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Abstract
We prove the existence of solutions for nonlinear eigenvalue in-
equality.
Introduction

e Consider the eigenvalue inequality:

(Au — ABu,v — u) > 0, Vv e K
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where A and B are two possibly nonlinear operators in some function
space X. The set K is convex in X.

e If K =X, (1) becomes the equation :

A(u) — AB(u) =0 (2)

The most important result concerning the eigensolution is the Lagrange mul-
tiplier rule: ”"Let X be a Banach space and F,G : X — R be two Fréchet
differential real functionals. If F' achieves its minimum restricted to the set
M ={v e X :Gw) = G(u)} at the point v and if G'(u) # 0, then there
exists A € R such that F'(u) = AG'(u) ”

We now consider the more general unconstrained problem given by the in-
equality:

(Au — ABu,v — u) + ¢(v) — ¢(u) > 0, Vo e X (3)

where 1 : X — R U oo is an extended real proper and convex functional.

2 The main result

Theorem 2.1. Let F, G be two Fréchet differential functionals on a normed
linear space X with their Fréchet derivatives A, B : X — X*. Let ¢ : X —
R U oo be a proper, convex, extended real functional. Assume that :

(i) F + 9 achieves its minimum on a non-empty set M = {v € X
G(v) = r} for some real number r at v € D(v), where D(1)) is the effective
domain of 1.

(i1) There are h, k € D(1)) such that (Bu,h—u) > 0 and (Bu,k—u) < 0.
Then there exists at least one A € R such that :

(Au — ABu,v — u) + ¢(v) — ¢(u) > 0, Vo e X (4)
Remark 2.2.

(i) This theorem generalizes the Lagrange multiplier rule. By letting ¢ = 0
we get A(u) = AB(u).



(ii) Let K be a convex set in X and let ¢ be the indicator function of K, it
follows from (3) that

(Au — ABu,v — u) > 0, Yo e K

(iii) The theorem was first proved by Kubrusly in [4] using an indirect ar-
guement and was applied in [2] and [3] to solve the eigenvalue problems
in Orlicz-Sobolev spaces.

Proof. 1t suffices to prove (4) for any v € D(v). From that observation we
define:

Ot = {ve D) : (Bu,v—u) >0}
Q" = {veD®): (Bu,v—u) <0}
Q" = {veDW): (Bu,v—u)=0}

Then D(¢)) = QT uQ U Qb
By the assumption Q7 # () and Q~ # (). Now let v € Q" and w € Q.
Given € > 0, we define for ¢, ., 3 > 0

ft,a,8) =u+tlv—u)+th(w—u)+ a(v —u) + f(w — u),

(Bu,v — u)

- > 0.
(Bu,w — u)

where b = —

Then

G(f(t,a,B)) = G(u)+t(Bu,v —u)+th{Bu,w — u) + a(Bu,v — u) + f{Bu, w — u)
+o([t] + ol +16])
= G(u) + a(Bu,v —u) + f{Bu, w — u) + o([t| + |a] +[5]).

Let o, B € [0, et] then o(|t| + |a| + |B]) = o(]t])-
Furthermore, for ¢ > 0 sufficiently small enough we obtain :

ifa=et,f=0:G(f) > G(u)
ifa=0,0=¢:G(f) <G(u).

Fix 3 = 0, let o vary from et to 0 then either G(f) — G(u) changes sign or

G(f) > G(u) for all 0 < o < et.
For the first case there is a = a(t) € [0,¢€t] such that G(f) = G(u). And
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for the second case, we fix a = 0 and let g vary from 0 to et, there is
B = B(t) € [0,et] such that G(f) = G(u).

