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Introduction



The solution to many differential systems depends upon Cauchy data or initial data.
However the Cauchy problem is not well posed in many cases, even hyperbolic ones.

It is the case when the data are too irregular or when they are given on a characteristic
manifold.

For example, for a nonlinear differential system, the examination of the data like Dirac
measure on a (non characteristic) manifold has no meaning in the distributions theory. Even
for a linear problem, if the criterion of Hormander “Wave Front Set” on the restriction of
the distributions to a submanifold is not verified, there is no standard means to formulate
correctly the Cauchy problem in a distributional context.

In the characteristic case, even if the data are analytical, the Cauchy-Kowaleska theorem
cannot be used. This theorem proposes a construction of the solution u, at least locally,
from data regular enough carried by a manifold on which we can first calculate formally all
the partial derivatives of u. Such a manifold is said to be non characteristic and we can, in
the linear case, characterize it, simply enough by an equation and even a system.

The nonlinear case, “non characteristic”, is more difficult to formulate for the higher
orders and systems; it is not certain that there is a consensus for a general definition relative
to the nonlinear differential systems of a non definite order.

In the characteristic case, the formal calculus of the partial derivatives on the manifold
carrying the data meet with a geometric obstruction which is difficult to get around. For
linear characteristic problems, some results of existence, but not of uniqueness, are proved
in the field of the distributions in a half-space ([4], [6]). Other results are proved (Garding,
Kotake, Leray, Wagschal, Hamada, Dunau) in complex framework (where the solutions
may be holomorphic and may have ramifications around characteristic curves issued from

characteristics). However, we do not know any general answer in real anlytical or C* cases



and for nonlinear problems. For these cases, and also for linear cases, the characteristic
problems are those we “fall into the holes” of the canonical stratification defined in the Shih
Weishu theory [18], [19] and it is proved by Shi Wei Hui [17] that the Cauchy problem is
not well posed for the Navier-Stokes equations, on the hyperplane {t=0}.

The purpose of this work is to propose a method to solve some Cauchy problems with
irregular or characteristic data by using the recent theories of generalized functions [1], [3],
[15] and particularly the (C,E&,P)-algebras [8], [11] defined in the research works of the
Non-linear Algebraic Analysis group.

e We search a generalized solution u, with a meaning that we will be defined later, to

the following Cauchy problem:

82
8x8yu -
(P) Uy = ¢
o _
9|y

F(., . ,u)

where ¢ and 1 are one-variable generalized functions. The initial values are given on the
monotonous 7 curve of equation y = f(z). The notation F(.,.,u) extends, with a meaning

that we will be defined later, the expression:

(z,y) = F(z,y,u(,y))

in the case where u is a generalized function of two variables x and y.
We study the case where the data are carried on a characteristic curve v = (Oz) from
the previous results.

e We search a generalized solution u, with a meaning that we will be defined later, of

10



the following Goursat problem:

82

()

Y (Ox)

Uy =

8x8yu -

F(., . ,u)

=

where ¢ and 1) are generalized functions of one real variable. The initial values are given on

a characteristic curve C: (Oz), and on a monotonous curve v of equation x = g (y). The

notation F(.,.,u) extends, with a meaning that we will be defined later, the expression:

(z,y) = F(z,y,u(z,y))

in the case where u is a generalized function of two variables x and y.

e In the first part we study primarily the regular problems.

We solve the following regular Cauchy problem:

;

62

Uy =@
ou
\ ay|’Y

Gxayu -

F(., . ,u)

where ¢ and ¢ are smooth functions of one real variable. The initial values are given on

the monotonous curve v of equation y = f(z) and the mapping (z,y) — F(z,y,u(z,y)) is

a smooth function of its arguments.

We solve the following Goursat problem:

4 82
Bxayu =F(,.,u)
/
(P) U\(Ox) 2
Uy =9

where ¢ and 1 are one-variable smooth functions. The initial values are given on a charac-

teristic curve C: (Ox), and on a monotonous curve v of equation z = ¢ (y) and the mapping

(z,y) — F(z,y,u(z,y)) is a smooth function of its arguments.

11



e The second part is devoted to the definition of the algebras of generalized functions
and to the setting of an algebra of generalized functions adapted to the generalized Cauchy
problem. Here is an idea of the construction of these algebras:

K is the field of reals or of complexes and A is a set of indexes. C is the factor ring A/
where I is an ideal of A, a subring of ring K.

(€,P) is a sheaf of K-topological algebras on a topological space X. A sheaf of (C, &, P)-
algebras on X is a factor sheaf A = H/J where J is an ideal of H, subsheaf of EA. The
sections of H (resp J) must verify some estimations in which H and A (resp I) play a part.

In such algebras, we have good tools to pose and solve many nonlinear differential
problems with n irregular data [12], [14].

We choose £ = C*°, X = R? for d = 1,2, E = D' and A =]0,1]. For every (2, open
subset of R?, £() is endowed with the P(2)-topology of the uniform convergence of all
the derivatives on the compact subspaces of €2. This topology may be defined by the family
of semi-norms P ;(ues) = sup (sup |D°‘u5($)|> with K € Q and D% = % for

lo|<l \zeK 1 4
2= (21,.,2q) €Q, 1 €Nand a = (ay,...,aq) € N%

Let A a subring of the ring R? of the families of reals endowed with the usual operations,
and 4 an ideal of A such that A and I4 are stable under overestimation. We suppose that
(1), € A

To simplify, we will put X = H4,c p), N = J(1,,cp) et A= X/N. We put:

X(Q) = {(us)a e [ VK € VI € N, (Pxy(u.)), € A+}

N(©Q) = {<u5)5 e [C®(@) VK € VI €N, (Piylu.)). € 1;} .
The ring of generalized constants associated to the factor algebra is nothing else than the
factor ring C = A/I4.

We introduce the notion of algebra A (R?) stable under F' (relatively to C = A/I4.).

12



Q being an open subset of R? for x € Q and u = [u.] € A(Q), we define the D'
parametric singular spectrum of u € A(£2) as the subset of QxR : Sssg;‘u = {(z,r) e QxRy,7 € Bp 5(u)}
where Xpr ;(u) = Ry \Npr 4 (u) is the D'-fiber over  and Npr ,(u) = {r eRy; IV, € V() : iiii%(z—:rudvx) e D'(Vy)
e These tools allow us to tackle the generalized problems in the third part.

We search a solution u, in A (Rz), to the generalized Cauchy problem:

(Fe) Uy =@

87y|7 N
After giving a meaning to (Pg), we show that, if A (R?) is stable under F, if A(R)

and A (R2) are built on the same ring C = A/I of generalized constants and, if the data of
problem (Pg) verify the conditions ¢ € A(R), v € A(R), f € C*°(R), then problem (Pg)
admits a unique solution u in A (Rg) .

Then we make a qualitative study of the solution, notably for F' =0 and f(x) = ax.

We can study a generalized Goursat problem in the same way:

82
=F(.,.
8xayu (7 7’[,[,)
(&) uyon = ¢
Upy =Y.

\

e We can then deal with the characteristic problems in the fourth part.
We intend to extend some results [10] to general cases, by approaching some charac-
teristic problems by some families of non-characteristic problems and by interpreting the

results algebraically.

We study the case where the data are situated on the characteristic curve v = (Ox)

from the above results.

13



The characteristic irregular Cauchy problem:

2
&fayu—F(.,.,u)
(Fe) Uj(0z) =¥
ou
{ %Yo

has no smooth solution (not even C?) even if data ¢ and 1 are smooth too. We replace it

by the family of non-characteristic problems (F:)_:
(g2
8x8yu -
(F)q w,. =¢

ou

oy,

F(., ., u)

by considering the curve ~. of equation y = ex as data. We also try to give a meaning
to the family of solutions by putting it in terms of generalized functions belonging to an
appropriately defined algebra.

We study the case where the data are regular.

If u, is the solution to problem (F:), the family (u. ), is the representative of a generalized
function which belongs to algebra A (RQ). Then u = [u ] is a generalized function that we
consider as the generalized solution to the characteristic Cauchy problem (P¢).

Then we study the case of irregular data.

We also give a meaning to the characteristic Cauchy problem (P¢) in the case where ¢
and 1) are themselves irregular data, (for example some generalized functions), by replacing

it by the family of non-characteristic problems (P(Em)) in an appropriate algebra:

(e,m)

O u(ey)
aTay(xv y) = F(‘T7 Y, Uem) (‘Ta y))

M)\ U (@,62) = on(x)

Ouye,
5 (@ew) = n(a)

\

14



where (cpn)77 and (¢n)n are representatives of ¢ and 1.

The parameter € then boils down to a non-characteristic problem that parameter 7
makes regular.
is representative of a

If w(,y) is the solution to problem P the family (u(. )

emn) (em)

generalized function. So u = [U(Em)] is a generalized function that we consider as the
generalized solution to the characteristic Cauchy problem (P¢).

We apply these results to particular cases where F' = 0.

15



Part 1

Regular problems
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Chapter 1

A Cauchy problem with regular

data

1.1 Terms of the problem

1.1.1 Two formulations (P,) and (P,)

We search for a solution u to the following Cauchy problem:

82
8x3yu =F(,.,u)

Uy =¥
ou

87y|'y:7/1

where f, ¢, 19: R — R are some smooth one-variable functions, v is the curve whose equation

isy= f(z) and F : (z,y) — F(z,y,u(x,y)) is a function smooth of its arguments.

17



In all cases the following hypothesis will be satisfied:

)
F € C°(R3,R)

VK € R?,  sup |0.F(x,y,2)| < +oo
(H) . (z,y)€eK;z€R

f is defined and strictly increasing on R, whose image is R

Vo € R, f'(z) # 0,

where the notation K & R? means that K is a compact of R?.

We denote by (P.) the problem which consits in searching for a function u € C?(R?)

verifying:

0%u

u(z, f(z)) = ¢(x) (2)

ou

| 3y (@, f(2)) = ¥ (). (3)
We denote by (Pj,:) the problem which consits in searching for a function u € CY(R?)
verifying:
ue) =wle) - [ FEnumean @)
D(zy,f)

where:

uo(z,y) = x (y) — x(f(z)) + »(x)

and y denotes a primitive of 1 o f~1, with:

{&n), [THly) <é<a y<n< fO} ify < fla)
D(x,y, f) =

{Em,z<€< 7 ) F(©) <m<y}ify> fla).
1.1.2 Equivalence of the two formulations (P.,) and (P;,;)

1.1.2.1. Theorem.

Let u € CO(R?).
The function u is solution to (Px) if and only if u is solution to (Pjut) -

18



Proof.
Necessary condition.

The existence of f~! is assured by (H). We consider the points M (z,y), P(f~*(y),y),
Q(x, f(x)), the hypothesis (H) assure that the domain D(z,y, f), defined in 1.1.1., limited
by the “curvilinear triangle M PQ ” is bounded.

If w is solution to (P ), let us suppose that: y > f(x).

92w /y /fl(n) 82y
— (&, m)dédn = ——(&,m)dE | d
//D(M,f)axay(f n)d§dn o) ( ’ 8x8y(§ n)ds | dn

v [ou E&=f"1(n)
= (& n)} dn
/f(oc) [3?4 =z

— [0 u an— [ D
) O (f7 (n),m)dn - ay( ;m)dn
)
= -1 dn — [u(x,n)]
/f U7 )~ @l
=x (y) — x(f(2)) — u(z,y) +u(z, f(z))
=x () — x(f(z)) —u(z,y) + ¢(z),

where x denotes a primitive of ¢ o f~1.

We have then:
u(zx,y) = — x)) + p(x) — F(&,n,u(€,n))dEd
(z,9) = x (v) — x(f(2)) + p(z) //(x’%f) (&, m,u(&,m))dsdn
= ug(x,y) — F(& n,u(&,n))dédn,
O( y) //(z,y,f) (g (5 )) §

where ug(z,y) = x () — x(f()) + »(z).

We obtain the same result if we suppose y < f(z).

Then u verifies (Pjn) -

Sufficient condition.

19



If w verifies (Pj,t), suppose that we have y > f(x), we can write:

()
w(y) = uole,y) — / ' ( /f ‘; F(g,n,u@,n))dn) e

i €)
= U(](x, y) - / G(§7 y)dga

where: G(&,y) ff(€ (& m,u(&,m))dn

As we have: u € C°(R?), G is a continuous function of ¢ and y, hence:

ou

_ 9w _ 9 !
G = G + Gl =GR+ [ P ut )i

and consequently:

2u

and as:

we have:
d (0Ou
g ([ —F .
o (5) @) = Pt

Let us calculate again u(z,y) in the following way:

1)
u(z,y) = uo(z,y) — /fj) (/ ! F(&nw(ﬁm)ﬂé‘) dn

Y
= up(x,y) — H (x,m)dn,
(@)

where: H (x,n) = fxfil(n) F(&,n,u(&,n))dE.

As we have u € C°(R?), H is a continuous function of x and 7, hence:

ou auo

()

then:

U 2y
(% <gy> (z,y) = gxa[g)/ (z,y) + F(z,y,u(x,y)) = F(z,y,u(z,y)).

20



Finally, we can reverse the order of the partial derivatives and:

0%u
M(xvy) - F(‘T’ y,u(x, y))

Furthermore:

u(z, f(2)) = uo (, f(2)) = (),

8u . Buo

a3y @ @) =3-

5 (z, f(x)) = o fH (f(x)) = ().
y

e This results are unchanged if we suppose: y < f(x), so u verifies (Px).

If u is of class C! then (z,y) — F(z,y,u(z,y)) is of class C!, then:

) y )
have a partial derivative in x of class C', and:
y

W (x,y) — uo(z,y) _/

=) Yy
( / F(Emu(€m)de | dn = uo(a,y) — / H (2,) dn
fl@) \Jz f(x)

have a partial derivative in y of class C!. As:

2 (%Vyv) (2.) = Fla,y,u(z, ) = (fy (%vf) (.9)

is of class C! then u = W is of class C2.
We remark moreover that if u is of class C™ then (z,y) — F(z,y,u(z,y)) is of class C",

therefore:

P €) y =)
W) - [ [ Penuenan)a=wen - [ o
have a partial derivative in = of class C", and:

Y

W (z,y) — up(z,y) —/

) y
(/ F(&nw(&n)ﬂ&) dn = uo(z,y) — / H (z,m)dn
f(@) \J= f(z)

have a partial derivative in y of class C". As:

a% <%Vyv> (2,y) = Flz,y, u(z,y)) = gfy <%‘f) ()

21



is of class C™ then u = W is of class C"*1.
By the principle of induction, w is therefore of class C*°.

We have, of course, the following corollary.

1.1.2.2. Corollary

If w is solution to (Pi) (or to (Ps)), then u belongs to C*(R?).

1.1.2.3. Calculation of the partial derivatives of order two of u

This calculation will be used in 4.2.

If w is solution to (Pj,:) we have:

Qu v _ O _ O ’
5o = e + Gl = G + [ P ate )i

Since F(.,.,u) has a partial derivative in x and that f is derivable, we deduce from it that:

0%u 0%y

O wy) = T ) — (@) F (xS, ula, f)

y F oF ou
[ (G + Gt m) G
82UO

= S0 wy) — M @F (@ f(@), p@)+

4 oF OF ou
/f(:c) <a$(ﬂc,n,u(a:,77)) + g(%% ulz, 77))(9 (, 77)) dn.

As: up(z,y) = x (y) — x(f(z)) + ¢(x), it follows succesively

8u0

5y @y =—f@)y (S @) +¢ () = —f @)y (2) + ¢ (2)

82u0

Tz @) = =@ (z) = f1(2)¢ (2) + @7 ().

Then we find:

2U
gxg(% y) == (@) (@) = /(@) (2) + ¢ (z) = f(2)F (=, f(2), o(x))

e[ (Gt ) + Gt m) S ) i

22



If w is solution to (Piy)), we can write, supposing that y > f(x):

) Y
u(z,y) = uo(,y) —/ (/ F(&nw(&n))dn) d€.

T

f©)

Let us calculate again u(z,y) in the following way:

y ()
wl(z,y) = uo(z, ) — /f . ( / ! F<§,n,u<5,n>>d5> dn,

Starting from:

y " )
o) =G - [ Py e
we obtain:
Pu oy w1 -1 -1
5 @) = 52w~ (G ) PO 0l )

'@/ oF oF 0
- /x <8y(§7yvu(§ay)) + az(&y:u(&y))az(§7y>> dé.’

uo(z,y) = x (y) — x(f(z)) + ().

we have:

1.2 Solving the problem

1.2.1 Solving (Px)
1.2.1.1. Theorem

Under hypothesis (H) the problem (Px,) has a unique solution in C*(R?).

Proof.

23



According to theorem 1.1.2.1., solving (Ps,) amounts to solving (Pj,) , that is searching

u € CY(IR?) verifying:

wle,y) = uo(e,y) — / /D L Pl u(E ). (4
x,Y,

For every compact of R?, we can find A > 0, big enough, so that this compact is contained
in Ky = [N Al % [f(=A); f(N)]. So the family (KA))\GR: is a exhaustive family of compacts.
a) Change of variables.

Let us assume always that: y > f(z) and let us make the change of variables:
X=z+)
V=y—f(=))
that is, let us consider Q(—A\, f(—\)) as new origin .

Then:
z=X—A

y=Y + f(=N).

The relation (4) is written:

u(X = NY + f(=N) =uw(X = NY + f(—=)N)—

/ / F(E— A+ F(-N)ul€ — A+ F(=\)dédn,
D(X=AY+f(=2).f)

whose form is:

U(X,Y) = Up(X,Y) — / /D oy, SEDUEME, (9
»¥,g

with: g(X) = f(X —A) — f(=A); K is turned into the compact @y = [0;2A] x [0; g(2)\)]
because g(2A\) = f(A\) — f(—=A). The equation of () can then be written: ¥ = g(X) and

g(0) = 0.
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So we have now:

b) Solving.
According to the hypothesis (H), we can put:

0
X en )|

my = sup

Let us define the sequence (Up,)nen of functions of R? by:

Y € N ULY) = U Y) = ([ (e Una(eon)dedn
D(X,Y.9)
For every compact H @ R?, let us put:

[0,y = sup  |Un(z,y)|.
(z,y)eH

According to the finished increment theorem under its integral form, we can write:
1 83
st =8t == [ Fenrrot-n ©
hence: V(¢,7) € D(X,Y, g)
1 63
(€. Ualén) = 5(&..0) = Ua(eon) [ S (€ matioém)ao.
So:
1
€. Vol )| < [5(6.2.0)| + Ua(€m)]| [ mader
|3(§7 7, U0(§7 77))‘ < |S(§7 7, 0)| + my ||U0||OO,Q)\ .
Let us put:
Oy =113 0)lloo,gn +ma 100l o, »

Vn e N, V,, =U, — Up_1,
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which involves:

Vi(X,Y) = Ty(X,Y) — Up(X,Y) = — / / 36,1, Uo(€,m))dédn,
D(X,Y,g)
Vi(X.Y U, déd 0] déd
Vi(X,Y)] < //D(vajg) 3(Em, Uo(€,m)| dedy < A//D(XW dn,

where: A(X,Y) = [ fD(X y,g) 46dn, indicates the area of the domain ©(X,Y, g) limited by
the “curvilinear triangle M PQ”.

