) rXi=1 j�ijpF (vi) = (�+ 1) rXi=1 j�ijp = (�+ 1)F (v) = 1:This implies Sr � SG. Hence,11 + �r = �r = supH2Ar infv2H F (v) � infv2Sr F (v) = 11 + �:Therefore �r � �. ˜We have an analogous result for the Steklov problem.Proposition 5.18. For any eigenvalue � of (3.3), we have�N(�) � �:Here N(�) is the maximal number of nodal domains associated with � (seetheorem 5.14) and �N(�) is the N(�)-th eigenvalue taken from the L-S se-quence of theorem 3.5.Proof. Let r = N(�) then there is an eigenfunction u 6= 0 associated to �such that N(u) = r. Let !1; !2; :::; !r be the r-components of �
 nZ(u). Fori = 1; 2; :::; r we de�nevi(x) = 8<: u(x)[R@
\!i jujpdx]1=p ; if x 2 !i;0; if x 2 �
 n !i:31



Then, by theorem C.3, we have vi 2W 1;p(
), for i = 1; 2; :::; r.Let Xr denote the subspace of W 1;p(
) spanned by fv1; v2; :::; vrg. Foreach v 2 Xr, v =Pri=1 �ivi, we haveF (v) = Z@
 jujpdx = rXi=1 j�ijpF (vi) = rXi=1 j�ijp:Thus the map v 7! F (v)1=p is a norm on Xr. Hence the compact set Srde�ned by Sr = �v 2 Xr : F (v) = 1�� ;which can be identi�ed with the unit sphere of Rr, it has genus r.By choosing v = vi as a test function, we obtain:Z
 jrujp�2ru � rvidx+ Z
 jujp�2uvidx = �Z@
 jujp�2uvids;which becomes Z
\!i(jrvijp + jvijp)dx = �Z@
\!i jvijpds;or G(vi) = �F (vi); for i = 1; 2; :::; r:Thus, for v 2 Sr, we have:G(v) = � rXi=1 j�ijpF (vi) = � rXi=1 j�ijp = �F (v) = 1:This implies Sr � SG. Hence1�r = supH2Ar infv2H F (v) � infv2Sr F (v) = 1�:Therefore �r � �. ˜Theorem 5.19. For any of the problems,�2 = inff� : � is an eigenvalue and � > �1g:Proof. Let 
 = inff� : � is an eigenvalue and � > �1g. It su�ces to show�2 � 
.Since the set of eigenvalues is closed and �1 is isolated, 
 is an eigenvaluedi�erent from �1. If v is an eigenfunction associated to 
 then v changessign. Thus �2 � �N(
). On the other hand, propositions 5.17 and 5.18 implythat �N(
) � 
.Therefore, �2 = 
:
˜32



5.5. Remarks. We have the following remarks:� For the Dirichlet problem, as mentioned by Lindqvist in [23] andAnane, Tsouli in [3], we do not need any regularity of @
. There arethree reasons. Firstly, Sobolev's embedding theorem A.5 holds forW 1;p0 (
) without assuming that @
 is of class C1. Secondly, theorem5.13 (isolation of �1) uses corollary 5.12 which in turn uses theoremB.2; the latter theorem is valid for any arbitrary bounded domain
 in RN . Thirdly, theorem 5.19 uses theorem 4.8 which holds inW 1;p0 (
) for any arbitrary bounded domain 
.� For the Neumann problem, the existence of the L-S sequence wasestablished by Friedlander in [15] and in this case we only need C1boundary regularity for @
 so that the compact embeddingW 1;p(
) ,! Lp(
)(theorem A.5) holds.� For the No-
ux problem, similar to the Neumann problem, we onlyneed that @
 is of class C1 which is used in Sobolev's embeddingtheorem A.5, to establish the existence of the L-S sequence of eigen-values, simplicity and isolation of the �rst eigenvalue and closednessof the spectrum. However, to establish the characterization of thesecond eigenvalue �2 in theorem 5.19, we need Lieberman's bound-ary regularity of eigenfunctions (theorem 4.9) and connectedness of@
