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where A and B are two possibly nonlinear operators in some functionspace X. The set K is convex in X.� If K � X, (1) becomes the equation :A(u)� �B(u) = 0 (2)The most important result concerning the eigensolution is the Lagrange mul-tiplier rule: "Let X be a Banach space and F;G : X ! R be two Fr�echetdi�erential real functionals. If F achieves its minimum restricted to the setM = fv 2 X : G(v) = G(u)g at the point u and if G0(u) 6= 0, then thereexists � 2 R such that F 0(u) = �G0(u) "We now consider the more general unconstrained problem given by the in-equality: hAu� �Bu; v � ui+  (v)�  (u) � 0; 8v 2 X (3)where  : X ! R [1 is an extended real proper and convex functional.2 The main resultTheorem 2.1. Let F;G be two Fr�echet di�erential functionals on a normedlinear space X with their Fr�echet derivatives A;B : X ! X�. Let  : X !R [1 be a proper, convex, extended real functional. Assume that :(i) F +  achieves its minimum on a non-empty set M = fv 2 X :G(v) = rg for some real number r at u 2 D( ), where D( ) is the e�ectivedomain of  .(ii) There are h; k 2 D( ) such that hBu; h�ui > 0 and hBu; k�ui < 0.Then there exists at least one � 2 R such that :hAu� �Bu; v � ui+  (v)�  (u) � 0; 8v 2 X (4)Remark 2.2.(i) This theorem generalizes the Lagrange multiplier rule. By letting  = 0we get A(u) = �B(u). 2



(ii) Let K be a convex set in X and let  be the indicator function of K, itfollows from (3) thathAu� �Bu; v � ui � 0; 8v 2 K(iii) The theorem was �rst proved by Kubrusly in [4] using an indirect ar-guement and was applied in [2] and [3] to solve the eigenvalue problemsin Orlicz-Sobolev spaces.Proof. It su�ces to prove (4) for any v 2 D( ). From that observation wede�ne: 
+ = fv 2 D( ) : hBu; v � ui > 0g
� = fv 2 D( ) : hBu; v � ui < 0g
0 = fv 2 D( ) : hBu; v � ui = 0gThen D( ) = 
+ [ 
� [ 
0.By the assumption 
+ 6= ; and 
� 6= ;. Now let v 2 
+ and w 2 
�.Given � > 0, we de�ne for t; �; � � 0f(t; �; �) = u+ t(v � u) + tb(w � u) + �(v � u) + �(w � u);where b = � hBu; v � uihBu;w � ui > 0.ThenG(f(t; �; �)) = G(u) + thBu; v � ui+ tbhBu;w � ui+ �hBu; v � ui+ �hBu;w� ui+o(jtj+ j�j+ j�j)= G(u) + �hBu; v � ui+ �hBu;w� ui+ o(jtj+ j�j+ j�j):Let �; � 2 [0; �t] then o(jtj+ j�j+ j�j) = o(jtj).Furthermore, for t > 0 su�ciently small enough we obtain :� if � = �t; � = 0 : G(f) > G(u)if � = 0; � = �t : G(f) < G(u):Fix � = 0, let � vary from �t to 0 then either G(f) � G(u) changes sign orG(f) > G(u) for all 0 � � � �t.For the �rst case there is � = �(t) 2 [0; �t] such that G(f) = G(u). And3



for the second case, we �x � = 0 and let � vary from 0 to �t, there is� = �(t) 2 [0; �t] such that G(f) = G(u).In general, for each t > 0 there exist �; � 2 [0; �t] such that f(t; �; �) 2 Mand thus for any t > 0 su�ciently small enough :0 � F (f) +  (f)� F (u)�  (u)= F (f)� F (u) +  ((1� t� tb� �� �)u+ (t+ �)v + (tb + �)w)�  (u)� hAu; t(v � u) + tb(w � u) + �(vu) + �(w � u)i+ o(jtj)+(1� t� tb� �� �) (u) + (t + �) (v) + (tb + �) (w)�  (u)= t [hAu; v � ui+  (v)�  (u) + b (hAu;w � ui+  (w)�  (u))]+�hAu; v � ui+ �hAu;w� ui � (�+ �) (u) + � (v) + � (w) + o(jtj)� tc+ 3(� + �)M + o(jtj);wherec = hAu; v � ui+  (v)�  (u) + b (hAu;w� ui+  (w)�  (u))= hBu; v � ui �hAu; v � ui+  (v)�  (u)hBu; v � ui � hAu;w � ui+  (w)�  (u)hBu;w � ui � ;and M = maxfj (u)j; j (v)j; j (w)j; jhAu; v� uij; jhAu;w� uijg.Since �; � 2 [0; �t], 0 � tc + 6�Mt + o(jtj):Dividing the above inequality by t and then let t! 0+ we obtain:0 � c+ 6�M:Since � > 0 is chosen arbitrarily, it follows that c � 0. Hence, for any v 2 
+and w 2 
� we have shown that:hAu; v � ui+  (v)�  (u)hBu; v � ui � hAu;w � ui+  (w)�  (u)hBu;w � ui � 0Therefore,�2 = infv2
+ hAu; v � ui+  (v)�  (u)hBu; v � ui � supw2
� hAu;w � ui+  (w)�  (u)hBu;w � ui = �1:Let � be in [�1; �2], it is easy to verify thathAu� �Bu; v � ui+  (v)�  (u) � 0; 8v 2 
+ [ 
�: (5)4