We have:
V2(X,Y)| = [U2(X,Y) = U1 (X,Y)]
<[] sl Uole.m) ~ (€. V(€ m)| dedn
D(X,Y.9)
Then using the relation (6), we obtain:
“g(éa 1, U0(§7 77)) - 3(67 m, Ul (67 77))|

1
< 00.0) = Tl | [ 5156006 + 0(Ca(en) ~ (e,

consequently:

‘S(ga 1, UO(&? 77)) - 3(67 m, Ul (67 77))| < ‘UO(é-a 77) - Ul (67 77)‘ m

‘3’(&.’ m, UO(fa 77)) - %'(57 n, U1 (57 77))| < |‘/i(£7 7])| my.

From this it may be deduced that:
Y2 [[ maltm - Uil ) dédn
D(X/Y.9)

< my / / Vi€, )| dédn
D(X,Y,g)

< mﬂh// A(&, m)dEdn.
D(X.,Y.,9)
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We can notice that:
AX,Y) < (671 (¥) = X)(Y = g(X)) < (2= X)Y < (2\)Y
and then:

Vo(X,Y P ded d (2)\)ndéd
V2(X,Y)| <my )\//Xyg A(&,m)dEdn < miy )\//(Xyg)2 )ndédn
Y 2)
< mr®) /0 ( /0 (20)nd€)di

< maP)y ((”\)2 };2>

Consequently:

2
(E.n) € DX, Y. g), |Val€.m)] < may ((2»2”2) .

In the same way:

V3(X,Y)| = |U3(X,Y) — Us(X,Y)] S//D(XY )’3(5777,[]1(5777))—3(57777U2(§777))’d§d77-
3,9

Hence:

|v3<X,Y>r§// oy, MU~ Ul i
g

<mA// IVzén\dédn
<my // [ (<2A> )d&dn
gmm/o </0 ex L de)a

< m3®, ((2)\)3Y3> .

It follows by induction:

YTL
Vo(X,Y)| <my 1o, <(2)\) o )

Hence:

<mp- @AW _ % [(”\)mxg(?)\)]n’

v
IV=I n! m n!

Oon)\
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which ensures the uniform convergence of the series >V, on @) and consequently on
n>1

every compact of R2.

The equality Y~ Vi = U, —Uj involves that the sequence (U,),,cn converges uniformly
on Q) to a function U. As every U, is continuous, the uniform limit U is continuous on
every compact @) , so on R?.

Let us put: ,(X,Y) =U(X,Y) — Up(X,Y), then:
U)o )+ [ e U nagay
D(X,Y,g)
D(X,Y,9)

— (X Y) 4 / / (30 UE) — 5, m U (E,m))) ded
D(X,Y,g)

v(ﬁﬂl) € ©(X7 Y?.g) : |3(§7777 U(fﬂ?)) - 3(57777 Un(fﬂ?))’ < |U(§777) - Un—1(£7n)| my,

the second member is bounded by:

(( sup en<X,Y>r>+mA (( sup A(X,m) (( sup rU<X,Y>—Un_1<X,Y>|>7

X Y)eQx X, Y)eQa X Y)eQx

that is by:

( sup e (X, Y)) +my (2X x g(2))) < sup |5n1(X,Y)|)

(X,Y)eQ (X, Y)eQn

whose limit is 0 when n tends to +oo. It follows that:
UCY) =X ) - [ en Ut m)dedn
D(X.,Y.,9)
for (X,Y) € Qxn{(X,Y)/Y > g(X)} = Q.
c) Let us show the uniqueness of the solution.
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Let W be another solution to:

U(X,Y) = Uy(X,Y) - / /D oy, SEUE D,
,¥,g

Putting: A =W — U, we obtain:

A(X,Y) = / / (—3(6,m W(E) + 5, UE,m)) dedn.
D(X,Y,g)

Let (X,Y) € @), since D(X,Y, g) C Qx, we have:

AX,Y)| < W(E,n) — U(E,n)| dedn < A(E, )| dedn.
A( >r<//D(X7Y79)mAr (&)~ U(En) «sn<mA//D(X7Y7g)\ (&, )| dédn

AsY > g(X),

g I (Y) Y oA Y
ACX,Y)| < ma / / N /0 /0 N
g

X (X)

Y 2
< my /0 </0 A€, )| d€)dy

Y 2
EmA/O (/0 sup |A(&,n)|dE)dn.

£€[0;2A]

For every Y € [0; g(2))], let us put:

£€[0;2]
then:
Y 2 Y
acxisml| [ [ E(n)dﬁdn‘ﬁmﬂ/\ / E(n)dn',
0 0 0
with the result that:
Y
W € s, ) < mi2 | [ E(n)dn‘,
0

in this way, by applying GRONWALL lemma we get: £ = 0 hence A = 0, which proves
the uniqueness of U in Qj\r.

Then putting vy(z,y) = U(x + X,y — f(—A)), if follows that vy is the unique solution
to (4) in KxN{(z,y)/y > f(z)} = K.
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d) Case y < f(x)
In the case y < f(z), let us make the change of variables:
X=—-z+)

that is, let be consider Q(\, f(A)) as new origin and let us reverse the direction of the axis.

Then:
r=-X+A\

y=—-Y + f(\)

and:

=X + X =Y + fFO) = ug(—X + A, —Y + F(N))

- / / F(= 4 M=+ FO), a(—€ + A, —n + F(N))dedn,
D(=X+X-Y+f(\).f)

whose form is:

W(X,Y) = Wo(X,Y) - / /D oy FET W€ sy
1,4

and: g(X) = f(A) — f(A = X); K is turned into the compact Q) = [0;2\] x [0; g(2)\)]
because g(2X\) = f(A) — f(=A).

As y < f(z) is equivalent to: —y > —f(x), so we have:
fN) =y = f(N) = f2),

then: Y > f(A) — f(A — X), that is to say: ¥ > g(X). We boil down to the case:

X >0
Y > g(X)

which can be dealt with like the previous case.

e) Solution.
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The result of this is that wy(z,y) = W(—z + A\, —y + f(\)) is solution to (4) in:

Kxn{(z,y)/y < f(x)} = K.

From the continuity of U in Q'; and of W in Q) we have as result the continuity of vy in K j\r
and of wy in K . Moreover, vy and wy link up on 7 because vy(z, f(z)) = wx(z, f(x)) =
o(z).

Finally if we put:

U)\(-’,U,y) for (xvy) € K:\i_
U)\(l',y) -
’UJ/\(-'L',y) for (xvy) € K)T

then uy is the unique solution to (Pj,;) continuous on K.

It remains to prove that the method actually gives a continuous global solution u to (4)
in R2, that is, which verifies (Pj) .
If Ao > A1 then K, C K),: so, we must still prove that Una|Ky, = Whr-

But:

W(a,y) € Koy, wn, (2,y) = uo(e,y) — / /D L (e )
x,Y,

and we have this equality all the more for (z,y) € K,. So we have:

Dy, (z,y) = ug(z,y) — //D(m,y,f)F(g,n’ Uy, (&,m))dedn.

In other words: ux, verifies (4) in K, and so coincides on it with its unique solution

|K/\1

Uy, -

For every (z,y) € R? then we can put:

U(ZL‘, y) = U)\(l', y)

— ol y) — / /D L P ug s, ()

where u) verifies (4) in K and (z,y) € K.
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The definition of u in (7) being independent of the compact K finally gives the unique
global solution to (Pjy) or (Ps). O

In chapter 4, we will need the estimations clarified by the following result.

1.2.1.2. Proposition.

With the previous notations, for every compact K € R2, there exits a compact Ky, K\ €

R?, defined before, containing K, such that:

() ma= sup  |ZE(z,y.0)]; @a=F (.., 0|0k, +m ol k, 5
(z,y)€Ky; teR

)
(i) Nlulloo, i < Nttllog sy < 10lloo i, + mfiexp[%\mA (f(A) = F(=2)]-

Proof.

(i) We have clearly:

]
0z

OF
52 (z,y, t)' ;

my — sup

(5,77,75)’ = sup

O = I35 Dlloo,gy +ma 100ll0 @ = I (s Ol 1y + 1m0 10l ke, -

(ii) Keeping the previous notations, we have:
Un(%?/) = Uo(ﬁ,y) - // F(€7n7un—l(§)n))d£dn7 n = ]-7
D(zy,f)
uo(z,y) = x (y) — x(f(z)) + p(x).

Un,)\(xuy) for (x,y) € K)J\r
Um)\(l‘,y) =

wp (7, y) for (z,y) € K .

Un(X,Y) = Up(X,Y) - / /D oy B V(€ ) e,
,X,g

©x =80 0o,y 71 U0l 0o,y »

Vn = Un - Un—la
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where K is turned by ¢ into the compact Q) = [0;2)A] x [0;g(2N)], with: Ky = [-X; A] x
PN FOV)

if y > f(x), g(X) = f(X = X) = f(=N),

ify < f(z), 9(X) = fA) = fA = X).

According to the proof of theorem 1.2.1.1, we have:

[(CNgN]" _ @) [ma(2N)g(2M)]"

n! M n!

Vn e N, |[Vallog, <my '@y

)

and consequently:

00 D,
1Ullse.00 < 1W0llowiy + D 1Vallowigy < W0l + oy, SR A9 (2A)].

n=1

Furthermore:
g(2XA) = f(A) = f(=N).

As we have the following relations:

oA lloo i3 = 1Ullo 0 [w0ll s, i+ = 100l @, ] mon Ky

; y UN = ’
[0rlloo i = W lloo @, [40ll s, 1~ = Wollo. @, wy on Ky

from this it may be deduced that:

0]
ooy < ol st + 2 explmaA) (F) = F=N)]

and, in the same way:

il s < ol 22 explma (@) () = 7))
So:
5
ulloo, iy, < w0l oo i, + . exp[ma(2A) (f(A) — f(=A))]-

As JJu|l o i < lJull the previous inequality involves the conclusion (ii). O

00,K\?
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Chapter 2

A Goursat problem with regular

data

2.1 Terms of the problem

2.1.1 Two formulations (P. ) and (F},,)

Fis a function smooth of its arguments and g, ¢, 1 are some one-variable smooth real-valued

functions with moreover:

In all cases the following hypothesis will be satisfied:

F € C®°(R3,R)

(H):{ VK eR? sup |0,F(x,y,2)| < +oo
(z,y)EK;2z€R

g is increasing on R,

where the notation K & R? means that K is a compact of R2.

We denote by (P.) the problem which consits in searching a function u € C%(R) veri-
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fying:

aaxgy(x’y) = F(x,y,u(xay)) (1)
(Pl) § u(x,0) = p(z) (2)
ulg (y) ,y) = ¥(y). (3)

We denote by (P! ,) the problem which consits in searching a function u € C°(R) verifying

UWwFﬂM%w+/A( Flenuemsn ()
x,Y,9

where:
uo(w,y) = ¥(y) + o) — v(9(y)),

with:

¢

{&mn), 9(y) <<z 0<n<y}if gly) <zand0<y

{(€n),z2<E<gy):; 0<n<y}ifgly) >xzand0<y
D(z,y,9) =

{(&n),z<&<g(y); y<n<0}if g(y) >z andy <0

{&n), gly) <<z y<n<0}if g(y) <z andy<O0.

2.1.2 Equivalence of the two formulations
2.1.2.1. Theorem

Let uw € CO(R?). The function u is solution to (PL) if and only if u is solution to (P/,,).
Proof.

Necessary condition.
We consider the points M (z,y), N(z,0), P(9(y),y), Q(g9(y),0).
The hypothesis (H) assure that domain D(z,y, g) is bounded.

a) Let us suppose first: 0 < y and g(y) < x.
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D(x,y,g) is limited by rectangle PQN M.

82u r Y aQu - ou y
away (& Mdsdn = (&, m)dn ) dE = ou i
/ /D“M)axay(g’m o /g<y)< o dady > n) ¢ /g<y) [&U(é‘,n)]o ¢

xT

ou T Ou
— [ e ypde— | e 0)d
[ aewac— [ o
= [u(§7y)];(y) - [@(f)];(y)

=u(z,y) —u(g(y),y) — o(z) + ¢(9(y))

=u(z,y) — ¥(y) — () + (g(y)).

We deduce that:
u(z,y) = Y(y) + o(x) — vlg(y)) + // F(&n,u(&,n))dédn
D(z,y,9)

= up(x, F(&,n,u(&,n))dédn,
e+ [ Pl )y
where:

uo(w,y) = ¥(y) + p(x) — v(9(y))-

So we have: ug(x,0) = ¥(0) + ¢(z) — ¢(g(0)), and, as: u(z,0) = ¢(x), it results that:

So w is solution to (P, ,).

To calculate:

9%u
(& n)dédn
//D(w,y,g) dxdy

we must distinguish four cases:
the case (1): (0 <yandyg (y) <x),
the case (2): (0 <y and z < g(y)),
the case (3): (y<0and z <g(y),

the case (4): (y <0 and g(y) < z).
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Let us briefly consider the other cases:

b) Case (2): If (0 <y and = < ¢g(y)), then:

0%u 9(y) Y 82 " v 52
oy & e = - n)dn ) de.

Case (3): If (x < g(y) and y < 0), then:

0%u 9(y) 9u - v 52y
Bay &M = = dn ) de.
[ et [ ([ icnan)ae= [ ([ cman)ac

Case (4): If (y <0 and g(y) < z), then:

0%u * 0 9%y @ ¥ 524
oy &M = dn | d§ = — dn ) d€.
//D(m,y,g) Sy & M /g(y)< ’ azoy & 77) § /g(y)( ' Daay & 77> 3

Sufficient condition.

If w verifies (P!

P/ .), assume that ¢ (y) <z and 0 <y, we can write:

u(y) = uo(z, y) + / /D Pl ),
x,Y,9

e = [ ([ e} ac =i+ [ ([ ricnutconan) o

R / , Glens
gly

where G(&,y) fo (&,m,u(&,n))dn. G is a continuous function of £ and y, so:

ou . 8’&0 - % Y
See) = 52w + Gey) = o)+ [ Pty

and consequently:

w 2

and as:
9%up (z
Oyox "’

y) =0,
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we have:

;y (gg) (x,y) = F(z,y,u(z,y)).

Let us calculate again u(x,y) in the following way:

u(z,y) = oz, ) + /0 ’ ( / ( | F(&mﬂ(&m))df) an.
gl\y

We have:

g;@, y) = 35;0@,@,) n / ' &)~ W /0 " Flg@).m.u(a(y), n))dn,

hence:

U 2u
(% (gy) (z,y) = gxa(;/(x,y) + F(z,y,u(v,y)) = F(z,y,u(z,y)).

Finally, we can reverse the order of the partial derivatives and:

0%u

Furthermore:

w(9(y),y) = uo(9(y),y) = ¥(y),
U (.’E, 0) = Uo (.@, O) = (p((L‘)
These results are unchanged if we suppose: 2 < g (y) and 0 < y, so u actually verify (P.).
If u is of class C!, the function (z,y) — F(z,y,u(z,y)) is of class C!, then:

T x

) </oy F(g’n’u(g’n))do dg = uo(,y) +/g G(&,y)de,

W (z,y) — ug(x,
(@,y) — uo( y)+/ w

g(y

have a partial derivative in x of class C!, and:
y x y
W (z,y) Htbo(ﬂf,y)+/ /( )F(&n,U(E,n))CE dnz%to(:v,yH/o H (x,n) dn
0 9y

have a partial derivative in y of class C!.

As:
a% (%‘D (2,y) = F,y, u(z,y)) = gy (%‘f) (2,9),
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then u = W is of class C2.
We remark moreover that:

if u is of class C", the function (z,y) — F(x,y,u(z,y)) is of class C", then:

xT

W (z,y) »—>uo(a:,y)+/(
9(y

Yy x

([ Fcnutemian) de = wiea+ [ Glee
)y \Jo 9(y)
have a partial derivative in = of class C", and:

y x y
W) e wte )+ [ [ Fn e an =t + [ i
9y

have a partial derivative in y of class C”.

As:

a (%V;) (0:9) = Flou(e) = o (%Vf) (2,9)

is of class C™ then v = W is of class C"t1.
By the principle of induction, u is therefore of class C*. [

We have, of course, the following corollary.

2.1.2.2. Corollary

If w is solution to (P! ) (or to (PL)), then u belongs to C*°(R?).

2.1.2.3. Calculation of the partial derivatives of order two of u

This calculation will be used in 6.2.

Let us assume that u is solution to (P},

), g(y) <xand 0 <y.

Let us remember that:

ou ou ou Y
Sele) = G2w) + Gloy) = G )+ [ Flamu(en)dn
2
As: %u; (z,y) = ¢" (), we find then:
T

2U Yy u
G =@+ [ (Gt + 5wt G ) an
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We calculate again u(x,y) in the following way:

9(y)

u(z,y) :U0($79)+/0y (/z F(&nw(&n))%) dn.

Starting from:

)+ [ ( & )~ g ) /0 "Fla(y),m, ulg(y).m)dn

a7 @) = W;mw — 24 (1) F(9(y), v, u(9(y), y))

9W) /1 HF oF 0

2.2 Solving the problem

2.2.1 Solving (P.)
2.2.1.1. Theorem

Under hypothesis (H) problem (P.)) has a unique solution u in C>(R?).
Proof.
a) Let us assume that: 0 < y.

al) Case (1) g(y) < z.
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According to the theorem 2.1.2.1., solving (P.,) amounts solving (P, ), that is searching

int
we O verityng: u(e,p) <o)+ [ FEmuen)iean, (@)

all) Existence. h

For every compact of R?, we can find A, big enough, so that this compact is contained
in Ky = [g(=A);g(N)] x [=A; A]

We search v such that:

w(z,y) = uo(e,y) + / /D P )l ).

Let us put, in accordance with the hypothesis (H):

23

92 (&m,2)].

my = sup
(é:n)er\y z€R

Let us define the sequence (uy)nen of functions of R? by:

Vi € N, un(e, ) = uo(x, ) + / /D R sy
x,Y,9

Let us put for every compact H € R?:

[uolloo, g = sup |uo(z, y)|-
(zy)eH

According to the finished increment theorem under its integral form, we can write:
Lor
F(f, m, t) - F(fa m, ’I“) = (t - T) 0 5(& 7T+ U(t - T))da-a (5)
hence, for every (§,n) € D(zx,y,g), we have:
Lor
F(Ev 7, uO(Ev 77)) - F(£> 7, 0) = UO(ga 77) 0 a(é.v m, O-UO(g? 77))d(77

1
F(€.m,u0(€m))| < [F(€,0,0)| + [uo £, 1) /0 mdo,

[F(&,m, uo(&m) < [F(& 0, 0)] +mx [uoll o k, -
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Let us put:

Ox = [[F (s 0)llo iy + M 1u0lloo i, »

Vn e N*, Vi, = up — Up_1.
With the notations we have:

Vilz, ) = u(z,y) — uo(z,y) = / / F(€m,uolé, m))dedn,
D(z,y,9)

V ) = F s 1y 9 d d >~ (b d d s

Vi y>|<//D(x’y’g)| (&, myuo(E,m))| dédn < A//D(x’y’g) cdn
|‘/1($7y)| S q)/\A(.Z',y),

where: A(z,y) = [ fD(%y’g) dédn indicates the area of the domain D(z,y,g).

Just like this, we have:

Vo, y)| = lua(z, ) — wi(z,9)] < / /D V)~ FE (& ) e
Z,Y,9

Then using the relation (5), we obtain:

|F(£77’7u1(£77’)) - F(gan7u0(£an))|

Lo
< |’LL1(£,T]) _u0(£777)| X /O %F(gﬂflvul(g)n) +U(u1(£777) _UO(gvn)))dU

< |u1 (5’ 77) - UO(g, 7])| mx

< Vi€, m)[my .