In general, for each ¢ > 0 there exist «, § € [0, €t] such that f(¢,a,3) € M
and thus for any ¢ > 0 sufficiently small enough :

0 < F(f)+o(f) = Flu) = ¢(u)

F(f)—Fu)+v((1—t—th—a—Bu+ (t+a)v+ (tb+ B)w) — ¥(u)
(Au, t(v — u) + th(w — u) + a(v,) + Blw — u)) + o([t])
+(1—t—th—a—0)Y(u)+ (t+a)p(v)+ (tb+ B)Y(w) — P(u)
t[(Au,v —u) +(v) — P(u) + b ((Au, w — u) + P(w) — P (u))]
+a(Au,v —u) + B{Au, w — u) = (a+ B)Y(u) + ap(v) + Fib(w) + of|t])
te+ 3(a+ B)M + o(|t]),

IN

IN

where

¢ = (Auw—u) + 90) — 9) b ((Auw — ) + () — b(u)
— (Buv—u) (Au,o —u) +9P(v) —P(u)  (Au,w —u) +P(w) — P(u)
’ (Bu,v — u) (Bu,w — u) ’
{

and M = maX{W(“)L |77b(7))|a |77b(’ll))|, | AU i >|a |<AU, w— U>|}.
Since a, 3 € [0, et],

0 < te+ 6eMt + o(|t]).
Dividing the above inequality by ¢ and then let ¢ — 0% we obtain:

0 <c+ 6eM.

Since € > 0 is chosen arbitrarily, it follows that ¢ > 0. Hence, for any v € QF
and w € €2~ we have shown that:

(Au,v —u) +P(v) —P(u)  (Au,w —u) + P(w) — Y(u)

(Bu,v — u) (Bu,w — u) =
Therefore,
g oy st
Let A be in [A1, Ag], it is easy to verify that
(Au — ABu,v — u) + ¢(v) — ¢(u) > 0, Vo e QtuQ . (5)
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1 1
If v € Q) define a sequence v, = —h + <1 - —> v. Since D(v)) is convex
n n

and (Bu, v, — 1) = %(Bu, h—u) >0, 0, € Q. By (5),
0 < (Au— ABu,v, —u) +(v,) — ¥(u)
S (Au ABuy, )+ (h) + (1 (o)~ ().
Let n — oo we obtain
(Au— ABu,v— )+ () — pu) >0,  Voe Q. (6)
Combining (5), (6)we have the theorem for any A € [\, Ag]. O

3 An application to obstacle problems

Let © be an open bounded domain in RV, p > 1 and ¢ be such that the
Sobolev the compact imbedding WP (Q) —» Lq Q) holds. Let f € W, (),
f>0. We will find (u, \) € K x R such that

/ VulP?Vu(Vo — Vu) / lu|! 2u(v —u) > 0,Vv € K, (7)

where K = {u € W, ”(Q) : u > f on Q} is a closed convex set of W'?(Q).
Let v be the indicator functional of K; that is

{w(u)zo, ifue K

(u) = oo, otherwise .

Now, define on W, ”(Q):

Flu) = / Vulds

G(u) = /uda
(u) i)

Then the differential operators A, B of F, G (respectively) are

(Au,v) = /Vu|”2Vqudx
0

(Bu,v) = /11,‘1211,7)dx
Q

5



Let 7 > 0 be a real number such that r > G(f). By the compact imbed-
ding W?(Q) — LP(Q), G is weakly continuous and thus the level set
G, = {u e WyP(Q) : G(u) = r} is weakly closed.

We observe that F'is a norm in W, ?(€) and 1 is convex lower semi-continuous
and positive. Thus F' + v is weak lower semi-continuous and coercive on
W, P(Q). Hence F + 1 achieves its minimum on G, at some u, € G,.

Since (F + ¢)(u) = (F + v¢)(Jul), we can assume u, > 0. Moreover, by the
choosing of r, u, # f.

To apply theorem 2.1 it remains to verify (ii). To see this, let v; = f and
vy = 2u, be in K, then

Jo [ue] 2 un (v — uy) <0
Jo [ur] 2 un (v2 — up) >0

Therefore, there is A € R such that (u,, ) solves (7).
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