 so that we can apply theorem C.3. Thus we require that @
 isof class C1;
 and connected.� The Robin problem which includes the Neumann problem (when� = 0) requires @
 be of class C1 to obtain the L-S sequence ofeigenvalues. Moreover, in the case � > 0, it requires @
 be of classC1;
 in order to have the simplicity and isolation of the principaleigenvalue together with the characterization of the second eigen-value.� For the Steklov problem, Bonder and Rossi established the existenceof the L-S sequence of eigenvalues in [5] and Mart��nez, and Rossishowed the isolation and simplicity for the �rst eigenvalue in [24].Since the eigenvalue appears as a multiplier in the boundary term,we need boundary regularity for eigenfunctions and thus we require@
 be of class C1;
 for some 
 > 0.� There are still some interesting open problems that we have not an-swered:1. Are there any eigenvalues di�erent from L-S eigenvalues?2. Are these spectra discrete?3. Are all of the eigenvalues bifurcation points for equations involv-ing higher order perturbations?4. What type of Fredholm alternative may be derived for such eigen-values? And what type of resonance results? We note that for theDirichlet problem much is known about the above questions in the33



linear case p = 2 (see [8, 9, 36]) and in the one-dimensional caseN = 1 (see Ne�cas [25]). Also if p � 2, it is shown in [27] that anyL-S eigenvalue of the Dirichlet problem is a bifurcation point.Appendix A. Some useful resultsThe lemma below concerns Young functions which play an importantrole in Orlicz-Sobolev space theory. In this paper, the result is used inproposition 2.2, proposition 2.4, and theorem 5.9.Lemma A.1. Let 
 be a domain in RN and let � : R+!R+ be a Youngfunction which satis�es a �2-condition, i.e., there is c > 0 such that �(2t) �c�(t) for all t � 0. If fung is a sequence of integrable functions in 
 suchthatu(x) = limn!1un(x); a.e. x 2 
 and Z
�(juj)dx = limn!1Z
�(junj)dx;then limn!1�(jun � uj)dx = 0:Proof. See Rao and Ren [26] (theorem 12, page 83) for the proof. ˜The following inequalities are due to Lindqvist and are used to show thesimplicity of the �rst eigenvalue in theorem 5.4 and theorem 5.7.Lemma A.2.a) Let p � 2 then for all x; y 2 RN(A.1) jyjp � jxjp + pjxjp�2x � (y � x) + C(p)jx� yjp:b) Let 1 < p < 2, then for all x; y 2 RN ,(A.2) jyjp � jxjp + pjxjp�2x � (y � x) + C(p) jx� yj2(jxj+ jyj)2�p :c) For any x 6= y; p > 1,(A.3) jyjp > jxjp + pjxjp�2x � (y � x):In the above C(p) is a constant depending only on p.Proof. We refer to Linqvist [23] for the proof of this lemma. ˜Let u be a nonnegative function in W 1;p(
), where 
 is an open set in
RN . Then u can be approximated by a sequence of nonnegative functionsin C(�
) \W 1;p(
).Lemma A.3. Let u be in W 1;p(
), u � 0. Let fung be a sequence such thatun!u in W 1;p(
). Then the sequence fu+n g also converges to u in W 1;p(
).34



Proof. For each n, let vn := u+n and 
n := fx 2 
 : un(x) < 0g. Thenvn := un�
cn , where Ac denotes the complement of A in 
.As jvn�uj � jun�uj, vn!u in Lp(
). It remains to show that as n!1,Z