We deduct:

Vo, y)| < / /D L mafa(en) — wolé ) ded
x,Y,9

< my // Vi(€,m)| dédn < m®, // A(€,m)dédn,
D(z,y,9) D(z,y,9)

We can notice that:

Az, y) < g(y) — =y < (g(A) —g(=N) v,
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and, with (g(\) — g(=\)) = 2N, we obtain:

Va(z,y)] < mad / / A(€,m)dedy < m®) / / (2N)ndédn
D(z,y,9) D(z,y,9)
y 2\
< mA‘I)/\/ (/ (2X)ndé€)dn
0 0

yQ

Consequently:
2
V&) € Dl g, [Va6en)] < s (2L ).

Just like this, we also have:

Vi) = us(e, ) — ualz, y)| < / /D V() FE e ) e
x,Y,9

Vi _ ded 1% ded
Vi, y)| < / /D b)) dedn < / /D L) dsd

2
<ma / / ma®) <<2X>2”) dedn
D(z,y,9) 2

2 v RYs 2 ! 3?43
Sm)\(Ib\/ (/ (2N)?5-d6)dn < m3 @y | (2V)3%: ).
0 Jg=(A) 2 3!

It follows by induction:

Vi (z,y)| < my 1@, ((m’)ny> .

n!

Hence:

<m) 1o, [(GAOA" @y [N )maA]"

v
1= n! my n!

00,K )

which ensures the uniform convergence of the series »_V,, on K , and, consequently, on
n>1
every compact of R2.
We have: EZZL Vi = un — uo, so the sequence (uy),y converges uniformly on K to a

function u. As every u,, is continuous, the uniform limit « is continuous on every compact

Ky, so on R2.

43



Let us put e, (2, y) = u(z, y) — un(z,y) then:

u(a, ) - uo(a.y) —t/ygcmyﬂ)Fxﬁ»ﬁau(fﬂﬁ)dfdﬁ
=u@w%m&aw+(w@wwmew—/A@wf@mm@mmwﬁ
=€M%y%—féuMwUW&%U@WN—JW&mwlM&mﬂdﬁm,

as for every (§,n) € D(z,y,9):
|F(§7 7, u(£> 77)) - F(&a 7, un(&v 77))| < |U(£, 77) - unfl(gv 77)| my,
the second member of the above equality is bounded by:

( sup \En(:r,y)l)erA( sup A(w,y)>< sup ’u<$7y)_un—1($7y)’>7
(xvy)EKk (J?,y)EK)\ (xvy)eKA

that is by:

( sup \5n(:c,y)|) + my (2)\’ X )\) ( sup len_l(:v,y)) ,

(m,y)EK)\ (r7y)€KA

whose limit is 0 when n tends to 4+o00. So, it follows that:
u(z,y) = uo(z,y) + // F(& n,u(& n))dédn
D(z,y,9)
for (z,y) € KxnN{(2,9),0 <y,g(y) <a} =K.

al2) Uniqueness.

Let W be another solution to:

M%w=www+/é()F®mM@m%®.
x,Y,9

Putting: A = W — u, we obtain:

Alz,y) = / /D L WE )~ FIE moul ) dn
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Let (z,y) € K, since D(x,y,g) C K, we have:

A — A .
(2,)] < / /D I ) (el dedn < m / /D Iy

As g(y) <=z

T Yy g(\) Yy
A A dnd A dnd
Ayl sm [ [ isEmlanie<m [ 7 [Tia ) ande
)

y oA
A d€)d
<o [ 186 )] ey

y  rg(A)
< my / ( / sup A, )| dé)dn
0 g(—=X) £€[0;2)]

For every y € [0, A], let us put:

E(y) = sup |A(& ),
£€[0;2]

[ L s

then:

|A(z,y)] < my < my2\

/Edn

with the result that:

VY €y e [0 F(N)], Ely) < mp2N

/Oy E(n)dn‘ ,

in this way, by applying GRONWALL lemma, we get: £ = 0 hence A = 0, which proves

the uniqueness of u in K| ,. We write v,  this solution.

a2) Case (2): z<g(y).

We have:

0%u 9w /v 52y - v 92
//D(%yvg)m(&n)dﬁdn—/x <0 9wy &MY > dg§ = —/g(y)( i axay(g’")d’o de.

We can treat this case in a same way.
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b) y <0.

In the case y < 0, let us make the change of variables:

that is, we reverse the direction of the axis (symmetry of center O). Then we have: ¥ > 0 and
h(Y) = —g(=Y). The compact K is turned into the compact Qx = [h(—=A); h(A)] X [=A; A]
and h(X) = —g(—=\).
So we have now:
gly) <z e Y >hX); D(X,Y,h) = D(—X,-Y, g) = rectangle(MNQP);

gly) >z Y <hX); D(X,Y,h) = D(—X,-Y, g) = rectangle(MPQN).

bl) If x < g(y), then:

0%u 9®W) /[0 52y, - V5
//D(x,y,g)axay(f’”)dﬁd”—/x (/y awy(&n)m) d&—/g(y)( i axay(f’”)dn> de.

b2) If g (y) < z, then:

0%u T 0 924 . v 92y
Dy & Mdedn = ) ) dé = — (n)dn ) dé.
//D(l’,y,g) Oz0y (5 77) S /g(y) ( y 0xdy (5 77) 77) § /g(y) ( v 0zdy (5 77) 77> 3

The change of variables give then:

u(z,y) = u(~X, ~Y) = up(~X,~Y) + / / (=€, u(—€, —n))ddn,

whose form is:
U(X.Y) = Up(X.Y) + / / 3(€,m,u(€,m))dédn.
D(X,Y,h)
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We can treat the solving like the above cases, with:

[Vall <mi e w - 2N [(2A)mAN" < P [(2A")maA]"
Nlloo, Ky — """A A n! m) nl my n!

Y

U(ZL‘, y) = U(—l’, _y)'

c) Existence of a global solution.

We have four cases:

the case: (0 <y and g (y) < x) and the case: (0 <y and z < g(y)),

the case: (y <0 and x < g(y)) and the case: (y <0 and g (y) < z).
Finally, if we put:

Ky =K\n{(z,y),0 <yand g(y) <z},
K3y =Kxn{(z,9),y <0and z < g(y)},
Ky =Kxn{(z,y),0 <yandz < g(y)},

Ky =EKxn{(z,y),y <0 and g (y) <z}

and if we call:

vy the solution in K ,,
+ o +

wy the solution in Ky,

v;\r the solution in KfLA,

w) the solution in KZ,/\’
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then we can put:
vy (z,y) for (z,y) € K

w;\_(may) fOI‘ ($,y) S K;:)\

(6)

U)\(Jf,y)
’U;\r(l',y) fOI‘ (:U,y) S Kft)\

wy (z,y) for (z,y) € Ky .

vy and vy link up on 7 because v} (g (y,4)) = vy (9 (,y)) = ¥(y),

wy and wy link up on v because wy (g (y,y)) = wy (g (v, ¥)) = ¢ (v),

wy and v link up on (y = 0) because v, (z,0) = w) (x,0) = p(x),

wy and vy link up on (y = 0) because v (z,0) = wy (z,0) = ¢(z),

which assures the existence and the uniqueness of the solution u) in Ky = K1_ NS K;r WU
K UK,

d) It remains to prove that the method actually gives a continuous global solution u in R?,
that is, which verifies (P, ,).

If Ao > A\ then K, C K),; so, we must still prove that: Uno|Ky, = WA

But:
(@, y) € Ky, uny(,5) = uo(z, y) + / /D L FEm ()i
x,Y,9

and we have this equality all the more for (z,y) € K),. So we have:

ey, @) =)+ [ Flemuy e, €n)ddn
! D(z,y.9) !
In other words: u Do Ky verifies (4) in K, and so coincides on it with its unique solution
1

Uy, -

For every (z,y) € R?, then we can put:

U(%, y) = U)\(l',y)

:uo(:n,y)—l—//D( )F(ﬁ,n,U(é’,n))dédn (7)
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where u) verifies (4) in K and (z,y) € K.
The definition of u by (7) being independent of the compact K, finally gives the unique
global solution to (P} ,) or (P..). O

In chapter 6, we will need the estimations clarified by the following result.

2.2.1.2. Proposition

With the previous notations, for every compact K € R?, there exits a compact K, € R?,

defined before, containing K, such that:

; Ca = [F(-0)

) mr= sup |E(2,9,1) soicr T M vl o 1, 5

(zy)eKy; teR

.. 05N
(1) [[ull o e < Nulloorey < luwollso iy + . exp[2X'myA].

Proof.
We have:
wnlaoy) = w9+ [[  Plen (€ m)dedn, 01,
D(z,y.9)
uo(,y) = P(y) + ¢(x) — ©(9(y));
vy (@,y) for (z,y) € K,
wy (z,y) for (z,y) € K;f/\
U)\(x,y) =
vy (z,y) for (z,y) € Kf:)\
wy (z,y) for (z,y) € Ky ).
As:

o = [1FCs - Olloo rey + i [[w0ellog i, »

Vn = Up — Up—1,

according the proof of theorem 2.2.1.1., we have:

VTL € N ’ ||Vn|’007K£)\ S m}\ 1@)\[’”!] — m[[n']]
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and consequently:

oo
Dy
”uHoo,Kf,)\ = ||u0||oo,K1_’>\ + Z HVnHoo,Kl_’)\ < ”uOHOO,Kl_)\ + Rexp[[2A/mAA]]
n=1

We can follow that:

105
||uHOO’K1—7A < ||u0||oo,K1_7)\ + m—)\exp[Q)\’m,\)\]]

and just like it:
D)
||uHOO7K;A < ||uo||oo7K2+7A + m—)\exp[Q)\’m/\)\],
D) ,
HuHOO,KIA < H“()Hoo,KffA + m—)\exp[Q)\ myA,

Py

So:
5%
HuHoo,K/\ S ||u0||ooyKA + mi)\exp[2)\,m>\)\]a
hence:
D,y ,
[l e < Nulloo iy, < Mol iy + == exp[2A'MAA]
mA
O
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Part 11

Algebras of generalized functions

o1



Chapter 3

The algebras of generalized

functions

The algebras of generalized fonctions are the most effective tool to solve the non-linears
differentials problems with irregular or characteristic data. To choose an appropriate struc-
ture for the considered Cauchy problem we use the results and notations of Marti [8], [9],

[10] and [11].

3.1 The sheaves of (C,E&,P) algebras

3.1.1 Algebra structure
3.1.1.1. Notations

a) Let:
(1). A be a set of indixes;
(2). A be a subring of the ring K*, (K =R ou C);

(3). Ay = {(T)\))\ €Ay > 0};

52



(4). the following stability by overestimation property for A:

Whenever (|sy|)a < (ra)x (i.e.: for each A, |sy| < 7)) for some ((sx)x, (7a)a) € KA x A4,
it follows that: (sy)x € 4;

(5). I4 an ideal of A with the same property;

(6). a sheaf £ of K-topological algebras over a topological space X, such that, for each
open set 2 in X, the algebra £(€2) is endowed with a family P(Q2) = (pi);cr(q) of semi-norms

with the following property:
Vi € 1(2),3(5,k,C) € I(Q) x 1(2) x R, Vf, g € E(Q) : pi(fg) < Cp;i(fpr(9),

(7). if Q1, Q9 are two open subsets of X with ; C Qg, it follows that
I() C I() and if p? is the restriction operator £(Q2) — £(Q1) then, for each p; € P()
the semi-norm p; = p; o p? extends p; to P(Q2).

(8). Let F = (Qp)nen any family of open set in X and Q = thQh. Then, for each
pi € P(Q), i € I(Q2), there exists a finite subfamily of F: Qq,Qo, ..., Q,,(;) and corresponding

semi-norms p1 € P(Q1),p2 € P(22), -+, Pn(i) € P(Qn(i)), such that, for any u € £(0)
pi (u) < p1 (ujg, ) + 2 (wg, ) + -+ Pagi) (“\QM ) :
b) Then we put:

Hiaep)() = {(un)r € [E@) | Vi € 1(Q), (pilun)y € At}
Tt () = {(un)r € [E@)" | Vi € 1), (pi(wn)), € 15 }

C=A/lL

¢) Remark: It is clear that A is not a subring of A, but remains stable under addition

and product. The same goes for IX.
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3.1.1.2. Proposition
If [Al = {(JrA])y €RY : (12), € A} and |La] = {(IrA])y € RY : (1)), € L4} are respectively

subsets of A and 1y it follows that |A] = Ay and |I4| = I}.

Proof. Obvious because we have evidently A C |A| and I} C |I4].

3.1.1.3. Proposition. See [12] and [13].

Under the above hypothesis, we obtain:

(i) Heaepy is a sheaf of subalgebras of the sheaf eh;

(i) JT(14.6,p) 5 a sheaf of ideals of Ha e p)-

Proof (Main steps).

We start from the statement that £ and £ are already sheaves of algebras. From (7),
we can prove that H 4 ¢ p) (and J(;, ¢ p)) is a presheaf (the restriction property holds).
The localization property does not require any hypothesis but, to glue the bits together, we

need the property (8), which generalizes the situation from C* to &.

3.1.1.4. Proposition

Under the hypothesis of the above proposition, we obtain:
the constant sheaf Ha,|.)/J (14K, 15 evactly the sheaf C = A/la.
Proof. We clearly have H4 k .|y = 4 and J(1, k,.|) = La-

3.1.1.5. Definition

We call sheaf of (C,E,P)-algebra, the factor sheaf of algebras

A=Haer)/T 1P

and we denote by [uy] the class defined by the representative (uy)ygcy -
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3.1.1.6. Remark

In the context of (C, &, P)-algebras, it is proved that if A = A4, it follows that

Hiak 1/ Tiaak |y = A/ La =C.
But the first term is, in principle, a (C, K, |.|)-algebra and the second a ring of generalized
constants, which is therefore an algebra. In fact, the following proposition will prove it:
3.1.1.7. Proposition

If A is a subring of K, (K = R or C), with the stability by overestimation, such that
|A| = Ay, it follows that A is a K-sub-algebra of KN,

Proof.

It suffices to show that A is stable under addition and product by elements of K.

Let s be in K and (ry), € A. But K* is a K-vector space in which we have:

s.(ra)y = (8x)y (ra)y = (s72), -
But still, there is n € N such that: |s| < n, so that:
|sral < Inry| = |ra + ... + 1Al =7
where 1), € A.
So we have: |sry| € |A|, and, since |A| = A, we have: 5. (7)), € A. O
3.1.2 Operations and properties.
3.1.2.1. Overgenerated rings.

In practice, the ring A and the ideal I4 are overgenerated by finite families of elements in

accordance to the following definition :

95



Let

By={(rpp), € R n=1,2..p}

and B be the subset of (Ri)A obtained as products, quotients and linear combinations with

coefficients in R, of elements in B,. Define :
A={(ay), €K [T (br), € B:lay| <by}.

It is easy to see that A is a subring of K with the stability by overestimation property and
moreover : Ay = |A|. Then, we set the following definition:
3.1.2.2. Definition

In the previous situation, it is said that A is ovegenerated by By. If I, is some ideal of
A with the same stability by overestimation property, we can also say that C = A/I4 is

overgenerated by By,.

3.1.2.3. Example

As a “canonical” ideal of A, we can take:

Ir= {(@/\)A e KA |V (br)y € B:lay| < b/\},

3.1.2.4. The association process

We suppose that A is left-filtring for the given partial order relation < .
Let us denote by:
e () an open subset of X,
e F a given sheaf of topological K-vector space containing £ as a subsheaf,

e & a given application from A to K such that (® (X)), = (®,), is an element of A.
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We suppose also that we have:

Ti1a,e)(2) C 3 (un)y € Haep)(Q) : limux =0
A

Then, for u = [uy] and v = [vy] € £(2), we define the ®-F association.

3.1.2.5. Definition

We denote by:
o
U X v
E(Q)

the ®-F association between u and v defined by:

lim & — =0.
El(rgI)l) Aluy —vy)
A

That is to say that for each neighbourhood V of 0 for the E-topology, there exits A\g € A

such that:
)\<)\0:>(I))\(U)\—U)\) eV

To ensure the independance of the definition with respect to the representatives of u and

v, we must verify that if én(rzl @ (wy) = 0 holds, for some (wx)x € H(a,ep)(£2), then for any

A
(i)x € T(14.6,7) (), }121(%1)619)\(10) +1iy) = 0.
A

To prove the last condition, it is sufficient to show that:
(Pair)r € T(14.6,7)(Q).

But for each i € I(€2), we have p;(®y (ix)) = |®x|pi(ixn). And, considering to the definitions

and the stability properties given above, we have |®,|, € A} and (p;(ix))x € If. Then we

also have (|®5|pi(ix))a € I;, which proves the required condition.
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3.1.2.6. Remark

We can also define an association process between uw = [uy] € E(Q) and T € E(Q) by
writing simply
u~T << limuy="1T.
E(Q)
A

Then taking F = D', £ = C*, A =]0, 1], we come around to the association process defined

in the literature [1] and [3].

3.1.2.7. Remark: Relation between unitary ring and injection

It is shown in [11] that a necessary and sufficient condition for the existence of a canonical
sheaf morphism of algebra from £ into A is that the ring A should be unitary.
If, in addition:

Is C {(a)\)A cA: li/I\naA :O}

and, for each 2, the P (2) topology of £ (£2) is separate, then this morphism is injective.

3.2 An adapted algebra to the generalized Cauchy problem

The first step is to link the problem and its data to algebraic and topological parameters

that make it possible to build an appropriate (C,£,P) algebra.
3.2.1 The sheaf A

3.2.1.1. Definition

We choose £ = C®°, X = R? for d = 1,2, E = D' and A =]0,1]. For all Q, open set
of R4, £(Q) is endowed with the P(f2) topology of the uniform convergence of all the

derivatives on the compact subsets of 2. This topology may be defined by the family of
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the semi-norms Pk ;(uz) = sup | sup |D%u.(z)| | with K € Q and D = % for
’ o<l \zeK 0z 02
z=(21,.,2q) €, 1 €Nand a = (ay,...,aq) € N

We verify that it is compatible with the algebra structure of £(2) since:
VK € Q,VO& € Nd730 > Oavfag € COO(Q)’PKJ(fg) < PK,l(f)PK,l(g)

We put: Pg o(ue) = sup |D%u.(z)|, so: Pk (us) = sup (P a(ue)).
zeK la|<I

We take A =|0,1] and we index by ¢ instead of A.

Let A be a subring of the ring R of family of reals with the usual laws. We consider
an ideal I4 of A, A and I, with the same estimation stability property. We suppose that
(1), € A.

To simplify, we denote X = H 4 coo py, N = J(1,,0,p) and A = X /N.

We put:

2(9) = {(uo). € [CX@Q VK € 1 €N, (Piy(ue)), € A}

N(©Q) = {(us)s e [C®(@QN VK € Q¥ €N, (Pyylu.)), € 1;} .

The ring of generalized constants associated with the factor algebra is exactly the factor
ring C = A/14. Finally, the generalized derivation D : u(= [uc]) — D% = [D“u,|, provide

A(Q) with a differential algebra structure.

3.2.1.2. Example

If we consider:
A =Ry = {(m.): e R*: Ip e R}, 3C € R, 3 €]0, 1], Ve €]0, ], |me| < Ce P}
and the ideal:

Iy = {(me). € R : Vg € R%,3D € R, 3u €]0, 1], Ve €]0, 4], |me| < Def},
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then A (Rd) =g (Rd) is the Colombeau generalized functions algebra.

