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4�57698:4<;>=

f2 = g1 = 0 ?A@CB�DFE�@ Bn = Cn = 0
5/G B3@IHJ?K@ML"NPORQTSTUV@

An =
2

2 sinh(nπ/2)

∫ 2

0
100 sin(nπx/2)dx

=
200

sinh(nπ/2)

[

− cos(nπx/2)

nπ

]2

0

=
200

sinh(nπ/2)

1 − (−1)n

nπW @XD�Y = NRL"NPORQTSTUZ@
Dn =

2

sinh(2nπ)

∫ 1

0
100(1 − y) sin(nπy)dy

=
200

sinh(2nπ)

[

− cos(nπy)

nπ
−

(

1

n2π2
sin(nπy) −

y

nπ
cos(nπy)

)]1

0

=
200

sinh(2nπ)

(

1 − (−1)n

nπ
+

(−1)n

nπ

)

=
200

nπ sinh(2nπ)G B3@IHJU[B3@ = NPY\STU[]^NPHJ] =

u(x, y) =
+∞
∑

n=1

200(1 − (−1)n)

nπ sinh(nπ/2)
sin(nπx/2) sinh(nπ(1 − y)/2)

+
+∞
∑

n=1

200

nπ sinh(2nπ)
sinh(nπx) sin(nπy)

4�57698:_<;>= D�Y\Y�U[B3@C`&STH3LIU[]^NPH = D�aZ@bD�Y\aZ@FDPc�d�e�NPSTa[]^@Ia = ]\H3@ = @Ia[]^@ = ?K@MB�DFEf@






















A7 = 1/ sinh(7π) D�H3cgD�Y\Y'NPU[B3@Ia = D�aZ@MhF@IaZN
B1 = 1/ sinh(π) D�H3cgD�Y\Y�NPU[B3@Ia = D�aZ@ChF@IaZN
C3 = 1/ sinh(3π) D�H�cJD�Y\Y'NPU[B3@Ia = D�aZ@MhF@IaZN
D6 = 1/ sinh(6π) D�H3cgD�Y\Y'NPU[B3@Ia = D�aZ@ChF@IaZNG B3@IHJU[B3@ = NPY\STU[]^NPHJ] =

u(x, y) =
sin(7πx) sinh(7π(1 − y))

sinh(7π)
+

sin(πx) sinh(πy)

sinh π

+
sinh(3π(1 − x)) sin(3πy)

sinh(3π)
+

sinh(6πx) sin(6πy)

sinh(6π)



4�576982i.i Dfj W @9QTaZN�E�@9U[B*D�U u(x, y, t) = w(x, y, t) + v(x, y) ] = D = NPY\STU[]^NPHkUZNlU[B3@
H3NPH�mnB3NPOoNPpf@IH3@"N.S = B3@FD�UbQTaZNPqTY^@IOrqsdtLVB3@"LVus]\HTpvD�Y\YwL"NPH3c�]\U[]^NPH =F5 ex]\a = UXU[B3@
B3@FD�Uy@"z�S�D�U[]^NPH�{

∂u

∂t
=

∂

∂t
(w(x, y, t) + v(x, y)) =

∂w

∂t
= c2∇2w

D = w ] = D = NPY\STU[]^NPHJUZNRU[B3@MB3@FD�Uy@"z�S�D�U[]^NPH 5w| NPaZ@"N�E�@Ia}?K@ML"NPORQTS3UZ@
∇2u = ∇2(w + v) = ∇2w + ∇2v = ∇2w

U[B3@IHJ?K@MB�DFEf@MQTaZN�Ef@"c�U[B�D�U
∂u

∂t
= c2∇2w

G B3@IH�`~NPa�U[B3@C]\HT]\U[]�D�Y,L"NPH3c�]\U[]^NPH�{
u(x, y, 0) = w(x, y, 0) + v(x, y) = f(x, y) − v(x, y) + v(x, y) = f(x, y)