 jrvn �rujpdx!0;which is equivalent to showingZ
n jrujpdx!0:By lemma B.2, ru = 0 on the set S := fx 2 
 : u(x) = 0g, hence it su�cesto show j
n \ 
+j!0 as n!1, where 
+ = fx 2 
 : u(x) > 0g.To this end, we recall that un converges to u in measure, i.e., given " > 0,there exists n" such that for any n > n" we have jfx 2 
 : jun(x)� u(x)j >"gj < ". It follows that j
n \ fx 2 
 : u(x) � "gj < " for n > n". Hencelim supn!1 j
n \ 
+j � "+ lim supn!1 j
n \ fx 2 
 : 0 < u(x) < "gj = O("):Letting "!0 we conclude that lim supn!1 j
n \ 
+j = 0. ˜If a sequence fung in C1(�
) converges to some u in W 1;p(
), u � 0, thenthe sequence fu+n g is in C(�
)\W 1;p(
) and converges to u. In fact, we canconstruct such a sequence in C10 (
) if u is in W 1;p0 (
).Corollary A.4. Let u be in W 1;p0 (
), u � 0. Then there exists a sequenceof nonnegative functions in C10 (
) converging to u in W 1;p0 (
).Proof. Let fung be a sequence in C10 (
) converging to u in W 1;p0 (
). Itfollows from the proof of lemma A.3 that the sequence fu+n g also convergesto u. Thus we can assume u is in C0(
)\W 1;p0 (
). De�ne for each " > 0 theconvolution u"(x) := J" � u(x) = R
 J"(x� y)u(y)dy where J" is a molli�er.Then u" is nonnegative and is in C10 (
) if ", is su�ciently small. Applyinglemma 3.15 of [1] we conclude that lim"!0 u" = u in W 1;p(
). ˜Theorem A.5 (Sobolev's embedding theorem.). Let 
 be a bounded domainin RN with C1 boundary.(i) If 1 < p < N , the space W 1;p(
) is continuously embedded in Lp�(
);p� = Np=(N � p), and compactly embedded in Lq(
) for any 1 �q < p�.(ii) If 0 < 1 � Np < 1, the space W 1;p(
) is continuously embedded inC�(�
); � = 1 � N=p, and compactly embedded in C�(�
) for any� < �.(iii) If 1 < p < N , then under the trace mapping the space W 1;p(
) iscontinuously embedded in Lq�(@
); q� = (Np � p)=(N � p), andcompactly embedded in Lq(@
) for any 1 � q < q�.35



For the proof we refer to Adams [1], Gilbarg and Trudinger [18] andKufner, John, and Fu�cik [20]. In (i) and (ii), we do not need the C1 boundaryrequirement if W 1;p(
) is replaced by W 1;p0 (
).Appendix B. The chain rule in W 1;p(
) and its subspacesIn this appendix we recall some important results from section 7.4 ofGilbarg and Trudinger [18] which still hold in W 1;p(
) and its subspaces,where 
 is a bounded domain in RN and p > 1. In fact, we consider thechain rule in W 1;p(
), W 1;p0 (
)� R, and W 1;p0 (
). The latter two spaceswith the induced norm k � kW 1;p(
) are closed subspaces of W 1;p(
).If @
 is of class C1 we can study the trace of a given u in W 1;p(
) whichwe denote by uj@
.Lemma B.1. Let f be in C1(R) with f 0 2 L1(R). Then:(i) If u 2W 1;p(
), then f � u 2W 1;p(
).(ii) If u 2W 1;p0 (
)�R, then f � u 2W 1;p0 (
)�R.(iii) If u 2W 1;p0 (
) and f(0) = 0, then f � u 2W 1;p0 (
).In all cases we have r(f � u) = f 0(u)ru. Moreover, the traces of u andf(u) on @
 satisfy f(uj@
) = f(u)j@
:The positive and negative parts of a function u are de�ned byu+(x) = maxfu(x); 0g; u�(x) = minfu(x); 0g:Lemma B.2. Let X be either one of the three spaces W 1;p(
),W 1;p0 (
)� R,W 1;p0 (