3.2.2 Stability of A(R?) by an application

We extend the notation F'(.,.,u) to the case of u being a generalized function of the variable
r,z € R? and F € C*(R3,R), in the following way:

3.2.2.1. Definition

Let Q be an open set of R? and F € C*°(QxR,R). We say that the algebra A (Q) is stable
under F if we have the two following conditions:
(i) For each K € R?, for each | € N, for each (u:). € C®(Q)U, there is a positive

finite sequence C1, Cs, ..., Cj, such that:

l .
PK,l(F('a * uE)) < ZiZOCiPIZ{,l(uE);

(ii) For each K € R?%, for each | € N, for each (v:). € X (), (ue). € X(Q), there is a

positive finite sequence D1, Ds, ..., Dy, such that:

l .
Pri(F(., . v) — F (., .,us)) < j:ODjPIJ(,l(UE — ug).

3.2.2.2. Consequence

If A(Q) is stable under F then:

(i) For each K € R?, for each | € N, for each (u.). € C®(Q)I%U, we have:
(Pri(uc)), € Ay = (Pr(F (. ue))), € Ay
(ii) For each K @ R?, for each | € N, for each (v:). € X(Q), (u.). € X(Q), we have:

(Pri(ve —ue)), € I} = (Pra(F(.,.,v:) — F (.,.,ue))), € I}.
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3.2.2.3. Consequence

If A(Q) is stable under F then, for each (uc). € X(Q) and for each (ic). € N(Q), we have
@) (F( - ue)). € X(9),
(it)  (F(,.us+1i) — F(., ., u)). € N(Q).

3.2.2.4. Example

Let F € C*(R2,R) definite by: F(x,y,z) = —Z _ then A (R?) is stable under F.

14 227
Proof:
We put:
z
&) =137
& (2,4) = (e (2,9)) = —e B
1+ u2 (z,y)

a) Study of f.

For each real z we have:

z 1 1 1
f(z)_1+z2_2<1+¢z_1—z’z)'

We put:

with: « =17 or « = —3.

Let us show by induction, that for each integer n > 1, we have:

(~1)" (n}) a”

(n) — ]
9o (2) (1+az)n+1
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We have:

, .«
9(2) = e
Suppose that:
),y (=" () a”
ga ( ) (1+a2)n+1 ’

then:

I

(n+1)(1+az)" a] _ (=) () ot

() (2) = (=1)" (n!) o™ | —
o) = (1" (e | =D e

therefore, by the principle of induction, the property is true for each n > 1.

We have:
1) =5 (676) - 422))
and, for a = i or a = —i, we have:
g&">(z)‘ < 'm < (n!)(lJr‘i’Z)n+1 < nl,
SO:
0G| < 3 (jo )| + o)) <

All the sucessive derivatives of f are therefore bounded on R, and for each integer n:

suIR) ‘f(")(z)‘ < nl.
z€

b) Let us show that for each n, there is C}.,, > 0, 1 < r < n, such that we have:

Picn (F (1) 3 CrnPiey (ue).

In the expression of @, (z,y) = F(x,y,ue (z,y)),  and y have similar roles therefore the

o oo
study of Wy;_k is similar to these of m
0",

oxn

. Then we can prove the relation only

for
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bl) Overestimation of Pk 1 (F (.,.,us)).

We have:
PO (w.0) = f(ue () 2 (2.).
hence:
VK € R?, P 10y (F (-, ue)) < Pre (10 (ue) -
Consequently:

VK € R* Py (F (., ue)) < Pry(ue).

b2) Overestimation of Pk o (F (.,.,us)).

For each K € R?, we have:

02d ou ou d%u
€ e (2) € € !/ 5
92y (z,y) = [ (uc (2,9)) 3y (z,y) s (w,y) + f(ue (x“y))@m@y (z,y),

hence:

PK,(l,l) (F (. ue)) < 2PI2<,1 (ue) + Py 2 (ue) < 2P12(,2 (ue) + Pr 2 (ue) -
We have:

920, @ ou. \ 2 , 8u,

o @) = 12 (w) (G2 () + £ s ) G ().

then:

PK,(Z,O) (F (. ue)) < 2PI2(,1 (ue) + Pr 2 (ue) < 2P12<,2 (ue) + Pr o (ue) .
Consequently:

VK €R?, P (F (.,.,u:)) < 2P% 5 (ue) + Pra (uc) .
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b3) Overestimation of Pk 3 (F (.,.,us)).

For each K € R?, we have:

o0 Ou Ou\? Ou 0*u
e — £ “e “le 2 “e €
g @) = 1O () G ) (G2 ) o)+ e (o) 5 ) G5 (0
ou 0%u O3u
2) “e € e
2 ) G () i (000) + 0 200) e (20),
hence:
PK,(QJ) (F (., . UE)) S B!P[?;"l (Ug) + 3.2!PK71 (UE) PK72 (ug) + PK’g (UE) .
We have:
3 ou\* Ou 0*u
e _ @ e @) Ous .
o ) = 1O ) (5 ) )+ 372 s (o) G o) G5 (e
P,
1 e ) 2 (o),
then:

Pr 3.0 (F (-, ue)) < 6P (ug) + 3.21Pkc1 (ue) Prca (ue) + 1Pxc s (ue) -

Consequently, for each K € R?:

Pr3 (F (., ue)) < 6Pp (uc) + 6Pk 1 (ue) P2 (ue) + Prc3 (ue)

< 6P13<,3 (ue) + 6P12<,3 (ue) + Pre3 (ue) -

b4) Lemma:
The n-th derivative, (f o uw)™, of fou can be written:

(fou)™ = Z Z til,-..,irf(T) o u. kfll w i)

r=1 i1>..2
i1+...+i,=n

where the coefficients t;, . ;. are integers.
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Therefore we have, for « = n and § = 0:

o = . T O
axne (:U7 y) = Z Z (til,...,ir) f( )(UE (:Uﬂ y)) alej (x7 y) Y
r=1 i1>...2i0, k=1

i+...+ip=n

For each K & R?, for each i;, € N, i, < n, for each r € N,

(z.y)€K)
therefore:
max sup [f09(ue (z,1))| | < nt
ISZkSn ((x,y)EK) €
We have:
Ok,
sup Z-E (:n,y)‘ < Pr iy, (ue) < Py (ue)
(ry)eK) | O
and:
U .
o ( ) W (@) ) < Ppep (ue),
(@y)eK) \|pog 9%
therefore:
r U ,
sup | (ti.e.i,) S (e (@,9) [T 5 (09| < (i) ml P ()
(z.y)€K) oy 9T
Consequently:
oo n
sup - ( ,y)‘ < (tiy.in) | R PR, (ue)
(z,y)EK) ’ Ox Z Z ! K

¢) Let us show that: for each K € R?, for each [ € N, for each (v.)., (u.). elements of

X(£2), there is a positive number Dy, such that:

PK’l(F(., .,’Ua) - F (., .,ua)) S DlPKJ(UE — ua).
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cl) First let us show the relation for [ = 1.

For each K € R?, for each (x,y) € (x,y), we have:

9a(ve (z,9)) — galue (z,y)) = 1+ ozvl6 (z,y) 1+ Oéuls (7,y)

o (ue (:E,y) — Ve ('x:y»
(1 + ave (z,y)) (1 + aue (x,9))

Y

SO:

‘Oé‘ ‘us (w7y)_v€ (w,y)\ < ’ut’:‘ (-’L’,y)_’l)g ($7y)’
11+ ave (2, y)| |1+ aue (z,y)] — [T+ 02 (2,y)| 1+ uZ (z,y)|

|90 (ve (2,9)) — ga(ue (z,))] <

S ‘Us (xay) — Ue («T,y)‘ )

because @ =7 or o = —1.
Since:
z 1
P = 1o = 5 e ()~ g ().
then:

floe (@, 9) = f(ue (2, y)) = % [(9i (ve (2, 9)) = gi (ue (2,9)) = (9 (v= (2, 9)) — g-i (ue (z,9)))]

and:

[f (v (2,9)) = f(ue (z,9)] < 5 [1gi (ve (2, 9)) = gi (ue (2,9))] + g (ve (2,9)) = g—i (ue (z,9))]]

N =

< ’UE (3773/) — Ug ($7y)’7

consequently:

Pro(F(., . ve) = F (.., ue)) < Pro(ve — ue).

c2) To establish the relation for g, is enough
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For each K € R?, for each (x,y) € (z,y), we have:

—a
1+ ave (z,y)) (1 4 aue (z,y

Ve (2,y) = ga(v: (7,9))—ga(ue (z,y)) = ( M (Ve (2,y) — ue (2,9))

and:
(Ve (2, 9)] < 19a(ve (2, 9) — galue (2,y))] < |ve (#,y) — ue (z,y)],
S0:
sup |We (2,y)] < Pr,o(ve — ue)-
(z,y)eK
We put:
—«

he (z,y) = = —aga(ve (7,Y))ga(ue (T,9)).

(1 + ave (z,y)) (1 + aue (x,y))

a"h
Since g, and all the sucessive derivatives are bounded, for each integer n, Tng is bounded on
x

% 8 Ue an Ve an Ue
ox ox ox™ ox™

)
oo, K

g eeey

00, K

)
oo, K

K by a polynomial of [|ve |, es [|tel o 15 ;
oo, K

with positive coefficients, what we write d,, (K, uc, ve).

According to Leibniz’s formula for the successive derivatives of a product, we have:

oV, = i O'he
O (1',3/) - _agcn Ot (‘Tay)

ot (ve — ue)

Oxn—1

(z,9)-

Consequently:

0"V,

(IL’, y)’ < Z Cﬁldz(Ka Ug, Ua)PK,n—i ('Ua - ua)
i=0
< (Z C:Ldz(Ka Ug, Ua)) PK,n (Ua - ua) .
i=0
From this, it may be deduced that:

P n(F(.y0:) — F (., ue)) < Dy Prp(ve — ue).
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3.3 Singular parametric spectrum
3.3.1 Analysis of the distribution singularities of a generalized function
3.3.1.1. Notations
We suppose that:
NA®©Q) = {(ua) € X(Q), limuc =0, in D’(Q)} S5 N(Q).
Then we put:

DY(Q) = {[ua] € A(Q),3T € D'(Q) lim (u.) = T, in D’(Q)} .

e—0

D'4(Q) is clearly defined because the limit is independent from the chosen representative;

indeed:
lim (ue+i.) = lim u.+ lim i = lim w. puisque: lim i. = 0.
e — 0 e — 0 £ — e — 0 e — 0
D/ (2) D/ () D' () D/ () D/ ()

D'(£2) appears like a R-vector subspace of A(£).
Therefore we can consider O D, “the set of all x having a neighbourhood V on which u

is associated to a distribution”:
Op, (u) = {z€Q/aVeV(z):ulyve Dy(V)},

V(z) being the set of all neighbourhood of z.

3.3.1.2. Definition

The D'-singular support of u € A(Q) is denoted singsuppp (u) = 5“5‘:4 (u) and defined as

S () = \Op, (u).
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3.3.2 Elements of parametric microlocal analysis

Let v € A(R?) and 2 € R% It may happen that u = [u.] is not associated with any
distribution in a neighbourhood of z, that is, there is no open neighbourhood V,. of x for
which ;i_r%(uawz) belongs to D'(V). [13]

But in this case, it may happen that some real number r and some neighbourhood V,
of x exist such that ;iir(l)(erude) belongs to D'(V,), that is, [¢"u.] belongs to D'4(V;), the
vector subspace of A(V,;) whose elements u are associated with some distribution of D'(V;,).

For example, let us take ¢ € D(R), ¢ > 0, [¢(x)dz = 1 and u.(x) = e 2p(ze™ ).
Then, u = [u.] is a generalized function of A(R) which is not associated with a distribution
in a neighbourhood of 0, but for r > 1, [¢"u,] is a distribution.

This leads to the following concept:

3.3.3 Singular parametric spectrum
3.3.3.1. Notations

Let © be an open set of R, For x € Q and u = [u.] € A(Q), we put:
Npr o(u) = {r €R:;3V; € V() : lim (g, ) € D’(Vx)}

we can show that Np ,(u) does not depend on the chosen representative of u and that if
Nopr o (u) contains some ¢ € R4, it must contain every r, r > r(.

Then one defines the D'-fiber over z as: Xpr 5 (u) = Ry \Npr ,(u).

This is either a bounded interval of Ry with the form [0, 7] or [0, 7], either R itself, or
the empty set.

Then we can give the following definition of the singular parametric spectrum of gene-

ralized function:
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3.3.3.2. Definition

We define the D’'-singular parametric spectrum of u € A(Q) as the subset of @ x Ry:

S-St u={(2,1) € QX Reyv € Tp(w)}

3.3.3.3. Remark

We have Ypr ,(u) = @ if and only if there exists a neighbourhood V. of x such that:

m(uEWI) € D'(Vy),

li
e—0
that is, if and only if x does not belong to the D’-singular support of u: SA;‘ (u).

It results from this that the projection on €2 of SES“’é‘, u is exactly Sg;\u.
A

3.3.4 Some properties of the D’-singular parametric spectrum SESA,AU of
a generalized function u € A(Q)

3.3.4.1. Theorem

Let u and v € A(?). Then we have:

S. S

/
A

(u+v) = sf_:sf‘;l (u) U 555«4:4 (v).

Proof.

Let r € Npr z(u) N Npr 4 (v), then, there exist V,, € V(z) and W, € V(z) such that:
lirr(l)(srugwx) € D'(V,) et lirr(l)(srua‘ww) e D'(W,).
e— e
From this it may be deduced that:

lm (" (ue + ve) o, ) € D'(V, N W),

e—0
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it follows that:

r € Npr o (u+v),

consequently:

Npr z(u) N Npr 5 (v) C Npr o(u 4+ v).

We obtain the result by taking the complementary sets in Ry. [

3.3.4.2. Corollary

For any u, ug, uy in A(Q) with:
(1) u = ug + u1, (i) SgSA,A (uo) = 9,
we have:

Sgsf‘,A (u) = Sgsf‘,A (u1) .

Proof.

The previous theorem and the condition (i7) give:
SESA/A (u) C SESA;\ (uy).

But, as (i) implies:

up = u — u1,

we obtain of course the converse inclusion, and thus the result. [
3.3.4.3. Theorem
Let u € A(Q). Then we have, for each D*, a € N?
Sesg‘,A (D) C Sgsg‘,A (u).
Proof.
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Let r € Np/ 5 (u). There exists V,; € V(x) such that: lirr(l)(eTuawz) =T eD (V).
E—
The continuity of D implies that:

lim (" Dy, ) = lim D*(e"ugyy, ) = D°T € D/(Vs).
E—>

e—0

Thus: Np z(u) C Npr (D*u); We obtain the result by taking the complementary sets
inR,. O
3.3.4.4. Theorem

Let f € C*(2) and u € A(Q). Then we have:
A A

Proof. Let r € Nps 5(u). There exists V,, € V(x) such that: lir%(srusm) =T eD(V,)
E—>

that is, for each ¢ € D(V,), we have:

lim [ "ue (z) ¢ (x)de = (T, p).

e—0

Thus, we have:

i [ €7 (fue) (&) () do = lim [ &"ue (2) (o) (2) da = (T, o) = (/T ),

it follows that:

lif%(ffrfua\vx) =fT e D,(Vx)a
£—

therefore r belongs to Npr . (fu).

From the estimation

N’D’,x(u) - N’D’,ac(fu)a

we can deduce the result. O
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3.3.4.5. Corollary

Let P(D) = Z Co D™ be a differential polynomial with coefficients in C*>(2).
laf<m

Then, for any u € A(2) we have:
sgsA/A (P(D)u) C SESA,A (u).
Proof. We can write

P(Dyu= Y CoD"u

la<m

and apply the previous theorems. [
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Part 111

Generalized problems
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Chapter 4

A generalized Cauchy problem

4.1 Terms of the problem

4.1.1 Problem (FPg)

We take up again the formulation of the Cauchy problem posed in 1.1.1. under the form:

82
0xdy “=

F(.,.,u)

(Pa) Uy =@
ou
{ 82/ |’Y_ 11Z)7

where ¢ = [p] and ¥ = [¢);] and the hypothesis on F, f, ¢, 1. are kept but, now wu is

searched in an algebra of generalized functions A (R2) defined in the previous chapter.
We suppose that A (RQ) is stable under F', that A (R) and A (Rz) are built so on the
same ring of generalized constants.

We suppose that, for every ¢, the problems:

81‘62} (LU, y) = F(xvyvua(xv y))

Poo (¢e, 1)) ue (z, f(x)) = pe(x)

Oue

o (@ (@) = (o)
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have a solution u. € C*(R?).

4.1.2 Giving a meaning to (Fg)

Giving a meaning to (Pg) is first giving a meaning to:

2
6jayuzF(.,.,u) (1g)
Uy =@ € A(R) (26’)

ou
2= R) (3
Ge AR (3a)
when u € A (RQ) and 7 is the smooth submanifold of R? defined by y = f(z).
Giving a meaning to (1), under the hypothesis that A (Rz) is stable by F, signifies that

for a representative (uc). of u we must have, for every (i.). € N (R?) and (j.). € N (R?),

2 .
(W —F(., ., ue +je)> e N (R?).

2 : 2
As. 0% (ue +1ic)  Oue
0xdy 0xdy

this comes down to verifying that:

) € N (R?) and since: (F(.,.,uc + je) — F(., ., ue)), € N (R?),

(%iggj _ F(.,.,u5)>€ € N (R).

0
Giving a meaning to (2¢) and (3¢) signifies first defining v, and a—u and, as v is a
Y1,

smooth submanifold of R? that can be represented by a single map (y = f(x)), we can
identify A () and A (R) and so u| to the element of A (R) a representative of which is

0
(x — uc(z, f(x)). and we can identify ({Tu to the element of A (R) a representative of
Yly

which is (x — %:E (x, f (37))> .

€

So (2¢) is equivalent to:

(@ = ((ue +ic)(2, (7)) = (¢ + ac) (@) € N(R).

(3¢) is equivalent to:

(2= (5, )@ f(2) = (e + )(2)e € N(R)
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for every (ic). € N(R?), (ae). € N(R), (8:). € N(R), and considering:

(@ = ((ue +ic) (2, f(2)) — ue(z, f(2)))e € N(R),

(z = ((pe + ac) (@) — pe(7))e € N(R),

(@ (55 ) = G Fla): € NR)

(= (e + B:)(x) — Ye(x))e € N(R),

(x = (Je(w) —ic(z, f(2))e € N(R),

this comes down to:

(z = (ue(z, f(x)) = ¢:(2)))e € N(R),

- (@, f(2)) = ¥=(2))- € N(R).

To sum up, (Pg) has a meaning if and only if it is represented by a (u.)_verifying:

(%igg;) ~F(, .,ua)> € N (R?)

€

(

(x = (ue(z, f(z)) — ¢=(2)))e € N(R)

(& (%sz,f(m)) ~e(@))e EN(R).

If so, for every ¢, the solution u. to P (¢, ¥¢) is such that (u.), € X(R?) then the relations

above are all the more true and [u.] is a solution to (Pg). O

4.2 Solving the problem

4.2.1 Solving (Fg)
4.2.1.1. Theorem

Let us suppose that A (Rz) is stable under F, let us suppose that A(R) and A (]R2) are

built on the same ring C = A/I of generalized constants. Let us suppose that the data of
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problem (Pg) verify the conditions ¢ € A(R), ¢ € A(R), f € C*(R).
Then problem (Pg) has a unique solution u in A (R?).

Proof.