D = w(x, y, 0) = f(x, y)−v(x, y) � = N u
= D�U[] =�� @ = D�Y = NXU[B3@y]\HT]\U[]�D�Y�L"NPH3c�]\U[]^NPH 5� N�?�?K@MLVB3@"LVu�NPH3@Mq�NPSTH3c3D�a[d�L"NPH3c�]\U[]^NPHk�&U[B3@XNPU[B3@Ia = D�aZ@ = ]\OR]\Y�D�a
j�{

u(x, 0, t) = w(x, 0, t) + v(x, 0) = f1(x)

D = w(x, 0, t) = 0 �&aZ@IOo@Iq�@IaXU[B�D�U w ] = U[B3@ = NPY\STU[]^NPHtUZN2U[B3@:B3NPOoNPpf@IH3@"NPS =
QTaZNPqTY^@IO�j/D�H3c v(x, 0) = f1(x)

5�� NX?K@�B�DFEf@�QTaZN�E�@"cRU[B�D�U u ] = U[B3@ = NPY\STU[]^NPH
UZN:U[B3@MH3NPH�mnB3NPOoNPpf@IH3@FNPS = B3@FD�U}QTaZNPqTY^@IO 5
q*jKe,]\a = UA?K@ML"NPORQTSTUZ@ v(x, y)

5�;>=
f1 = g1 = g2 = 0 ?K@CB�DFE�@ An = Cn =

Dn = 0 D�H3c�?K@XL"NPORQTSTUZ@
An =

2

sinh nπ

∫ 1

0
100 sin(nπx)dx

=
200

sinh(nπ)

[

− cos(nπy)

nπ

]1

0

=
200(1 − (−1)n)

nπ sinh(nπ)

G B3@IHJ?K@MB�DFEf@
v(x, y) =

+∞
∑

n=1

200(1 − (−1)n)

nπ sinh(nπ)
sin(nπx) sinh(nπy)



G B3@IH�?K@ = NPY\Ef@:U[B�@RB3NPOoNPpf@IH3@"NPS = B3@FD�UXQTaZNPqTY^@IOrUZN � H3c w
5oG B3@R]\HT]\U[]�D�Y

L"NPH3c�]\U[]^NPHg] = f̃(x, y) = −v(x, y)
= N:?K@XL"NPORQTSTUZ@

Amn = 4

∫ 1

0

∫ 1

0
−

+∞
∑

k=1

200(1 − (−1)k)

kπ sinh(kπ)
sin(kπx) sinh(kπy) sin mπx sin nπydxdy

= −4
+∞
∑

k=1

200(1 − (−1)k)

kπ sinh(kπ)

∫ 1

0
sin kπx sin mπxdx

∫ 1

0
sinh(kπy) sin nπydy

qTSTU>D =
∫ 1

0
sin kπx sin mπxdx =

{

0 ]�` k 6= m

1/2 `�NPa k = m
� NR?K@MB�DFE�@9�&U[B3@ = STO�N�Ef@Ia k c�] = D�QTQ�@FD�a = D = NPHTY\d�NPH3@MUZ@Ia[O = STa[E�]\Ef@ = ��U[B3@
NPH3@M?�B3@IaZ@ k = m j�{

Amn = −4
100(1 − (−1)m)

mπ sinh(mπ)

∫ 1

0
sinh(mπy) sin nπydy

| NPaZ@"N�E�@Ia�dfNPSbLFD�HMQTaZN�E�@y�&S = ]\HTp}U[B3@ = D�Oo@�UZ@"LVBTHT]^zsS3@wD = ]\HXU[B3@ i"= U�OR]^c�UZ@Ia[O�j
U[B�D�U

∫ 1

0
sinh(mπy) sin nπydy = −

n(−1)n

π(m2 + n2)
sinh(mπ)

� N:?K@MB�DFE�@
Amn = −4

100(1 − (−1)m)

mπ sinh(mπ)
×

(

−
n(−1)n

π(m2 + n2)
sinh(mπ)

)

=
400n(1 − (−1)m)(−1)n

π2m(m2 + n2)

D�H3c�U[B3@IHJU[B3@ = NPY\STU[]^NPHJUZNRU[B3@CB3NPOoNPpf@IH3@"NPS = QTaZNPqTY^@IO�] =

w(x, y, t) =
+∞
∑

m,n=1

400n(1 − (−1)m)(−1)n

π2m(m2 + n2)
e−π2(m2+n2)t sin mπx sin nπy

G B3@IHJU[B3@ = NPY\STU[]^NPHJUZNRU[B3@MH3NPH�mnB3NPOoNPpf@IH3@"NPS = QTaZNPqTY^@IO�] =
u(x, y, t) = w(x, y, t) + v(x, y)

