Lagrange Multipliers for Variational Inequalites

An Le,university of Utah

VYV Le,university of Missouri-Rolla

Klaus Schmitt,university of Utanh

Dec 9, 2002



Introduction

Consider the eigenvalue inequality:
(Au — ABu,v — u) > 0, Vv € K (1)

where A and B are two possibly nonlinear operators in
some function space X. The set K is convex in X.

If K =X, (1) becomes the equation :
A(u) —AB(u) =0 (2)



The most important result concerning the eigensolution
IS the Lagrange multiplier rule:

"Let X be a Banach space and F,G : X — R be two
Fréchet differential real functionals. If F' achieves its
minimum restricted to the set M = {v e X : G(v) = G(u)}
at the point u and if G'(u) # 0, then there exists A € R
such that F/(u) = \G'(u) "



e \We now consider the more general unconstrained
problem given by the inequality:

(Au — ABu,v — u) + ¥ (v) — ¥ (u) > 0, Vve X (3)

where 9 : X — RU oo is an extended real proper and
convex functional.

e It is clear that (3) reduces to (1) when % is the
indicator of the convex set K and (3) becomes (2) if

Y = 0.



T he main result

Let F,G be two Fréchet differential functionals on a
normed linear space X with their Fréchet derivatives
AB: X - X* Lety: X —-RUoo be a proper, convex,
extended real functional. Assume that :

(i) F 4+ ¢ achieves its minimum on a non-empty set
M ={ve X :G(v)=r} for some real number r at
u € D(vy), where D(%) is the effective domain of .

(i) There are h,k € D(v) such that (Bu,h —u) > 0 and
(Bu,k —u) < 0.

Then there exists at least one A € R such that :

(Au — ABu,v — u) + ¥ (v) — ¢¥(u) > 0, Vv € X (4)



The proof

It suffices to prove (4) for any v € D(¢). From that
observation we define:

Q)
_|_
|

{ve D) : (Bu,v—u) >0}
Q7 = {ve DW): (Bu,v—u) <0}
2 = {veD®W): (Bu,v—u) =0}

Then D(¢) =QTuUuQ—uUQo.

And the assumption Q1 # 0 and Q~ # 0.



Now let v € Q1T and w e Q.
Given € > 0, we define for t,a,8 > 0

f(t,a,8) =u+t(v—u) +th(w—u) + a(v —u) + B(w — u),
(Bu,v — u)
(Bu,w — u)
G(f(t,a,8)) = G(u)+ t{Bu,v — u) + tb{Bu,w — u)
+a(Bu,v — u) + B(Bu,w — u)
+o([t| + [af +8])
= G(u) + a(Bu,v — u) + B{Bu,w — u)
o[t + o] + 18])-

Let o, 8 € [0, €t] then o([t| + [a] + [B]) = o([¢]).
For ¢t > O sufficiently small enough we obtain:

{ifazet,ﬂzO:G(f)>G(u)

where b = — > 0.

ifa=0,8=¢€:G(f) < G(u).
Thus there exist o, 3 € [0, et] such that f(t,a,8) € M



0 < F(f)+4(f)—F(u) —9(u)
= F(f) - F(u)
Ty ((L—t—tb—a—-PBlut+ (+a)v+ (tb+ Bw) — ¢(u)
< (Au, (v —u) +tb(w — u) + a(vu) + B(w — w)) + o(Jt])

+(A—t—th—a—pB)Y(u) + 4+ a)¥(v) + (tb+ B)Y(w) — ¢(u)
t[(Au,v —u) + ¥ (v) — ¢ (u) + b ({(Au,w — uw) + Pp(w) — P(u))]

toa(Au,v —u) + B(Au, w — u) — (e + B)¢(u) + ap(v) + B (w) + o([¢])
< te+3(a+ B)M + o(t)),

where

¢ = (Au,v —u) + ¢ (v) — () + b ((Au, w — u) + ¢ (w) — ¢(u))
(Au,v —u) +P(v) —P(u)  (Au,w —u) + Pp(w) —p(u)
(Bu,v — u) (Bu,w — u)

and M = max{|¢(u)|, |¢(’U)|7 |¢(w)|7 |<A’LL,’U o u>|7 |<Auaw o ’U,>|}
Since a, 3 € [0, et],

= (Bu,v — u)

0 <tcH 6eMt—+ o(Jt]).
Dividing the above inequality by ¢t and then let ¢t — 07 we obtain:

0 < c-+ 6eM.



Since € > 0 is chosen arbitrarily, it follows that ¢ > 0. Hence, for any
v e QT and w € Q~ we have shown that:

(Au, v —u) +9Pp) —9p(u)  (Au,w —u) +9(w) —Ppu) _
(Bu,v — u) (Bu,w — u) -

Therefore,

o = inf (ALY ) + ) — Y (Auyw — )+ (w) = $(w) _

veQ+ (Bu,v — u) T weQ- (Bu,w — u)
Let A be in [A1, A2], it is easy to verify that
(Au — ABu,v —u) + v (v) — ¥ (u) > 0, Yo e QTUQ™. (5)

Al.



1 1
If v € QO, define a sequence v, = —h + (1 — —) v. Since
n n
1
D(%) is convex and (Bu,vy, —u) = —(Bu,h — u) > 0,

v € Q1. By (5), "
0 < (Au— ABu,vn — u) + ¥(vn) — ¥(u)
< (A= ABu,un —w) + 9(h) + (1~ (o) — (w)
Let n — oo we obtain
(Au — ABu,v — u) + ¥(v) — ¢¥(u) > 0, vo e Q0. (6)

Combining (5), (6) we have the theorem for any
A E [)\1,)\2].
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