Let ue = SPy (e, 1) the solution to P (¢, 1) with the initial conditions . € C*°(RR)
and 1. €C*(R).

According to the previous result, it is enough to verify that (u.). € X(R?) for u = [u,]
to be solution to (Pg).

Any other solution v to (Pg) is in the form: v = [v], where (v.), verifies:

9% (v, )
( aafay) - F(., .,vg)>E = (i), € N(R2)
(ve( f() = @=()e = (ae), € N (R)
(- f() = ¥e()e = (B:). € N (R)

| Gy

and so the uniqueness of the solution to (Pg) will be the consequence of:
(ve — uz). € N(R?).

a) Let us show that: (uc). € X(R?).
We will prove that:

VK € R* VI € N, (Pgy(u.)), € Ay
let us proceed by induction showing first that we have:
al)
VK € R?, (P 0,0)(uc)), € Ay,
with:
Py (0,0)(ue) = Sup e (@)] = [|te| oo 1

that is, the 0-ordered overestimation is verified. Let us put:

uoe(z,y) = Xe (Y) — X(f(2)) + pe(z)
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where . indicates a primitive of ¢, o f1.

According to the proposition 1.2.1.2., VK € R?, 3K, e R?, K C K,

D)\
ttell oo, < Ilttelloo iy, < w06l ey + m’: exp[2Amy (f(A) = f(=A))]-

We have <Hu0:5Hoo,K)\>€ € A because [p.] and [1).] are elements of A(R).

my = sup
(zy)E€K; teR

0
0z

F
9. ($, Y, t) ’
is a constant which depends entirely on F', K.

1
c(K)y) = . exp[2Amy (f(A) — f(—=A))] is a constant which depends entirely on F, f, K.

SO:

(I>>\,€ = ||F(v 70)”

OO7K)\ + m)‘ ||u0,€ OO,K)\

(I;i‘f exp2Amy (f(A) — f(=N))]

= ¢(K)) Py

= (B IF (s 0)ll i, + exp[2Ama (FO) = F(=)] [0z o 1. -
c1(Ky) = (KN [[F(., -, 0)|[ oo, 1s a constant which depends entirely on F, K;
exp[2Amy (f(A) — f(—=A))] is a constant co(K) which depends entirely on Ky, F, f.

Consequently:

tclloo g < el iy < ol s, + €1 () + c2(K) el g,

SO:

[telloo re < Mttellog 1y < (14 c2(BN)) luoell i, + €1 (BN)-

(e

as c1(K) is a constant ((1), € A), we deduce that:

OO,K)\)E € Aso ((1 + c2(K)y)) Huo,aHquQe € A (if (r;)e € A then (cr.), € A) and

(1 + c2(K))) [[uoell o g, +c1(KN))e € A
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A being stable by overestimation: <||u5||C>O KA) € Ay and so: (HUEHOOK) € A, that is:
’ € ’ €

(P (ue)), € At

a2) Let us show that:

(PK71(’U,5))€ c A+.

We have:
Oug oug.e v
Zre — : F
5y (LY = ~(@y)+ - (z,m, ue(z,m))dn,
hence:
ou ou
P (1,0) (ue) —‘ o = sup ’ 5 (w,y)‘
00, K
auoﬁ
<sup |——(2,y)| + (f(A) = f(=A)) | sup | F(z,n, ue(z,n))] | -
K | Ox K

A (RQ) being stable under F', there exist C' > 0 such that:

PKA,(O,O)(F(W '7u6)) < PKA,O(F('v '7u6)) <C. (1)

We have:
ou
o (@.y) = [ (@)ve(@) + ol (),
T
hence:
ox 0K )

because [p.] and [i).] are elements of A(R).

So:

Oug ¢

ozl 1O - FEN).

0o, K

P 1,0)(ue) < ’

A being stable by overestimation: (P (1) (ué—))6 € AT,

We have:

%(x ) = Juo e

1)
(2,y) - / F(€, e (6, y))de,
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SO:

P (0,1)(ue) = | 6;;5 ok :?(up ‘%Zj(x,y)’ < sa;(p
We have:
P02 o) = 01 ),
SO:
(F5l.) =

because [1).] is element of A(R); hence:

Oug ¢
P u) < || —= + CO2)\
(0,1 (Ue) H 3 |l
and so, like previously:
Ou,
Al
<H 6y oo,K)E €

a3) Induction.

Oug e
= 2
%<awhx<

sup |F(x,n, us(z,n))|

K

)

Let us suppose that, for every I < n, we have: (P (us)). € Ay and let us show that

involves (P ny1(ue)), € Ay

In fact we have:

PK,n+1 = max (PK,m Pl,n7P2,n7 P3,n7 P4,n)

with:

Pl,n = PK,(n+1,0)7

P2,n = PK,(O,n+1)7

P3’n = Sup PK,(O[-‘rl,ﬂ)’
a+p=n;5>1

Py = sup Pk (ap+1)-
a+pB=n;a>1
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a3.1) First let us show that for every n € N,

(Prn(ue)), € Ay, (Pon(ue)), € Ay

As we have:

Yy
7(%1@ = : ($7y) +/ F(x7n7u£(x777))dn7
Oz f)

we deduce that:

8%u, 8%ug. , vo9
s (7:9) = @)~ F@F(@ S o) + [ P m (e )

and by successive derivations, for n > 1:

anJrlua an—i—luO75
O+l Y :W(%y)
n—1
Y G @ g e f@) @) + [ et )i

As we have taken K C K, we can write:

8n+1u5( )‘
sup z,y)| <
(@)€K al‘n'H Y
8”+1u0,5 . ol
‘(W IES[UI;A]ZJ e x)’ 'WF(w,f(w),%(fﬂ))
+Um—ﬂ4»<m>afW%%@MD-
(z,y)eK xn
We have:
( sup WF({L‘ y’us(w y))D PK,(n,O)(F<-a-7u€)) < PK,n(F('a'vu€)>v
(z,y)eK | OF
and:
oI
sup. |55 P e S (@) )| € Pron (P )




moreover:

8n+1 ug £

+1
ox™ o

(

because [pe] and [1).] are elements of A(R).

) €<A+7
7K 6

According to the hypothesis of stability, a simple calculation shows then that, for every
K e R?,
(Pk,(n+1,0) (ue)), € Ay
Let us show that, for every n € N, (Pyn(ue)), € Ay.

As we have:

W
Gelew) = 5w - [ P s

[
- y Y, U Y

. Oy )

and by successive derivations, for n > 1:

8"+1u5 871—}-17“)"E / —L(y) "

W(%y) = W(%y) - oy F(& y,us(&,y))dE

=y <y>§;F<f1<y>,y,%<f1<y>>>-

As we have taken K C K, we can write:

6n+1
o |G

8n+1uO(€ ‘

S . L sup .Z‘ y,u T,y ‘
’ oyl oo,K zy)eK ) )

n—1 1y (n=3) -1 -1

s S| ‘ P (). o (f <y>>>]-

YElf(=N),f(\)] SI=0 () ‘ Oy’
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We have:

an
(( sup ‘aynF(:c,y, ug(x,y))D = Px o) (F (s, ue))

z,y)EK

S PK,n(F(a '7“6))

and:

i

(y),y,%(fl(y)))’ < ( sup iF(w,y,ue(ar,y))D

sup ¥ -1 '
(z,y)eK ay

yelf(-2),f (0] | 0%

< PKZ(F(, -,us)) < PKJL(F('a 'auf))'

— )

According to the hypothesis of stability, a simple calculation shows then that, for every

K € R? and for every n € N,

(Pk (0.n+1) (ue)), € Ay

a3.2) For a+ f =mn and § > 1, we have now:

P (at1,8)(uc) = sup ‘D(a“’ﬂ)ue(x,y)): sup ‘D(”‘”B_I)D(l’l)ua(ﬂﬂ,y)
(z,y)eK (z,y)EK

= sup [DOIVF(,y,uc (2,9))| = Pic a1 (F( . ue))
(z,y)eK

S PK,n—l(F(-a .,u5)> S PK,n(F(y .,ua)).

So we finally have:

Psp(us) = sup Pk (aq1,8)(te) < Prn(F(., . ue))
a+pB=n;8>1

and the hypothesis of stability then assures that:

(P37n(u8))€ S A+.
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In the same way, for a« + 8 =n and a > 1, we have:

PK7(a,5+1)(us) = Sup ’D(aﬁJrl)us (z, y)’ = sup ‘D(Oﬁlﬁ)D(l’l)ua (x7y)
(z,y)eK (z,y)EK

= sup }D(a_lﬁ)F(x’yaus ($,y))‘ = PK,(a—l,ﬁ)(F('v '7u€))
(z,y)eK

< PK,n—l(F(-a '7u€)) < PK,n(F(> '7“8))'

So we have:

P47n(u5) = sSup PK,(a,ﬁ-i-l)(UE) < PK,n(F(-a Ue))
a+B=n;a>1

and the hypothesis of stability then assures that:

(P47n(u5))8 S A+.

Finally, we clearly have:

(P n+1(ue)), € Ay

b) Let us show that w is the unique solution to (Pg).
Let v = [vc] an other solution to (Pg).

There are (i), € N (R?), (o). € N (R), (8:). € N (R), such that:

0%, )
8:1:8y<m’y) - F(w,y,vg(m,y)) + Zé(x7y)
V= (2, (7)) = @e(2) + e ()

dv.

(z, f(2)) = Y= (2) + Be(2).

L Oy

( / / ie(ﬁ,n))dﬁdn) € N (B?).
D(z,y.f) .

So there is (j.). € N (R?) such that:

It is easy to see that:

ve(,y) = V0. (2, y) — / /D Ll n)dedn + .(r.).
x,Y,
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with: vo.e(2,y) = uoe(x,y) + 0c(x,y); where: uo(2,y) = Xe () — xe(f (%)) + @< (2) and:
95('%3/) = Ba(y) - Ba(f (:E)) + O‘a(x)

where B, is a primitive of 8. o f~!. So (6;). belongs to N(R?).

So there is (0.). € N(R?) such that:

0 (2,y) = o () + 0 () — // | (@, Bvefo 6)dods.
D(z,y,

bl) Let us put w. = ve — u. and let us show that: (w.). € N(R?).

We have to prove that:
VK € R*,Vn € N, (P n(we)), € I
Let us proceed by induction showing first that we have:
(Pra (we)), € 1a.
We have:

(2,9) / / F(€m,0e(E,m)) + (&, mue(E,m))) dédn + oc(, ),
D(zyf)

however:

F(ﬁaﬂa UE(&?”)) - F(fv"?»“a(fﬂ?)) =

1
() — uele) ([ S (Eomelen) +000u(6m) — ucle )t )

LoF
wte) == [ et ([ Goteomnten) + 0wt n)i0) ddnrotan). ()
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Let (z,y) € K, since D(z,y, f) C Ky, if y > f(x), we have:

) ry
fwe ()] < ma / /f o foeEmldedn + ol e,

+A ry
< ma / / (&, )| dedn + |02 e, -
-2 Jf(x)

Let us put: ec(y) = sup |w:(&, y)|, then:
EE[-N+A]

Yy
e, )] < mx2A /f e ol

we deduce that:

Y
W € LN sty 2 F@), eely) Smad [ elaan + el

Reminder: Gronwall Lemma.
Let a: [to,t1] — R a continuous positive function and uy a positive constant.

Every function f such that: 0 < f(t) < wug+ fti f(s)a(s)ds, verifies the inequalities:

0 < F(t) < ugexp (/t:a(s)ds> .

Thus, according to Gronwall lemma:

Vy € [f(=A); fF(+N)], if y > f(2), ec(y) < (exp(/fy

mA2Adn)) 1ol oo, 1y -
(=3

We obtain the same result for y < f(x), hence, for every y € [f(=A); f(+N)]:

ec(y) < (exp(mr2A (y — f(=2) locll o i,
< [exp(ma2N(F ) = F] 02 e,
consequently:
el ey < lexp(ma@N(FO) = F(=)] el
(0). € N(®) 50 (|02l i, ) € L.
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[exp(mx(2A)(f(A) — f(=A))] is a constant, consequently (||w5||OO’KA> € Ia.

‘Which involves the 0-ordered estimation.

b2) Induction.
Let us suppose that, for every I < n, we have: (Px(w:)), € IX and let us show that
involves (P n41 (w:)), € I}
b2.1) First let us show that for every n € N:
(P (we)), € IF.
We have:
ow, Y

Oo,
B =G [ Fn o) Pt )

and by successive derivations, for n > 1:

8n+1u€ 8n+1u0,5
O+l T,y :W($’y)
S o ) 2R fe Fa,mue(z.m))dn.
5=0 Cnf oxJ () 8:6'"
So:
8n+1w an+10.
8xn+18 (x7y) = axn+18 (l',y) + (55(.%')+
yoogn
@) % (F(ﬂfan,va(%ﬁ)) - F(%Tl’ua(foﬂ)) d?],
with:

)= S @) (o Fl S (o)) = 5 Pl f(a)pelo) + 0 (0)).

(0:). € N(R). Hence:

Pr (n+1,0)(we) < Pg (ny1,0)(0¢) + S[ul):\) N |6c ()]
TE|—A,

+ () = (=) ( sup

(z,y)eK

a’l’b

(B velem) ~ Pl us(w,n))’) .

88



We have:

an
<( sng D = Px n0) (F(-,,0e) = F(., ., ue))
x,y)e

W (F(fUﬂ?a UE(:E?n)) - F(l'an»us(xa"]))

< P (F(,00) — F(, ).

According to the hypothesis of stability, for every K € R?:

(Pre,(nr1.0)(we)), € T4

Let us show that, for every n € N, (Pypn(we)). € I}

We hayve:
8n+1 - 8n+1 e aj B B
Syt (0) = 5 S @) =30 O ()T ) g FUT W) e W)
) 8"
- / (&, o€, ) e,
So:

mn

an—f—lwe 8n+10. f(y) o
s ) = e [ (o) - 5Py ) de

with:

) = s G ) (5 P 0w 00)

j=0 "

- 0 (U W ) st ).

(pe). € N(R). Hence:

sup |pe(y)|

Pg 0n+1)(we) < Pg 0041y (0e) +
YE[f(=A),f(N)]

o o
+ (2)) (( sup ‘F(:c,y, ve(x,y)) — aynF(az,y,uE(:c,y))D :

ek | OY"
We have:
o
sSup 7F .’E ' Ys U& &z y)) WF(xayvue(xay)) - PK,(O,n)(F('7'7U€) - F(.,.,'U,e))
(z,y)eK Y

< PK,(O,TL)(F(') .,UE) - F(a .7U5)).
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according to the hypothesis of stability, for every K € R?:

(Pr0nsn) (we)), € La.

b22)

For a + 6 =n and 8 > 1, we have:

PK,(a+l,ﬂ)(w8) = PK,(a,ﬁfl)(F(') '7U€) - F(a '7u6)) < PK,n—l(F('7 '7v8) - F(7 .7’11,5)).

Finally we have:

P3(we) = sup P (at1,8) (we) < Prp—1(F (., .,0e) — F(., ., ue))
a+B=n,3>1

and the hypothesis of stability then assures that:
(P3p(we)), € I,
In the same way, for « + 6 =n et a > 1, we have:
Pr (a,5+1)(We) = Pg (a—1,8)(F (-, v) = F (. ue)) < Prn—1(F( 0 ve) = F(, 5 ue).

So we finally have:

P4,n(w€) = sup PK,(a,ﬁ+1) (ws) < PK,n—l(F('a B UE) - F(7 ) ue))
a+B=n,a>1

and the hypothesis of stability assures that:

(Pap(we)), € IF.

So for every I < n + 1, we have:

(Pri(we)), € IS
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Proceeding by induction we obtain, for every n € N:

(Prn(we)), € I,

So (we)e € N(R?); consequently u is the unique solution to (Pg). [
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Chapter 5

Qualitative study of the solution

5.1 Parametric singular spectrum of the solution to the Cauchy

problem

5.1.1 Relation between the D’-parametric singular spectrum of solution

u and the D’-parametric singular spectrum of wu
5.1.1.1. Theorem

We put ug = [ug] with

uoe(7,y) = Xe (¥) — Xe(f(@)) + @e(z)

where y. indicates a primitive of ¥, o f~1, and we suppose that:
(H2) VK €R* Mp(K)= sup |F(z,y,2)| < +oo.
(z,y)eK,z€ER
Then the restriction to the parametric singular support of ug of the D'-parametric sin-
gular spectrum of the solution u to the Cauchy problem (Pg) is included in the restriction

to the parametric singular support of ug of the D'-parametric singular spectrum of uyg.

In other words, over the singular support of wug, there is no increase in the distributional
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singularities of u in comparison with those of uyg.

Proof.

Let (x0,y0) = X € S“é;‘uo and r € Np/ x(up). It results from the definitions that we
have: Y x(ug) # 0, and so that Npr x(ug) C ]0,4o00[ which involve that r > 0.

Let us show that we then have: r € Np/ x (u).

From the definition of Np/ x(up), there exists a neighbourhood Vx of X such that:

) S Z)/(‘Cx).

. r
B e}

Let g € D(Vx). So, there exists some distribution 7' € D'(Vx) such that:

lim / / g (2, y)g (@, y)dedy = T(g).
Vx

e—0
Let us show that:
//V " [ue(2,y) — uoe(,y)] 9(z,y)drdy
X

has 0 for limit when € tends to 0.

Supposing moreover that y > f(x).

As () — o (@, y) = — / /D L Pl m)dsin
x,Y,

and that (with the above notations):

}/ /vX [/ /D(x,y,f)F(’S’ 1, ue (€, n))d«fdn] 9(@,y)dzdy

< Mp(suppg) / / / / dﬁdn] g(z,y)dxdy
suppyg D(z,y,f)

< Mp(suppg) //suppg (A(z,y)) g(x,y)dwdy‘

< Mp(suppg) // (2A|y|)g(:v,y)dwdy‘
suppg

<2Me(sum) [ [ lollgt.9)| dedy < -+,
suppg
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then, we have:

lim sup
e—0

//VX e lue(z,y) — uoe(2,y)] (=, y)dxdy‘

//VX [//D(x,y,f)F(f’ , e (&, ”))dfdﬁ] g(x,y)dxdy

< limsupe" {m (Mesuwa)) [ lolloter) dwdy] o,
suppg

< limsupe”

e—0

e—0

because r # 0. And so:

lim// e"us(z,y)g xydxdy—hm// e"ug e (z,y)9(x,y)dedy = T(g).
e—0 VX VX

It follows that:

(e e ) = I

Vi ) € D/(VX).

So we have: r € Np/ x(u), which proves the inclusion: Npr x(ug) C Npr x(u), and conse-

quently, ¥p/ x(u) C Xpr x(up), then we have:

SeSpyu ,  CS:Spu

S22, uo 0 SA, ug '
Da Du

5.1.2 Examples.

Let us take g € D(R), g > 0, [, g(z)dx = 1.
With the above notations we have: ¢ = [p.] and ¥ = [¥.] where x. is a primitive of .o f~1

and:
uoe(z,9) = Xe (Y) — Xe(f(2)) + e ().

f(z) =ax, a > 0. Let us consider the following cases:

1)

-1

Xe(y) = 'g(ye!) and - (z) = e 'g(ze ™),
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Xe(f(2)) = e7tg(f(2)e™") = e plaze™).