). If u 2 X, then u+; u�; juj are in X andru+ = � ru; if u > 0;0; if u � 0:ru� = � 0; if u � 0;ru; if u < 0:rjuj = 8<: ru; if u > 0;0; if u = 0;�ru; if u < 0:Furthermore, (uj@
)+ = u+j@
 and (uj@
)� = u�j@
.We call a function piecewise smooth if it is continuous and has piecewisecontinuous �rst derivatives. The set of points at which f is not di�erentiableis called the set of corner points of f . The following chain rule generalizesthe two previous lemmas.Theorem B.3. Let f 2 C(R) be a piecewise smooth function with f 0 2L1(R). Then(i) If u 2W 1;p(
), then f � u 2W 1;p(
).(ii) If u 2W 1;p0 (
)�R, then f � u 2W 1;p0 (
).(iii) If u 2W 1;p0 (
) and f(0) = 0, then f � u 2W 1;p0 (
).36



In all cases, we haver(f � u) = � f 0(u)ru; if u 62 L;0; if u 2 L;where L denotes the set of corner points of f . Furthermore, f(uj@
) =f(u)j@
.Appendix C. Restriction of functions to nodal domainsLet u be a continuous function on a given bounded domain 
 in RN . Wede�ne the zero set of u to beZ(u) = fx 2 
 : u(x) = 0g;and call 
1 a nodal domain of u if 
1 is a component of 
 n Z(u).We recall here two important results from Br�ezis [6].Lemma C.1. (Theorem IX.17, [6].)Let 
 be a bounded domain in RN with C1 boundary. Given u 2W 1;p(
)\C(�
), 1 � p <1, then the following are equivalent:(i) u = 0 on @
.(ii) u 2W 1;p0 (
).In fact, (i))(ii) does not require that @
 be of class C1 but the reverseimplication does.Lemma C.2. (Proposition IX.18, [6])Let 
 be a bounded domain in RN with C1 boundary and let u 2 Lp(
),1 < p <1. The following are equivalent:(i) u 2W 1;p0 (
).(ii) There exists a constant C such that����Z
 u @'@xi ���� � Ck'kLp0 ; 8' 2 C10 (RN ); i = 1; � � �; N;where 1=p+ 1=p0 = 1.(iii) The function�u = � u(x); if x 2 
;0; if x 2 RN n 
;belongs to W 1;p(RN ). In this case @�u@xi = @u@xi .Furthermore, the arguments that (i))(ii))(iii) do not require that @
 beof class C1 and still hold if RN is replaced by an open set 
0 containing 
.We state the main result of this section.Theorem C.3. Let 
 be a bounded domain in RN and let X be eitherW 1;p(
) or W 1;p0 (
). Suppose u is a function in X \ C(
). Given 
1, anodal domain of u, then the function u1 de�ned by u1 = u�
1, i.e.,u1(x) = � u(x); for x 2 
1;0; for 
 n 
1;37



is in X.In the case X = W 1;p0 (
)� R we assume further that @
 is connectedand that u is in C(�
) \W 1;p0 (
)� R. Then for any nodal domain 
1 of u,the function u1 de�ned by u1 = u�
1 , i.e.,u1(x) = � u(x); for x 2 
1;0; for �
 n 
1;is in W 1;p0 (
)� R.In all cases, we have ru1(x) = ru(x)�
1(x) for a.e. x 2 
.Proof. Since u is strictly positive or negative in 
1 we can assume u > 0 in
1. Replacing u by u+ we can also assume that u � 0 in 
.Case I: X =W 1;p(
).The proof of this case is a modi�cation of lemma 5.2 of De Figueiredoand Gossez [11].We �rst show that u1 belongs toW 1;p(
) in a neighborhood of every pointx of 
.This is obvious if x 2 
1 or x 2 
 n 
1. Let us consider the remainingpossibility: x 2 
 \ @
1.Taking an open ball B centered at x with �B � 
 and a function ' 2C10 (B) with ' = 1 in a neighborhood of x, it su�ces to show that 'u1 2W 1;p0 (B). Call v the restriction of 'u1 to B \ 
1. Since v 2 C(B \ 