=

+∞
∑

m,n=1

400n(1 − (−1)m)(−1)n

π2m(m2 + n2)
e−π2(m2+n2)t sin mπx sin nπy

+

+∞
∑

n=1

200(1 − (−1)n)

nπ sinh(nπ)
sin(nπx) sinh(nπy)



� 57�98:4 W DFE�@M@"zsS�D�U[]^NPHJ]\H�Q�NPY�D�a>L"NsNPaZc�]\H�D�UZ@ =F5; Y\Y An � = D�aZ@MhF@IaZN9D = f(r) = 0
5 W @MLFD�Y^LISTY�D�UZ@

Bn =
2

αnJ2
1 (αn)

∫ 1

0
g(r)J0(αnr)rdr

=
2

αnJ2
1 (αn)

∫ 1/2

0
J0(αnr)rdr

=
2

αnJ2
1 (αn)

(1/2)2

αn/2
J1(αn/2)

G B3@ Y�D = U�Y\]\H3@ ] = NPqTUVD�]\H3@"c�qsd�S = ]\HTp�U[B3@v`~NPa[O�STY�D�� i.i j2Q�D�pf@ �.�.� ?�]\U[B
a = 1/2 � p = 0 D�H3c αn/2

5�G B3@IHJ?K@ � H3c�U[B�D�U
Bn =

J1(αn/2)

α2
nJ2

1 (αn)

G B3@IHJU[B3@ = NPY\STU[]^NPHJ] =

u(r, t) =

+∞
∑

n=1

J1(αn/2)

α2
nJ2

1 (αn)
sin αntJ0(αnr)

� 57�98:_ W DFE�@M@"zsS�D�U[]^NPHJ]\H�Q�NPY�D�a>L"NsNPaZc�]\H�D�UZ@ =F5� NPY\Ef@2U[B3@2?ADFEf@�@"z�S�D�U[]^NPH<]\HkU[B3@2STHT]\URc�] = u�� a = 1 j���?�]\U[B c = 1
5 G B3@

]\HT]\U[]�D�Y'L"NPH3c�]\U[]^NPH = D�aZ@Mp.]\Ef@IHJqsd
f(r) = J0(α1r) D�H3c g(r) = 0

;>=
f(r) ] = D�Y\aZ@FDPc�dJD:e�NPSTa[]^@Ia�m��A@ =Z= @IY = @Ia[]^@ = ?K@MB�DFE�@

A1 = 1 D�H3cgD�Y\Y'NPU[B3@Ia An � = D�aZ@ChF@IaZN
; H3cgD�Y\Y Bn � = D�aZ@ChF@IaZN9D = g(r) = 0

5/G B3@IHJU[B3@ = NPY\STU[]^NPHJ] =

u(r, t) = cos(α1t)J0(α1r)

� 57�98R��;>=
f(r) ] = DoD�Y\aZ@FDPc�d�DR�A@ =Z= @IY = @Ia[]^@ = ?A@CB�DFE�@

A3 = 1 D�H3cgD�Y\Y'NPU[B3@Ia = D�aZ@MhF@IaZN



� @���U�?K@�L"NPORQTSTUZ@�U[B3@ Bn � = S = ]\HTpv`�NPa[O�STY�D<� iF_ jbQ�D�pf@ ��i.i ?�]\U[B a = 1
k = 0 D�H3c α = αn {

Bn =
2

αnJ2
1 (αn)

∫ 1

0
(1 − r2)J0(αn)rdr

=
2

αnJ2
1 (αn)

× 2 ×
1

α2
n

J2(αn)

=
4J2(αn)

α3
nJ2

1 (αn)

G B3@IHJU[B3@ = NPY\STU[]^NPHJ] =

u(r, t) = J0(α3r) cos α3t +
+∞
∑

n=1

4J2(αn)

α3
nJ2

1 (αn)
J0(αnr) sin αnt