Npr x(up) = [1,4+00[, then we have: SaSg;xu CRZx [0,1].
2)

1 2

(@) = e glae) and pu(a) = e 2plae ) — e [ plae )],
Npr x(up) = [2,+00[, then we have: SES“S:Au C R2 x [0, 2].
3)

Xe(z) = glze™") and pe(z) = g(ze™") = el g(ae™")]

Npr x(up) = [0, 4+00[, then we have: SaSg;lu CRZx@. O

5.2 Qualitative study of the solution. Case: F' =0

5.2.1 Terms of the problem

We search for a generalized solution u to the following Cauchy problem:

32
8x8yu -

0

ou

aiylv B

considering as data the curve 7 of equation y = f(x).

Let:

Py (¢e,e) ue (z, f(z)) = pe(x)

With the above notations, we have:

¢ = lpel, ¥ = [xe] and uc(2,y) = X (y) — xe(f(2)) + ().
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5.2.2 Qualitative study of the solution. Case: F' =0, f(z) = ax, (a > 0)
Case: f(z)=az, (a>0), p~6, ) ~ 9,

the association is defined in the following way:

Considering g in the space D(R), a even function, verifying [; g(£)d¢ = 1. Let us put:
ve(x) = %g(g) = 1e(x). Then (¢.), and (1), have, in a distributional sense, § as limit.
So ¢ = [pe] and ¥ = [1)¢] are actually associated to 0.

The solution to Ps (¢, ¥e) is defined by: us(z,y) = xe (y) — xe(f(2)) + @=(x), with:

)= [ve (o) an= [T (2 dn=a "oy =a (v, (Y) - 0.0)

where W, is a primitive of ..
So:

u(z,y) = ¥ (2) —a¥. (2) + p.(a).

1
We can choose U, such that U.(0) = 5 in such a way that:

lim U, =Y and lim (y — 0, (9)) —v.
e — 0 e — 0 a
D/ (R) D/(R)

Then we have:

[Us] = [ws,l] + [ws,ﬂ + [ws,3] )

with:
[we1] ~ a(l; ®Yy)
[We2] ~ —a (Yy ® 1y)
\ [U}573] ~ (Sz X 1y'
O

Case: f(z)=ax, (a >0), p ~ 3§, » =V, with U ~ ¢,

the association being achieved in such a way that :
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1
Considering g in the space D(R), verifying [5 g(§)dé = 1. Let us put : ¢ (z) = gg(g) =
U, (z). Then (¢.),. and (¥.), converge in a distributional sense to 6. Then we put ¢ = [¢]
and ¥ = [U,].

The solution to Px (¢e, ) is defined by:

u(2,) = Xz (1) = Xe(£(@)) + @e(@) = a¥e (£) = ¥ (2) + (@),

We calculate:

It follows that:

D/ (R) D’(R)
So:
[ue] = [we1] + [ws,Q] =+ [w573] )

with:

[ws,l] ~ a2(1x & 5y)

[we2] ~ —a(d; @ 1y)

[ws,B] ~ 51 & 1ya
hence:
un~a*(ly ®06,)) —a(dy ®1,) + 6, @ 1.

O

Case: f(z)=ax, (a>0), p~ S,y =¥ and ¥ ~T; S € D'(R), T € D'(R),

choosing:

@:[QE*S] and\Il:[gE*T]
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the association being achieved, since:

lim (g *S). =S and lim (g 7). =T.
o g —

D'(R) D'(R)

£

So we have here:

us(7,y) = Xe (y) — X (f(2)) + p=(7) = a¥. (%) —a¥. (z) + ()

=a(g-+T) (L) =alge+T) (@) + (9 S) (=)

Let us estimate the function y — (g *T') (Q) on the test function h € D(R). By
a

putting H(z) = h(az), we can write:
[ (g +T) (2) h(w)dy = af (9.« T) (2) h(az)d=.
Then let us define T' € D'(R) by:
<T,h>=(aT, [z — h(az)]) = (aT, H)
hence:

tim [ (9 +7) (2) h(y)dy = lima (g: ) (2) H(z)dz = (T, H) =< T,h >,

then:
lim [y — (ge x T) (y)} =T.
e — 0 a
D'(R)
Then we can write: [uc] = [we 1] + [we 2] + [we 3], with :
[wea] ~a(le ® Tvy)
[we 2] ~ —a(T, ® 1)
[we,3] ~ Sz ® 1y
and so:

u~a(l,®Ty) —a(T, ®1y)+ 5, ®1,.
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We can remark that:
<, h>=ab |z — h(az)] = ah(0) =a < 6,h >,

so that 0 = ad , it follows that, for T' = §, we well rediscover the above result.

0
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Chapter 6

A generalized Goursat problem

6.1 Terms of the problem

6.1.1 Problem (F})

We search a solution u to the Goursat problem:

(Fe)

82

= F(.,.
gy = Flw)
Uj(0z) = ¢
u, =9

in an algebra of generalized functions A (Rz) defined in the previous chapter.

We suppose that A (RQ) is stable under F, that A (R) and A (RQ) are built on the same

ring of generalized constants.

We suppose that the problems:

Péo(¢€a¢s)

0%u,
0xdy

ue (2,0)) = pe(x)

(z,y) = F(z,y, uc(2,y))



have, for every ¢, a solution u. € C*(R?).

6.1.2 Giving a meaning to (Pf,)

Giving a meaning to (Pf,) is first giving a meaning to:

82
axayuzF(.,.,u) (1g)
ujoz) = ¢ € A(R) (2¢)
uy, = € A(R) (30)

\

when u € A (RQ) and 7 is the smooth submanifold of R? defined by = = g(y).
Giving a meaning to (1), under the hypothesis that A (RQ) is stable by F, signifies that

for a representative (uc), of u we must have, for every (i), € N (R?) and (jc), € NV (R?),

(M_F@,.,uama) €N (B2).

oxdy .
‘ 0?(ue +i.)  O%u. 9 o . 9
As: < o0y 8m8y>€ € N (R?) and since: (F(.,.,uc) +jc — F(., ., ue)), € N (R?),

this comes down to verifying that:

(‘?;g;) o, u)> € N (R2).

Giving a meaning to (2¢) and (3¢) signifies first defining v |o,) and u |, and, as v
is a smooth submanifold of R? that can be represented by a single map (v : = = g (y)),
we can identify A (v) and A(R) and so, u |, and u |(o,), to the elements of A (R) some
representatives of which are (y — u. (9(y),v))e and (z — u.(x,0))e.

So (2¢) is equivalent to:

(= ((ue +ic)(2,0) — (@ + ac)(x))e € N(R).

(3¢) is equivalent to:

(y = ((ue+1i2) (9(y), ) — (Ve +B2) (1)) € N(R), for every(ic), € N(R?),(az). € N(R),
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(B:). € N(R), and, considering:

(z = ((ue +ic)(2,0) = (ue(,0)))e € N(R),

(z = ((p= + ac)(2) = p=(2)))e € N(R),

(y = ((ue + i) (9(y),y) — ue (9(y), 9))e € N(R),
(@ = (Y + 0)(2) = ¥e(@)))e € N(R),

(y = (Je(y) —ic (9(¥), y))e € N(R)

this comes down to:

(z = (ue(z,0) — pe()))e € N(R),

(y = (u: (9(y),y) — Ye(y))e € N(R).

To sum up, (P/) has a meaning if and only if it is represented by a (u.)_verifying:
0%u,
0xdy

(x = (ue(z,0) — pe(x)))e € N(R)

—F(.,.,u:) €N (R?)

(y = (ue (9(y), ) — e(y))e € N(R).
If so, for every &, the solution u. to P, (¢:, ) is such that (u.). € X(R?) then the relations

above are all the more true and [u.] is a solution to (Pf). O

6.2 Solving the problem

6.2.1 Solving (F})
6.2.1.1. Theorem

Let us suppose that A (RQ) is stable under F, let us suppose that A(R) and A (RQ) are

built on the same ring C = A/I of generalized constants. Let us suppose that the data of
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problem (Pf,) verify the conditions ¢ € A(R), ¥ € A(R), g € C®(R), ¢ =[], ¥ = [¢c];
Y= (0) = ¢e(9(0)).
Then problem (P) has a unique solution u in A (R?).

Proof.

Let us suppose ¢ (y) < z.

Let u. = SP. (e, e) the solution to P/ (pe, 1) with the initial conditions ¢, €C>®(R)
and 1. €C>*(R); that is u. verifies the problem:

0%u,

Péo(%sﬂﬁa) ue(x,0) = @ ()

According to the previus result, it is enough to verify that (u.), € X(R?) for u = [u.] to be
solution to (Pf) .
Any other solution v to (Pf;) is in the form: v = [v.], where (v.), verifies:

0%, B
0xdy

(= (ve(,0) = p=(2)))e = (@), € N(R)
(y = (ve (9(1),y) — Ve(¥))e = (Be). € N(R),

F(.,.,v:) = (i), € N (R?)

and so the uniqueness of the solution to (P) will be the consequence of: (ve—u.). € N(R?)

a) Let us show that: (uc). € X(R?).
We will prove that:

VK € R?, VI € N, (P (uz)), € Ay.

Let us proceed by induction showing first that we have:
al)

VK € Rz, (PK,O(ug))s S A+
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with:
PK,O(Us) = Slll(p |ue ()| = Hu€”oo,K7

that is the 0-ordered overestimation is verified.

According to proposition 2.2.1.2., we have: VK € R?,3K, € R, K C K,

(I))\,e
mx

exp[2X'my (2))].

||u€||oo,K < Hua”oo,KA < HUO,6||OO,KA +

Hence: (||u0,5 - KA) € A because [pe] and [1)¢] are elements of A(R).

my = sup

(z,y)EKy; teR 0z

oF
(:U7y7t)’

is a constant which depends entirely on F', K.
1
¢(K)) = — exp[4X'my]] is a constant which depends entirely on F, g, K.
mx

SO:

q>/\,£ = ||F(a )O)H

+ my [Juo,e

00, K\ 00, K\

P
ﬁexp[él)\'m)\)\] = C(KA)(I))\,‘S

mx

= c(K\) [F( - 0)llo, 1, + exp[ANmaA] [Juoc|

00, Ky *

c1(Ky) = c(K)) [[F(.,-,0)|| o, 1s a constant which depends entirely on F, K.
exp[4\N'myA] is a constant cy(K) which depends entirely on Ky, F, g.

Consequently:

[telloo re < Mttellog 1y < N[w0,ellog i, + 1 (BX) + ca(BN) [uoell o g, 5

80t [|telog i < [ttellog iy, < (14 c2(BN)) luoello i, + €1(EN).
We have: (Huo,auoom)s c A, so ((1+C2(KA)) Huo,aHooKJ e A, (it (r.). € A, then:
? €

(cre). € A) and as ¢1(K)) is a constant (1 € A) we deduce that:
(1 + ca(BN)) [luoelloo 1, +c1(EN))e € A.
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A being stabe by overestimation <||u5||oo KA) € A and so: (||ug\|oo K) €A
’ € ’ €

a2) Let us show that:

(PK71(U5))€ c A+.

We have:

Oou, ~ Oupe Y
E(-’E,y)— pe (x,y)+/0 F(x,n,us(x,n))dn,

hence:

ou ou
Pre (1,0)(ue) = ‘ B = sup aj(wjy)‘
00, K
Oug ¢
< sup | — (z,y)| + ly| | sup |F(z,n, ue(x,7))|
K x Ky
8’11,()78
< sup (z,y)| + A | sup |F(z,n,uc(z,m))| | -
K x Ky

As A (RQ) being stable under F' there exist C, such that:

Pr, 0,0)(F (. - ue)) < CPg, (0,0)(ue)- (1)
We have:
(9U()7
T;(%y) = <Pla($)>
. 8u0,5 .
hence: | ||—— € A because [p¢] is an element of A(R).
ox oK)
So:
8”0,6
Py 1,0)(ue) < e + C APk, (0,0)(ue)-
00, K

A being stable by overestimation: (PK,(LO) (ug))a € A.

We have:
due, . O, @ N
5y 50 = s @)+ | P wl& e~ g ) [ P ulow)mian
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Ou, Oue
Py (0,1)(ue) ‘ y |l . = sup 8y(ar,y)‘
Ouo ¢
< sup 80’ (w,y)‘ + (z—g) + lyld' (v) (Sup |F(x,1, ue(rc,n))!>
K ) K
Oug ¢
< sup 80’ (w,y)‘ +(gN) =g (=N + X () (Sup !F(x,n,ua(w,nm) :
K ) Ky

A (R?) being stable under F: 3C, Pk, 0,0)(F (.5 ue)) < CPgy (0,0)(ue)-

‘We have:

agy (@,y) = ¥=(y) + 9'(Y)¢L (9 (v))

SO:

€Ay,
00, K c

because [1)] and [¢.] are elements of A(R).

Hence:

auo,g
dy

Pre o (1) < ' (g — g (=N + A W) Py 0.0 (1)

oo, K

(

and so, like previously:

Ou,
dy

€A,
00, K c

a3) Induction.
Let us suppose that, for every | < n we have: (P (us)). € Ay and let us show that

involves (P 141(uc)), € Ay. In fact we have:

PK,n—H = Inax (PK,n7 Pl,’mPQ,ny P3,n7 P4,n)
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with:

P1n = Pk (n11,0)

Pon = Pk (0041

P3,n = sup PK,(aJrl,ﬁ)v
a+p=n;52>1

Pin=sup Pk (api1)-
a+f=n;a>1

a3 1) Let us show first that, for every n € N,

(Pia(w)). € Ay, (Poa(us), € Ay

We have:

0?u, vo
= ” 7F
8$2 (x7y) 80 (’:U) + /0 ax (x7n’u€(x7n))dn

and by successive derivations, for n > 1:

3”+1u5 8n+1uO y on
W(m,y) = aTH’a(%y) +/0 %F(ﬂc,n,ua(ﬂzn))dndn,

an—i—l

. uo, .
with: Wﬂe(:n,y) = () (z).

As we have taken K C K, we can write:

8n+1uO R H
- +A[ sup
Ozxntl 00, K (z,y)eK

n

an—i—luE
’ > ‘ %F(l’ Y, ue(, y))D .

sup
(zy)eK

W(%y) <

We have:

( e ‘31/‘” T y,ua(x,y))D = Pr (n0)(F (. s ue)) < Prn(F (.5 ue)),

(z,y)EK

moreover:

3n+1u0,5

Koz NPt

00, K

)
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According to the hypothesis of stability, a simple calculation shows then that, for every
K € R%
(Prn(F (s ue))), € Ax.
Let us show that, for every n € N, (Pyn(ue)), € Ay.
As we have:

e =@+ [ P& - o 0) [ Pl ulom)mian

(v)

and by successive derivations, we deduce that, for n > 1:

o tlu, 0" g
dynt1 (z,y) = W(ﬂ%y)

nel i o) gn
W F e @) - [ F (€ )

T

- G ) s Flat) b)) — ) [ Pt atw)

As we have taken K C K, we can write:

8n+1 an+1u0£

ayn—l—l

U
W(%y)‘ S‘

sup
(zy)eK

(o) — of ( sup [ F (o cle y>>D

‘oo,K (z,y)eK

n—j 8j n
+ s 3G [o0 0] | Flata) ) A0 V) s PG

We have:

< SupK‘ .I‘ y7u5 z y))‘) = PK,(O,n)(F('7'7u€)) < PK,TL(F(‘a‘qu))v
acy (S

and, as ¥:(y) = us(g (y) ,y):

Bl o
Sup v Jr Ve S Sup ‘ .f, 7“8 xay ’
s | R0 (( |y el >>)
< Pri(F(.yue)) < Prpo(F(., ., ue)).
sup |F(z,y, us(w,y))| < Pra(F(., . ue)).
(z,y)EK
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According to the hypothesis of stability, a simple calculation shows then that, for every

K € R? and every n € N,

(Pk (0n+1) (ue)), € Ay

a32) For a+ 3 =n and 8 > 1, we have now:

(zy)eK (z,y)eK

= sup [DOIVF (@, . (2.9))] = Pcgasn)(F(sue)
(z,y)eK

< Prn1(F(., o us)) < Prn(F (., ue)).

So we finally have:

P3’n(u€) = sup PK,(a—Hﬂ) (UE) < PK’n(F(., o UE))
at+f=n;5>1

and the hypothesis of stability then assures that:

(Pgm(ug))a S A+.

In the same way, for « + 8 =n and a > 1, we have:

PK7(a,ﬁ+1)(us) = Sup }D(aﬁ—i_l)us (x,y)’ = Ssup ‘D(a_lﬂ)D(l’l)us (%9)
(zy)eK (z,y)EK

= sup [DCTIF(@y e (2.9))] = Prgao,9)(F(s )
(z,y)eK
< PK,nfl(F(-a .,’LLE)) < PK,n(F(v '7“5))-

So we finally have:

P47n(u€) = sup PK,(a,,B+1)(uz-:) < PK,n(F(-a 5 Ue))
a+B=n;a>1
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and the hypothesis of stability then assures that:

(Pan(ue)), € Ay
Finally, we clearly have:
(Prn+1(ue)), € Ay
So u = [u,] is solution to (Pf).
b) Let us show that u is the unique solution to (FPf).

Let v = [v.] an other solution to (Pf).

There are (i), € N (R?), (o). € N (R), (8:). € N (R) such that:

9%v.
0xdy

(x,y) - F(xay7vé(x7y)) + is(x,y),
Ve (2,0)) = @=(2) + a=(2),

5 00 =) + (o)

( / / ia(fm))dfdn> €N (R?).
D(z,y,9) .

So there is (j.). € N (R?) such that:

It is easy to see that:

ve(x,y) = voel, F(&n,u: (&, n))ded e(x,y),

(z,y) = voe( y)+//D(x’y’g) (&, us(§,m))dEdn + je(x, y)

with: voe(7,y) = uoe(x,y) + 0:(x,y), where: up(x,y) = Ve(y) + @e(v) — 0:(9(y)) and:
Oc(z,y) = B (y) + ac(z) — ac(g(y))

So (0:). belongs to N'(R?). So there is (0.). € N(R?)

ve(2,) = wne(@,y) + oe(a,y) + / /D L Flof e f)dads.
Z,Y,9
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bl) Let us put w. = v — u. and let us show that: (w.). € N(R?).

We have to prove that:
VK € R*,Vn € N, (Pxpn(we)), € I}

Let us proceed by induction showing first that we have:

(PKJ (wg))g S IA.

We have:

we(z,y) = / /D )~ FIE m el ) + (),

however:

F(ﬁaﬂa UE(&?”)) - F(fﬂ?»“e(fﬂ?)) -

1
() — ucte) [ G (Eomue(eon) + Oluslen) — s n))av)

SO:

wte) == ([ wten ([ Gr€munten +oulen)an) acinsoa) )

Let (z,y) € K, since D(x,y,g) C Ky, if g (y) < x, we have:
z oy
welw)l <my [ [ waten)ldedn + ol
g(y) /0
+9(N) 1y
<my [ /0 fwe (€. m)] dedn + [0l o e, -

—g(N)

Let us put: e.(y) = sup |we (&, y)]|, then:
€€[g(=A);g(N)]

Yy
ez, )] < A2 /0 e(m)dn + 0o,

we deduce that, for every y € [0; )], if g (y) < =z,

Yy
ec(y) < my2N / e (mdn + |0e] o, -
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Thus according to the Gronwall lemma, for every y € [0; \], if g (y) < z,

Yy
e.(y) < (exp< /0 mAzAdm) 1o, -

For every y € [0; A], if g (y) < z,

e=(y) < (exp(ma2X'y)) loellog i, < (exP(MA2NN)) [|0e]l oo e, < (exD(MA2NN)) [|oe o i, -
We obtain the same result in the other cases, hence:

Yy € [=A A, ee(y) < |loc]] (exp(m)\2)\'/\)) ,

OO7K/\
consequently:
|welloo 1y < N10elloo e, (EXP(MAZAA)

(02). € N(B2) 50 (Jloll i, ) € L

(exp(mx2X'N)) |0l o x, is a constant, consequently (ngﬂoo KA) €ly.
) ’ 3

Which involves the 0-ordered estimation.

b2) Induction.
Let us suppose that, for every | < n, we have: (Pg;(w:)). € I} and let us show that

involves (P ny1 (we)), € I}
b21) First, let us show that, for every n € N:

(Pry (we)), € I}

We have:

Owe

G = G+ [ (P o) = Pl o) dy

and by successive derivations, for n > 1:

8n+1u€
Oxnt1

8”“140,5 v 8”
(@,y) = — o (@) +/o Hpn L (@1, ue(, m))dn,
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SO:

", oo, v g
(x7y) = O+l (x7y> +/0 a..n (F(%??,Us(%n)) - F('xana Ua(xﬂ?)) dn.