1) \W 1;p(B\
1) vanishes on @(B\
1), and by lemma C.1 v belongs toW 1;p0 (B\
1). It follows from lemma C.2 that 'u1 2W 1;p0 (B).We have just shown that u1 is in W 1;ploc (
). However, by lemma C.2.(iii)and a direct computation one can easily see that ru1(x) = ru(x)�
1(x)for a.e. x 2 
, which implies jru1(x)j � jru(x)j, a.e. x 2 
. Thereforeu1 2W 1;p(
).Case II: X =W 1;p0 (
).The following argument is contained in lemma 5.6, Cuesta, De Figueiredo,and Gossez [10].Approximating u by a sequence of functions in C10 (
) and taking positiveparts, we obtain a sequence fvng � W 1;p0 (
) \ C(
) with vn � 0, supp vncompact in 
 and vn!u inW 1;p0 (
) (see lemma A.3). Let wn = minfu; vng,then the sequence fwng has the same property as fvng. Since wn has com-pact support, wn 2 C(�
).We claim that wn(x) = 0 for all x 2 @
1. Indeed, if x 2 
 \ @
1, thenu(x) = 0 (since 
1 is a nodal domain) and thus wn(x) = minfu(x); vn(x)g =0. If x 2 @
 \ @
1, then wn(x) = 0 since wn has compact support.For each n, we de�ne wn(x) = wn(x)�
1(x), x 2 �
. Then case Iimplies that wn 2 W 1;p(
) \ C(�
). Since wn = 0 on @
1, wn = 0on @
. Thus, by lemma C.1 we have wn 2 W 1;p0 (
). Moreover, sinceru1 = ru�
1 , rwn = rwn�
1 and wn!u in W 1;p(
), we conclude thatwn!u1 in W 1;p(
). Therefore, u1 is in W 1;p0 (
).38



Case III: X =W 1;p0 (
)�R.Case I implies that u1 is in W 1;p(
). Let uj@
 � c be the constant valueof u on @
. By the de�nition of u1, either u1(x) = 0 or u1(x) = c for anyx 2 @
. However, since u1 2 C(�
) and @
 is connected, either u1j@
 � 0or u1j@
 � c. Therefore, u1 belongs to in W 1;p0 (
)� R. ˜We have similar results for the trace of restriction functions.Lemma C.4. Let 
 be a bounded domain in RN with C1 boundary. Let uin C1(�
) \W 1;p(
) be such that it has only �nitely many nodal domains.Then for any nodal domain 
0 of u, the function u0 de�ned by u0 = u�
0is in W 1;p(
) and the trace u0j@
 of u0 satis�esu0j@
(x) = � u(x); x 2 @
 \ @
0;0; x 2 @
 n @
0:(C.1)Proof. The fact that u0 is inW 1;p(
) follows from the previous theorem. Toverify (C.1) we may assume without loss of generality that 
+ = fx 2 
 :u(x) > 0g consists of two components 
1 and 
2.Let u1 = u�
1 and u2 = u�
2 . We will show that the traces of u1 andu2 satisfy formula (C.1) (with respect to the corresponding nodal domain).By extending u to a function in C10 (B), where B is a ball containing �
, wecan �nd two sequences fvng and fwng in C1(�
) such that supp vn � 
1,supp wn � 
2 for any n and vn!u1, wn!u2 in W 1;p(
). Consequently,the traces vnj@
, wnj@
 converge to u1j@
 and u2j@
 in Lp(@
), respectively.On the other hand, we notice that vn+wn converges to u+ in W 1;p(
), andthus (vnj@
 + wnj@
) converges to u+j@
 in Lp(@
).By lemma B.2, u+j@
 is the restriction of u+ to @
. i.e.,u+j@
(x) = � u(x); x 2 @
 \ @
1 or x 2 @
 \ @
2;0; otherwise :We recall that the traces vnj@
, wnj@
 are just the restrictions of vn andwn to @
, respectively. Since suppvn � 
1, suppwn � 
2 and 
1, 
2 aredisjoint, we conclude thatuij@
(x) = � u(x); x 2 @
 \ @
i;0; otherwise ;for i = 1; 2.
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