If v 2 
0, de�ne a sequence vn = 1nh + �1� 1n� v. Since D( ) is convexand hBu; vn � ui = 1nhBu; h� ui > 0, vn 2 
+. By (5),0 � hAu� �Bu; vn � ui+  (vn)�  (u)� hAu� �Bu; vn � ui+ 1n (h) + (1� 1n) (v)�  (u):Let n!1 we obtainhAu� �Bu; v � ui+  (v)�  (u) � 0; 8v 2 
0: (6)Combining (5), (6)we have the theorem for any � 2 [�1; �2].3 An application to obstacle problemsLet 
 be an open bounded domain in RN , p > 1 and q be such that theSobolev the compact imbedding W 1;p(
) ,! Lq(
) holds. Let f 2 W 1;p0 (
),f � 0. We will �nd (u; �) 2 K � R such thatZ
 jrujp�2ru(rv �ru)� � Z
 jujq�2u(v � u) � 0; 8v 2 K; (7)where K = fu 2 W 1;p0 (
) : u � f on 
g is a closed convex set of W 1;p(
).Let  be the indicator functional of K; that is�  (u) = 0; if u 2 K (u) =1; otherwise :Now, de�ne on W 1;p0 (
): F (u) = 1p Z
 jrujpdxG(u) = 1q Z
 uqdxThen the di�erential operators A;B of F;G (respectively) arehAu; vi = Z
 jrujp�2rurvdxhBu; vi = Z
 jujq�2uvdx5



Let r > 0 be a real number such that r > G(f). By the compact imbed-ding W 1;p(
) ,! Lp(
), G is weakly continuous and thus the level setGr = fu 2 W 1;p0 (
) : G(u) = rg is weakly closed.We observe that F is a norm inW 1;p0 (
) and  is convex lower semi-continuousand positive. Thus F +  is weak lower semi-continuous and coercive onW 1;p0 (
). Hence F +  achieves its minimum on Gr at some ur 2 Gr.Since (F +  )(u) = (F +  )(juj), we can assume ur � 0. Moreover, by thechoosing of r, ur 6= f .To apply theorem 2.1 it remains to verify (ii). To see this, let v1 = f andv2 = 2ur be in K, then� R
 jurjq�2ur(v1 � ur) < 0R
 jurjq�2ur(v2 � ur) > 0Therefore, there is � 2 R such that (ur; �) solves (7).References[1] F. Browder, Variational methods for nonlinear elliptic eigenvalue prob-lems, Bull. Amer. Math. Soc., 71 (1965), pp. 176{183.[2] M. Garc��a-Huidobro, V. K. Le, R. Man�asevich, andK. Schmitt, On principal eigenvalues for quasilinear elliptic di�erentialoperators: an Orlicz-Sobolev space setting, NoDEA Nonlinear Di�erentialEquations Appl., 6 (1999), pp. 207{225.[3] J.-P. Gossez and R. Man�asevich, On a nonlinear eigenvalue problemin Orlicz-Sobolev spaces, Proc. Roy. Soc. Edinburgh Sect. A, 132 (2002),pp. 891{909.[4] R. S. Kubrusly, Variational methods for nonlinear eigenvalue inequal-ities, Di�erential Integral Equations, 3 (1990), pp. 923{932.[5] E. Zeidler, Nonlinear Functional Analysis and its Applications, Vol.3:Variational Methods and Optimization, Springer, Berlin, 1985.
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