Qxntl ox™
Hence:
P (n41,0)(We) < Pr (ny1,0)(02)+
+()‘) < sup an(F(%U,Ua(xﬂ?))—F(f’«"v??,us(iﬁan))‘) :
(z,y)EK | OF
We have:
o
< sSup W (F(xana Us(%ﬂ)) - F(%"?,Us(l’a??))’) = PK,(n,O) (F(7 '7”6) - F(a * us))
(zy)eK |OT

< P (F(.,.,v) — F(., ., u)).
According to the hypothesis of stability, for every K € R?:

(Pr (n+1,0) (wa))€ elIf.

Let us show that, for every n € N, (Pyn(we)). € IF.

We have:
an-}—lug ontly, . g(y) o
S = ot ) = [ P e
=l (n—j) o’ gD Y
=2 Cannd " W55 F o).y vew) = 9"V W) | Flo():n.ue(g(y), m)dn.
SO:
an—f—lwE 8n+10.

( ) 7 n
e = ST )~ [ (et - 5Pyl ) de
— g(”“)(y)/oy (F(g(y),n,v=(9(y),m) — F(g(y),m, ue(g(y),n))) dn,
with:

= ST (s Pl 5e0) — 55 (a0 ) + 52 ) ).

113



(pe). € N(R). Hence:

Pk (0n+1)(we) < Pk (0,n+1)(0¢) + Sup 1= ()]

[—AA]
+ (g()\) _g( ( sup ’F €T y,UE € y)) WF(mayvus(xay))‘>
(z,y)eK Y
+ g™tV (y) ( sup |F(z,y,ve(2,y)) — F(l‘,y,us(x,y))o -
(z,y)eK
We have:
sup 7F(.CL‘ Y, Ue(aj y)) ﬁF(x,y,ue(x,y)) = PK,(O,n)(F(->-aU€) _F('v'aus))
(z,y)eK 83/ 63/

< PK(On)(F( - ,Ug) — F(.,.,’U,E)).

According to the hypothesis of stability, for every K € R?: (PK,(O,n H)(wg))E € I4.

b22) For a+ f =n and § > 1, we have:

Pk (a+1,8)(We) = Pr (a,8-1)(F (-, ve) = F(s ue)) < Pn—1(F( 5 ve) = F(, - ue)).

So we finally have:

Ps p(we) = sup P (at1,8) (we) < Prp—1(F (., 0e) — F(., ., ue))
a+p=n,B3>1

and the hypothesis of stability then assures that:
(Psn(we)), € I
For a+ 6 =n and a > 1, we have now:
Pr (a,8+1)(We) = P (a—1,8)(F (.5, ve) — F (. ue)) < Prn1(F(, 5 0e) — F(., - ue)).

So we finally have:

Pyp(we) = sup Pk (ap+1)(We) < Pxpn1(F(,ve) = F(, 5 ue))
a+G=n,a>1
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and the hypothesis of stability then assures that:
(Pap(we)), € IS,

So for every [ < n + 1, we have:

(Pri(we)), € I}
Proceeding by induction we obtain, for every n € N:
(Prn(we)), € IF.

So (we)e € N(R?); consequently u is the unique solution to (Pf). O

6.3 A (degenerate ) Goursat problem in (C, &, P)-algebras

6.3.1 Terms of the problem

We search a generalized solution u to the following Goursat problem with irregular data:

( 82
o0xdy “=

F(.,.,u)

) wion = .

[ W(oy) = Ve
where ¢ and 1) are one-variable generalized functions. The notation F(.,.,u) extend, with
a meaning above defined, the expression (x,y) — F(z,y,u(z,y)) to the case where u is a

generalized function of two variables x and y.

In all cases the following hypothesis will be satisfied:

F € C*°(R3,R)
() : 2
VK € R*, sup |0,F(x,y,z)| < +oo

where the notation K € R? means that K is a compact of R2.

115



Hypothesis (H) being satisfied, A(R?) being stable under F. If the data of problem (P})
verify the conditions:

pe AR), e AR), g(y) =0,

the problem has a unique solution [u.] € A(R?).
ue(2,y) = uoe(x,y) +// F(&n,ue(&,m))dEdn;
D(,y,0)

uo,e(7,y) = Ye(y) + pe() — ¢ (0).

Ue,n(l%y) = uO,E(IEvy) + // F(ﬁﬂ?a Us,nfl(g,ﬁ))dfdﬁa n 2 1.
D(z,y,0)

6.3.2 Solving the problem
6.3.2. Theorem

The generalized solution u to the following Goursat problem:

82
dxdy v=

F(.,.,u)

(Pév') u‘(ox) =@

Uj(oy) =Y

where ¢ and ) are one-variable generalized functions, is u = [u] with:

T y
Us = lim Ue,n and Ue,n (1'7 y) = u0,6<377y) + / </ F(§7777 Us,n—1(§777))d77) df;
0 0

n—

Uo,s(x»?/) = @e(x) + V=(y) — ¢<(0).

(We take g =0). O
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6.3.3. Corollary

Then we have:

wlon) = woce)+ [ ([P uteman) ae
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Chapter 7

Qualitative study of the solution

7.1 Parametric singular spectrum of the solution to the Gour-

sat problem

7.1.1 Relation between the D’-parametric singular spectrum of solution

u and the D’-parametric singular spectrum of wu
7.1.1.1. Theorem

We put ug = [ug | with

uo (2, y) = Ve(y) + @ () — 0=(9(y)),

and we suppose that:
(H2) VK €R* Mp(K)= sup |F(z,y,2)| < +oo.
(z,y)eK,z€ER
Then the restriction to the parametric singular support of ug of the D'-parametric sin-
gular spectrum of the solution u to the Goursat problem (Pf) is inclued in the restriction

to the parametric singular support of ug of the D'-parametric singular spectrum of ug. In

other words, over the singular support of wug, there is no increase in the distributionnal
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singularities of w in comparison with those of wg.

Proof.

Let (x0,y0) = X € S“é;‘uo and r € Np/ x(up). It results from the definitions that we

have: Y x(ug) # 0, and so that Np/ x (ug) C ]0,4o00[ which involves that r > 0.

Let us show that we then have: r € Np/ x (u).

From the of Npr x(up), there exists a neighbourhood Vx of X such that:

. r
B e}

) S D/(Vx)

Let f € D(Vx). So, there exists some distribution T' € D'(Vx) such that:

lim / /V o) (@ y)dady = (1)

Let us show that:

J[[ & twetw) — ot sa ey
Vx
has 0 for limit when € tends to 0.

Supposing moreover that g(y) < z.

As (2, ) — o () = — / /D P m el )y
x,Y,9

and that (with the above notations ):

‘//VX [//D(WQ)F(& 1, ue(€, n))dédn] fz,y)dzdy

< M(suppf) | /Suppf I (wf)dﬁcln] f (&, y)dady

< Me(supf) | [ ) S y)dxdy‘

< M (suppf) / / f<2A|yr>f<m,y>dxdy‘
supp

< 2/\MF(Suppf)// ; [yl |f(z,y)| dedy < 400,
supp
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putting always 2\ = g (\) — g (=), then we have:

lim sup
e—0

//VX e [ue(2,y) —uoe(z, y)] f(w, y)dacdy’

//VX [//D(m’%g)F(&n, us(&n))dﬁdn] flz,y)dzdy

< limsupe’ [»’ Metsuns) [[ Iyl 17Ge.) dmdy] —o,
supp

e—0

< limsupe”
e—0

because r # 0. And so: ;13?6 ffo e"ue(x,y) f(z,y)drdy = 21_1)]% ffo "upe(x,y) f(x,y)dedy =
T(f).

It follows that:
. r 1 r /
B, ) = Il ) € DVY).

So we have: r € Np/ x(u), which proves the inclusion: Npr x(ug) C Npr x(u), and conse-

quently, Xp/ x(u) C Xpr x(up), then we have:

S.SA w C S.SA u .
© D-A S;’g;\uo © DA Osg;‘uo

7.1.2 Examples

Let us take f € D(R), f >0, [ f(x)dx = 1.

With the above notations we have:

¢ = [pel. and Y = [te],; uoe(w,y) = Ye(y) + () — e (g(y))-

Let us consider the following cases:

1) e(y) = e L f(ye™), pe(z) = e~ f(xe™) so
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Npr x(up) = [1,4+00[, then we have: SES“S:AU C R2 x [0,1].

2) Ye(y) = e flye™!) and:

pelo(0) = <2 ((o(0)™) = <2 (y(e) ™) = al ) (D)
Npr x(up) = [2,+00[, then we have: Sab%;‘u c R2 x [0, 2].
3) Ye(y) = f(ye™") and:
pelw) = flze™) = el flae)],
ee(alw) = =™ Fl(a) )] = el Fwlae) )] = asl( ) ()

Npr x(up) = [0, +00[, then we have: SaSg;tu CR?x g.
O

7.2 Qualitative study of the solution. Case: F' =0

7.2.1 Terms of the problem

We search for a generalized solution u to the following problem:

(P/G) Uj(0z) = ¥

considering as data the curve v of equation = = g(y).
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Let:

Pl (¢e, ¢e) ue(z,0) = @e(x)

We the above notations, we have:

¢ = lpe], ¥ = [ve] and ue(z,y) = =(y) + ve() — e(g(y))-

7.2.2 Qualitative study of the solution. Case: I'=0, g(y) = £, (a > 0)
Remark

Then we have: ¥(0) = ¢(g(0)), however: g(0) = 0, consequently: 1(0) = ¢(0).

Case: g(y) = %7 (a>0), ¢~ 0, ¢~ 4,

the association is defined in the following way:

let us consider f € D(R), verifying [ f(£)d§ = 1. Let us put ¢.(x) = %f(%),ws(y) =
% f(%). Then (gc), have, in a distributional sense, d, as limit and (¢), have J, as limit.

So ¢ = [pe] is associated to d, and ¢ = [1).] is associated to d,.

The solution w to P! (¢, :) is defined by:

we (7, Y) = p=(7) + Ye(y) — e(9(y));

We = We,1 + We 2 + We 3.
If . and 9. are mollifiers, we have:

DI;{B)SOE = 4, and g}{g)qﬁs =0y,

e—0 e—0
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Then we have:

with:

Case: ¢(y) =

the association being achieved choosing

since

¢ =[fe*S] and ¥ = [f. x T],

E —
D'(R)

Then we have here:

D' (R)

ue (7, y) = 9= () + Ye (y) — (9 (y))

%, (@a>0),p~ S, b~T; 5 € D/(R)? T e 'D/(R),

limo(fa xS). =S and limo(f\E *T), =T.

= (J=+ ) (@) + (= *T) ()~ (fe5) (2).

Let us define S € D/(R) by:

Hence:

< S, h >= (a8, [z — h(az)]) = (aS, H).

E —
D'(R)
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Then we can write: [us] = [we 1] + [we 2] + [we 3], with :

p
[w&ﬂ ~ Sa; X ly

[We o] ~ 1, ® Ty

[Wes] ~ — (130 ® §y)

and so:

u~sz®1y+1$®Ty—(1m®§y>.

Asé = ad, it follows that, for S = §, we clearly rediscover the above result.

0
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Part 1V

Characteristic problems
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Chapter 8

A characteristic Cauchy problem

in (C,€&,P)-algebras

8.1 Problem (F,)

8.1.1 Terms of the problem

The characteristic Cauchy problem:

62
=F(.,.
gt = Flat)
Uj(0z) =P
ou
o |(0z)= ¥,

has no smooth solution (not even C2) even if the data ¢ and v are smooth too.

Then we can approach it by a family of non-characteristic problems (P.).




by considering the straight line +. of equation y = ex as data. We try to give a meaning to
the family of solutions by putting it in terms of generalized function which belongs to an

algebra appropriately defined.

8.2 Case of regular data

8.2.1.1. Notations, reminders and hypothesis

Rewriting the solution to P., we replace f (z) by ex and K by [—%;+2] x [—a; +a].

£

Here we have:

we(, ) = o, (@, y) — / / B mue(€ m)dean
(Z,Y

where: ug(z,y) = ¢(z) —e¥ (z) + ¥ (Y)
and:

1) ¥ is a primitive of ¥,

2)
{n)/jz<e<t et <n<y},ify>ex,
D.(z,y) =
{n/t<¢<ay<n<ed},ify<en.
We put:
a a
Ke= |22 xl-aal,
OF
me = Sup a_ fv”?t 9
: (&m)EK,; teR 82( )

Q. = S[l(lp |F(xay70)‘ + me ||U0,s’ 00, K¢ *

We make the following hypothesis:
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VK € R%,Vl € N,Im(K,l), max sup  |DYF(z,y,2)| | <m(K,I)
(Hl) a€N3 |a|<l \ (z,9)eK; zeR

3(M.), € RPY 30(1) € R%, m(K.,1) < C(1)M.

3(re), € RV such that VK, € R,Vay € N,3D, € R* ,3p € N,

(H2)
max [sup [ D(2)] sup [ D92 | < (25
K2 K2 ‘

C = A/I4 is overgenerated by the following elements of R]*O’l]:

(H3)
\ (€)cs (re)es (676)8 (M), .
A (R?) = X(R?)/N(R?) is built on C with

(Ha) (€,P) = (C*(R2), (Pk1) e sen)

and A (RQ) is stable under F' relatively to C.

8.2.1.2. Theorem

With the notations and the hypothesis of the above paragraph 8.2.1.1., if u. is the solution

to the problem (P:), the family (u.). is the representative of a generalized function which
belongs to algebra A(R?).

Proof.

We have:

e, ) = o, (2, y) — / / (6 ) = 0o(r.9) i (5,0)
e T,y

where:
wo (2, ) = () — 2V (z) + =W (y)

¥ being a primitive of ¢, and:
ure(z,y) = // F(§,m,ue (€, n))dEdn.
E(m)y)
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a) For K = K| x Ky = [~a;a] x [~a;a] and « = (a1,a3) € N2, there exist C; > 0 and
C5 > 0 such that:

sup [D* p(x)| < C1 (K1, 01);5

K

esup [DMVY(z)| < eCq (K7,al).
K

G(y) ="o fo(y) =¥ (¥), we can write:

e

Do

a2 <
6811(12p|D G (y)| caz—1 (p, yPl02.K2)’

SO (PK,a (uO@))6 c A+.

b) We have to show that: (Px o (uc)), € Ay.

Now we have:
ure(z,y) = // ( )F(f,n, us(§,m))dEdn.
e (T, Y

According to the above results:

sup < X expl2ama (SO — F-N)).
K mx

[] . FEnuemasan

with: f(x) =ex; A= g; mx = meg; so (f(A) — f(=A)) = 2a and

2xmy (F(A) — f(=N)) = 2g2am5 = 4Cfm5,

hence:

(I) 2
sup [ur . (w,y)| < —e't ™,
Ke me

with:

3D
O = sup|F(w,y,0)| + me |luoell o . < C(0)Me + m. < §1> ,
Ke ’ Te)

where: pl = p([—a,al,0).
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So (PK,O (ul,e))g S A+, hence: (PK70 (us))e S A+.

Moreover:

Ou, Oug ¢ v
Ole _ JUo, F .
o (z,y) 52 (z,y) + - (z,n,us(z,n))dn

We have:

aul € /y
2 = F($,77, Ug(l'aﬁ))d"%
Ox f(@)

so, according to hypothesis (H;):

sSup (/y ’F(x7777ue(95777))| d77> S 2a (m<K€70))7
f

K. (z)

S0: (PK,(LO)(ULE))E € A, hence (PK,(LO) (UE))E €A,

‘We have:

8’&5 8UO75

V)
Gelew) = 5w - [ Pl s

In the same way , we get:

Oy . W

sup
KE IS4
2
< ﬁm(Kaa 0)
g
2
< =c(o)M,
£

SO: (PK,(O,I)(ULS))E € A+, (PK,(O,l)(ua))€ S A+.

Consequently: (P 1(uc)), € Ay

¢) Induction.
Let us suppose that, for every I < n, we have: (P (us)). € Ay and let us show that
involves (Pr pny1(ue)), € Ay

‘We use the notations from theorem 4.2.1.1.
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cl) Let us show first that, every n € N,

(Prn(ue)), € Ay, (Pon(ue)), € Ay

As we have:

ou, ~ Oupe Y
E(-’L’,y)— pe (w,y)+/8 F(x,m,us(x,n))dn,

T

we deduce that:

0%y ¢ v0
5" (0.) = —<F(aen,p(@) + | oo P, uel )
and, by successive derivations, for n > 1:
8"+1u15 8"71 v

gl (@Y) = —neg o Pz, e, () + g apn L (@1, ue(@, n))dn.

We have:
) O Fa.cn,¢(@)) " F(o,y.u.(z5)
sup z,y)| < sup ne|———=F(z,ex,p(z ‘+2a sup |=—F(x,y,u(x,y))|,
(zy)ek. | 92"+ vel-2,¢] 102" (rw)er. |07 )

now, from the property of stability:

mn

WF(x,y,%(x,y))D = Pl (F () € Prcn (P )

sup
(CC7y)€K5
=n .
< Zi:O CiP[Z(E,n(ua)

and:

anfl

sup ne W

el-2.¢)

€

F(x,ex, 90(3:))’ <ne(m(Ke;,n—1)) <neC(n—1) M,

SO:

(Px,(nt1,0) (Ul,s))E €A,

hence: (PK,(n+1,0) (ug))8 €A,

Let us show that, for every n € N, (Pyn(ue)), € Ay.
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As we have:

Oug B 67u0€
Ty(w,y) ay / F(&y,ue(€,y))dg,
we follow that:
0%y B
8y2 ({L’,y) - _7F 7y ()0 / 8 € y7u5(§7 )) 5

and, by successive derivations, for n > 1:

Oty . 1oty Y ('3"
e =-—Nn- F(= =) — (&Y
Dy (z,y) g (Z:9,9(2)) ) F(&,y,us(8,y))dE.
We have:
Oty . 1] om 1t Y n
sup n’(fv,y)‘é sup n— |5—F(=,y,0(= ))'+2)\ sup
(z,y)EKe ay +1 y€[—a,a] € 89 € (z,y)EK: ay

now, from the property of stability:

n

sup | P c(o,)| = P (12
(zy)eK. | OY"
< PK,n(F(a 7u€))
<>, CiPic.nlue)
and:
sup 12 |2 m oy o) < 0k (Fen - 1) < nkc -1y M
ye[ I;a} 8yn 1 579790 € p— € S8} € S8}

so, for every K € R? and for every n € N,

(Pk0n+1) (u1,)), € Ay,

hence: (PK,(O,n-i-l) (UE))E c A+.
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c2) For a+ f =n and § > 1, we have now:

P (at1,8)(ue) = sup ‘lﬂa+1¢”ua(x,y))== sup ‘l?“*ﬁ_lylﬂlJ)ua(ﬁ,y)
(z,y)EK (z,y)EK

= sup [DOI VP, y,u. (2,9))] = Pic a1 (F( - ue))
(z,y)eK

S PK7n_1(F(., .,u5)> S PK,n(F(y .,ug)),

so we have:

P3,n(u6) = sup PK,(a+1,,B) (ue) < PK,n(F(-, 5 Ue))
a+p=n;8>1

and then, the hypothesis of stability assures that:

(Psn(ue)), € Ay
In the same way, for « + 8 =n and a > 1, we have:

PK7(a,ﬁ+1)(us) = Sup ‘D(aﬁ—i_l)us (x,y)’ = Ssup ‘D(a_lﬂ)D(l’l)us (xﬁl])
(zy)eK (z,y)EK

= swp DO IF(,y u (@,))| = Pia,9)(F (0 ue)
(z,y)eK

< Prn1(F(., o us)) < Prn(F(, . ue)).

So we finally have:

P4,n(u€) = Sup PK,(a,,G-i-l)(UE) < PK,n(F(-a Ue))
a+B=n;a>1

and the hypothesis of stability assures that:

(P47n(u€))€ S A+.

In conclusion, we actually have:

(P (ue)), € Ay
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8.2.1.3. Consequence

So u = [ue] is a generalized function which we can consider as the generalized solution to
the characteristic Cauchy problem (Pc) .

8.2.1.4. Open question

How this generalized function depends on the approzimation of {y =0} by {y =ex} ?

The question remains open.

8.3 Case of irregular data

8.3.1.1.Notations, reminders and hypothesis

We can also give a meaning to the characteristic Cauchy problem (P¢) in the case where ¢

and ¢ are themselves irregular data (for example some generalized functions) by beginning

to solve: )
Fue )
Tay(ﬂﬁay) = F(l‘,%u(a,n)(fﬂ,y))
P Ue,n) (x,ex) = ¢p(x)
3U( )
8;77 (l’,ex) = d)?](x)?

where (gpn)n and (111,7)77 are representatives of ¢ and 1 in an appropriate algebra.
The parameter ¢ permits to replace the given problem by a non-characteristic one,

whereas the parameter 7 makes it regular.
= — Y
U0, (e,n) (z,v) gon(x) eV, (x) +e¥n <g> ;

Wi (@,9) = g () — / / (0 e € 0
e T,y

Here we make the following hypothesis:

Keeping hypothesis (H1) from previous theorem.
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Moreover we suppose that:

3 (re) ey € REIOY such that VK, € R, Yoy € N,3Dy € R}, Fp €N,
(H5) |

wa [sup [ D2, (1) sup [ D720, ()| < 2
Ko K, o

10,1]x]0,1],

C = A/I4 is overgenerated by the following elements of R
(5)(5,77) ; (TW)(&‘JI) ; (67>(g7n) ; (ME)(Em) :
A (R?) = X(R?)/N(R?) is built on C

(H7){  with (£,P) = (CO"(RZ)v (PKJ)KbRQ,leN>

and A (RQ) is stable under F’ relativly to C.
8.3.1.2. Theorem

With the notations and the hypothesis of the above paragraph 8.3.1.1., if w(. ) is the solution
to the problem P ., therefore the family (u( y)) ) 5 the representative of a generalized
function which belongs to algebra A(R?).

Proof.

We have:

Wi (@,9) = g ey () — / / (0 e € ),
e (T,Y

where:

Yy
o (o) (,9) = (@) = £, () + 20 (2),

¥ being a primitive of ¢, and:

wr ey (2y) = / / (&0, (6 0) S

a) For K = K; x Ky = [~a;a] x [~a;a] and a = (a1,2) € N2, there exists C7 > 0 and
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C5 > 0 such that:

sup [ D% pp(2)| < C1 (K1, 0n);
Ky

esup |[DU, (z)] < eCy (K1, al).
K

Gy (y) =¥, 0 f71 (y) = ¥, (¥), we can write:

e

Do
E DaQG < )
S[l(lf| n (y)| = can—1 (Tgm)p(az,Kz)

so (Pr.a (“0,(8,77)))(6,77) € A

b) We have to show that, for every integer n: (PK,n (u(e,n))) €A,

(e,m)

‘We have:
oy () = / / (0 € 0
e (T,Y

According to the above results:

sup < X oxpl2am (FO) — SN,
K mx

// ( )F(§79’u(€:n)(€79))d§d9
e (z,y

with: f(x) =ex; A = g; my = mg; 8o (f(A) — f(=A)) = 2a and

2 (F(N) = F(-A)) = 2%2am, = 4%m,,

where:
O, 4,
sup |u x, < —e¢ 7,
up [ (e (2, 9)] < 5
with:
3D
O, = sup |F(x,y,0)| + m. HUO:(EW)HOOK SCO)Me+me | —57 | 5
Ke e (rem)

where: pl = p([—a,al,0).

So (PK,O (ul,(em)))<€m) S A.,., hence: (PK,O (u(s,n))) S A+.

(e,m)

Moreover:

8U( ) 8u07( ) Y
T = =)+ [P0 (.00



We have:

Our, e _ "
O = /f F(QS‘,Q,U(SW)(ZU,H))dG,

so, according to hypothesis (H):

y
s;p (/f( )F(m,Q,U(em)(x,H))W) < 2am(K¢,0),

then: (PK,(LO) (u17(87,7))) € A, consequently: (PK,(LO) (u(Em)))(E,n) €A,

(em)

We have:

811,(57 ) auoy(& ) 1)
8yn (x,y) = Tyn(xvy) _[C F(g)yﬂl(s,n)(gay))dé

In the same way, we get:

Ouy . )
g(’n)(:v,y)‘ < sup </ \F(g,y,u(w)(é,y)])%)

Yy K.

sup
K.

A
|
=
3
S

A
|
Q
e
=

50 (Pre 0,0 (Wn,em)) ey € Abs (Prso) (Weim)) o ) € A

Consequently: (PKjl(u(gm)))(Em) cA,.

¢) Induction.

Let us suppose that, for every [ < n, we have: (PKJ(U(EW))) (em) € Ay and let us show
that involves (P nt1(U(em)) (e, € At

we use the notations from theorem 4.2.1.1.

cl) Let us show first that, for every n € N,
€A,

(Pl,n(u(e,n)))(a,n) € A+’ (PQ,TL(U(E,'I])))(EW)
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As we have:

Bu, Aug (- v
N ) = 5 )+ [ P00, (.6)),
ET

ox
we deduce that:

82U1 (e Y

0
Tai,gm)(xvy) = —EF([I},SJJ,QOW({E)) +/gz %F(Z’ g u(en)(x’H»dH

and, by successive derivations, for n > 1:

8”+1u1 8n71 Yy gn
W’(f’n)(x,y) = —H5WF(5U7€$,<P77(1‘)) + /m aan(x,H,u(am)(x,H))dH.
We have:
8n+1u1 () 87171 n
up | T ) < sup e ()[40 s |G @),
(@yek. | Oz ze[-2,9] Ozt ! (z,y)EKe dan e

now, acording to the property of stability:

an
sup 8 n (.73 Y, Ue, )(‘T’y))' = PKE,(n,O)(F(‘a '7U(E,T)))) < PKg,n(F(‘a '7U(E,T])))
(z,y)EK. | OT
< Zz;o Ciplz;s,n(u(a,n))a
and:
n—1
[sup ]ne WF(:L‘,&'E, gpg(:v))‘ <ne(m(Ks;,n—1)) <neC(n—1) M,
ve[-2.2
so:

(PK,(n+1,0) (U1,(5,77)))(E n € Ay,

hence: (Pg,(n+41,0) (“(évn)))(a,n) € A+

Let us show that, for every n € N, (ngn(U(am))) €A,

(em)

As we have:

en) () oy — Qt0en) :
ayn ($,y) - ay ! (ZC,y) _/m F(é-:yau(a,n)(éa y))d§7
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we deduce that:

Feren) () = ~Lr(L, yon(L) - / "0 (e e € )i
ayZ ’ c 6’7776 may s Iy Yem )
and, by successive derivations, for n > 1:
0"y (e 1L o!
W(%y) =T g 1F( 'Y % / F (&Y, ue (& y))ds.
We have:
an+1u1 ()
sup T Y
(z,y)EK: ayn+l ( )
1 87171 y y on
< Sup n-— ———F Y, enlZ +2A sup - F T, Yy, u T,y )
e 7 gy (59 en(2)) ey ( (e (@,9))

now, according to the property of stability:

n

8y F(UC;?J’U(a,n)(fUaZ/))’ - PK,(O,n)(F('v '7u(a,r]))>

sup
(z,y)EK:
S PK’R(F(., . U(Em)))
<> ., CiPlcnuen)
and:
oty Y 1 1
st | P ()| < nfm (Keon =1) 02 (0= 1) M,

so, for every K € R? and every n € N,

(PK,(O,n+1) (u 1,(e »77)))(8 1) € A+’

hence: (PK,(O,n—i-l) (“(8,77)))(5,71) € Ay

c2) For a+ f =mn and 8 > 1, we have now:

Pr (at1,8) (U(e,) = sup ‘D(O‘“’ﬂ Jue ) (x,y)’= sup ‘D(""ﬁ DMy ) (2, y)
(z,y)eK (z,y)EK

= sup ‘D(Q’B_I)F(xvyau(s,n) (x,y))‘ = PK,(a,,@—l)(F('a -au(e,n)))
(z,y)EK

< P 1(F( o uen)) < Pra(F (s uey)))-
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So we finally have:

P3,n(u(s,77)) = sup PK,(a+1,ﬂ) (u(s,n)) < PK,n(F('y ) u(s,n)))
a+p=n;8>1

and the hypothesis of stability assures that:

(P3:"(u(€777)))(5,,7) € A+.

In the same way, for o + 3 =n and o > 1, we have:

‘D(O‘ﬂ”)wa,n) (x,y)’: sup ‘D(a_lﬂ)D(l’l)“@,n) (z,y)

Pk (a,5+1) (U(e,y)) = sup
(z,y)eK

(z,y)eK

= Sup ‘D(a_lﬂ)F(xvyau(s,n) (x,y))‘ = PK,(a—l,ﬁ)(F('a -au(e,n)))
(z,y)EK

< PKm,l(F(., .,U(sm))) < PK,n(F(w '7u(€,17)))’

So we have:

Pyp(ugey,) = +;flp >1PK,(a,,6’+1)(u(e,n)) < Prn(F (. e m))

and the hypothesis of stability assures that:

(P4,n(u(s,n)))(€’n) €A,

In conclusion, we have indeed:

(PK,n+1(U(6,77)))(e,17) € A

8.3.1.3. Consequence

So u = [u(&n)] is a generalized function we can consider as the generalized solution to the

characteristic Cauchy problem Pg. U
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8.4 Qualitative study of the solution. Case F' =0

A (RQ) is stable under F'; A(R) and A(RQ) are built on the same ring of generalized
constants as before.

Generalized solution to a characteristic Cauchy problem

8.4.1.1. Proposition

We consider the characteristic Cauchy problem:

82
8$6yu =0
(PC) u|(ox) =
ou
e |(0z)= V-

We suppose that ¢ and 1 are smooth and that ¥ verifies:

1 _
v e £\(R), /R\I/(t)dt _1,

C
VK e R,Va e N,3C' > 0,p € N : sup’\IJ(a)<y>‘ < =

veK e)| ~ ep’
Let 6, (respectively 6,) the Dirac distribution which acts on the functions of variable x (resp

y), 1z (resp 1y) the constant function equal to 1 of variable x (resp y).

9 9

1
o) = p (o) -0+ 0 () = p (o) - vy + 22 (L (Y)).
then: [ug] is the generalized solution to the characteristic irreqular Cauchy problem.
[ue] = w1 + [us] + [%ue 3]

with:
u; =1, ® p € C*°(R?)

uy = —1, ® U € C°(R?)

[ues] ~ 1, ® 6, € D'(R2).
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Proof.

Ue = uy + eug + e2ue 3, with: us(z,y) = —¥(x) and:
1
Ues(X,Y) = =T (y> .
e \e&

Then, according to the hypothesis:

<

2 2 .
VH x K @R ,V(ﬁ, a) eN ,303 > 0,p eEN: sup WU(&”)B(JI,:U) < m,

' §b+a Cs
HxK
where: (ue;3). € Hia.p)(R?).

We have also: (uy + eup), € Ha . p)(R?).

Moreover:

and:Dl;{g) (y — %\I/(ﬂ)) =0y O

e—0

Case p =0, ~9
the association is defined as the following way:
1
Let us consider g € D(R), verifying [ g(£)d§ = 1. Let us put: fg(f) = 1y(x). Then
non
(1), have, in a distributional sense, ¢ as limit. So ¢ = [¢)y] is actually associated to é.
8.4.1.2. Proposition (F'=0,9 = 0,1 ~J). [10]

The generalized solution u to the following characteristic irregular Cauchy problem:

82
&rayu =0
(PC) U|(Ox) =0
ou
| l(02)= 9.
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is: [uenm] = [ewema] + [ewey 2], with:

[Wema] ~ 1o @Y,
[Wiem2] ~ Y ® 1y
Proof.

By considering as data the curve ~. of equation y = ex, we can solve the following

non-characteristic problem:
82

=0
Doy
(F) Y wp. =0
ou
Jy
and by putting the data regularized by the mollifiers v, on the curve 7. = {y = ex}, we

"Ys: 5

can solve the non-characteristic regular problem:

/

0%t e )
(P(s,n)) Ue,y (z,67) =0
8'&(57 )
Tyn (x,ex) = Yy ().

Let us determine solution .

Yy 2] ex 0
wea@n) = [CoDao— [y Sao— [[ 0 e & O

801 Ue ) (z,y) = Wy () — Wy (x) where U, () = /Omwn(t)dt.

Hence: u( ) (r,y) = EW(e )1 T EW(e ) 2-

. . Yy
1 ¥, =Y and 1 v, (=) =Y.
Ty =¥ and 0@ En())
D’(R) D/ (R)

So:
[Wema] ~ 1 @Y,

[Wem2] ~ Yo @1y,
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hence:

[uem)] = [ewema] + [ewen.2] -

Case: o~ S, UV ~T; SeD'(R), T € D'(R)

the association being achieved by:
@ = [gy*S] and ¥ = [g, x T

since:

1imo(g,7 *5), =S and 1i1rno(g,7 «T), =T.

i) L0

Terms of the problem.

We search a generalised solution u to the following characteristic irregular Cauchy pro-

blem: ,
ajay“ =0
(Pc) U|(Ox) = S
gz lom=T".

By considering the curve ~. of equation y = ex as data, we can solve the following non-

characteristic problem:

;

32
axﬁyu =0

(P:) Upy, = S

and by putting the data regularized by mollifiers g, on the curve 7. = {y = ez}, we can

solve the non-characteristic problem:
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ue )
(Pem) § e (2,62) = (g * S) (z)
3U(6, )
8y” (z,e2) = (gy x T") ().

\

Solving the problem.
For g € D(R), with: suppg = [-1;1], 0 < g < 1, g(0) = 1, and g*)(0) = 0 for every

k € N*; let us consider, for z € R

Then (gy),, converges in a distributional sense, to ;.

Let us determine the solution v ;) to (P(Em).

We have:
U (@,y) = e¥y(2) - e¥y (@) + ¢y (a)
=c(gg*T)(2) ~e(gg = T) (@) + (95 % ) (@),
Hence:
[wem] = [euema] + [euem 2] + [wem.s]
with:

Uem),1 (x’y) = (.977 * T) (%)

[U(emy2) ~ =T @1,

[U(emy 3] ~ Se® 1,y

Case: o~ 6§, p~§

(p~d,p~0; F=0)s0: (p~S~0, U ~Y ~T; F=0).
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We search a generalized solution u to the following characteristic irregular Cauchy pro-

blem: )
82
8x8yu =0
(PC) U|(O$) =9
ou
7 l(0z)= 0.

From the above results:

U (@,y) =€ (gn*T) (g) —e(gn*T)(z) + (gn *5) (2).
Hence:

[uem] = [euEma] + [uEn] + [vens]

with:

[Uema] ~1e @Y,

[Uemy2) ~ —Ye @1,

[u(f,n)ﬁ] ~ by ®1y.

Because if G is a primitive of g: liin OG” =Y and: lim (y—Gy(¥)) =Y. 0O

DR) (E7n)D7R)(O7O)
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Résumé de la these

Sur les singularités de certains problemes différentiels.

Dans cette theése nous proposons une méthode pour résoudre certains problemes de
Cauchy a données irrégulieres ou caractéristiques en utilisant les récentes théories des fonc-
tions généralisées. Nous étudions dans la premiere partie un probleme de Cauchy et un
probleme de Goursat réguliers avec des données sur une courbe monotone. La deuxieme
partie est consacrée a la mise en place d’une algebre adaptée a la résolution du probleme de
Cauchy généralisé. Dans la troisiéme partie nous donnons un sens a un probléme de Cauchy
généralisé et nous montrons qu’il admet une unique solution. Nous étudions de méme un
probleme de Goursat généralisé. Dans la quatrieme partie nous approchons un probléeme
de Cauchy caractéristique par une famille de problémes non caractéristiques (P-) en con-
sidérant la droite d’équation y = ex. Si u. est la solution du probleme (P:), u = [u] est
une fonction généralisée que nous considérons comme la solution généralisée du probleme
dans une algebre convenablement définie. Nous donnons un sens au probleme de Cauchy
caractéristique dans le cas de données irrégulieres en le remplacant par une famille de
problemes non caractéristiques (P(Em)) dans une algebre convenable. Le parametre € per-
met de se ramener a un probleme non caractéristique que le parametre n rend régulier. Si
U(e ) est la solution du probleme (P(Em)), u = [u(s,n)] est une fonction généralisée que nous

considérons comme la solution généralisée du probleme.

Mots clés

Equations différentielles partielles non linéaires. Algebre de fonctions généralisées. Probleme

de Cauchy caractéristique
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Abstract

On the singularities of some differential problems.

In this thesis, we propose a method to solve some Cauchy problems with irregular or
characteristic data by using the recent theories of generalized functions. We study a regular
Cauchy problem and a regular Goursat problem in the first part with data on a monotonous
curve. The second part is devoted to the setting up of an algebra adapted to the generalized
Cauchy problem. In the third part, we give a meaning to a generalized Cauchy problem
and we show that the problem admits a unique solution. We study a generalized Goursat
problem in the same way. In the fourth part, we approach a characteristic Cauchy problem
by a family of non-characteristic ones (P.) by considering the straight line of equation
y = ex. If u. is the solution to problem (F.), u = [u] is a generalized function that we
consider as the generalized solution to the problem in an appropriate algebra. We give
a meaning to the characteristic Cauchy problem with irregular data by replacing it by a

family of non-characteristic problems (P( )) in an appropriate algebra. The parameter

6)77
permits to replace the given problem by a non-characteristic one, whereas the parameter n

makes it regular. If u( ) is the solution to problem (P(Em)), u = [U(EW)] is a generalized

function considered as the generalized solution to the problem.

Keywords
Non linear Partial Differential Equations; Algebras of generalized functions; Character-

istic Cauchy Problem.
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