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f(x) = cos(x) + cos(πx)
2

9;:=<�>@?1ACBED�:FAHGJI5K&LNMHO�:FM
cos(x) ≤ 1

:FKQP
cos(πx) ≤ 1 R;S AT:FU5U x V�W B"O�:�X�BMHO�:FM

f(x) = 2 ⇐⇒ cos x + cos(πx) = 2 ⇐⇒

{

cos x = 1

cos(πx) = 1

Y OQBZU[:FMHMCBEA(\H?)\CMCBED]O�:
\^MHOQB R_S U5U S�W I5K&L`\ S U5a&MHI S KQ\�b x = 2kπ R_S A(:FKJ?cI5KJMCBEL=BEA k:FKQP
x = 2l R;S Ad:FKJ?eI5KJMCBEL=BEA l

2(Y OQB S K&U5?eXf:FUga�B SFR k :FKQP l W OQBEACBhMHO S \CBiM W@Sj S I5K j IkP&BeIk\ W OQBEK l = k = 0
MHO�:FMcIk\

x = 0 V�l B j :FaQ\CB SFR MHOQB"I5AHAm:FMHI S K�:FU5I5Mn?
SFR π 9�K S I5KJMCBEL=BEA�D"a&U5MHI5o&UkB SFR π j :FK l Bp:FK1I5KJMCBEL=BEAq< 2Y O&Ik\io&A S X�Br\iMHO�:FMhMHOQB S K&U5?+\ S U5a&MHI S K1M S MCOQBTBrsJa�:FMHI S K f(x) = 2

Ik\
0
2

9 l <it�BEM�uv\c:
\C\Ha&DwBpMHO�:FM f W :
\�o�BEAHI S P3I j SFR o�BEAHI S P T
2yx B W I5U5U�o&A S X�BzMHO�:FMMHO&Ik\iIk\iI5D�o S \m\HI l UkB l ?|{QKQP3I5K&L|: j S KJMHAm:
P3I j MHI S K 2x BNGJK S�W MHO�:FM f(0) = 2 V MHOQBEK l B j :FaQ\CB f(T ) = f(0)

9
T } o�BEAHI S P3I j I5Mn?&<MHOQBEK W B~:FUk\ S O�:�X=B f(T ) = 2 V DwB�:FK&I5K&L�MHO�:FM W B W@S a&UkP�O�:�X=B�:FK S MHOQBEA\ S U5a&MHI S K�M S MHOQB8BrsJa�:FMHI S K f(x) = 2 W O&I j O�Ik\`I5D�o S \m\HI l UkB l B j :FaQ\CB SFR 9;:=< 2� BEK j BTMHOQB j S KJMHAm:
P3I j MHI S K V MHOQBEK f

Ik\hK S Mio�BEAHI S P3I j 2

-�.N03254"6�4��%� S a+O�:�X�B�M S o&A S X�B`M W@S MHO&I5K&L=\�b/I R F Ik\ 2π } o�BEAHI S P3I j MHOQBEK
∫

2π

0

f(t)dt = 0:FKQPNMHOQB j S KJX�BEAC\CB 2� I5AC\HM�UkBEM^aQ\�:
\C\Ha&DwB�MHO�:FM
F
Ik\

2π } o�BEAHI S P3I j :FKQPcMHOQBEKpo&A S X=B�MHO�:FM
∫

2π

0

f(t)dt =

0
2 >@B j :FaQ\CB F

Ik\
2π } o�BEAHI S P3I j W BcO�:�X�BcMHO�:FM F (0) = F (2π)

MHOQBEK1MHO&Ik\iIk\
∫

0

a

f(t)dt =

∫

2π

a

f(t)dt ⇒ −

∫

0

a

f(t)dt +

∫

2π

a

f(t)dt = 0

⇒

∫

a

0

f(t)dt +

∫

2π

a

f(t)dt = 0 ⇒

∫

2π

0

f(t)dt = 0

Y S o&A S X�BhMHOQB j S KJX�BEAC\CBfb�:
\C\Ha&DwBhMHO�:FM
∫

2π

0

f(t)dt = 0
2(x B W :FKJM�M S o&A S X�BMHO�:FM

F (x + 2π) = F (x) R;S A�:FKJ? x
2�x B j :FU j a&U[:FMCB F (x + 2π) − F (x)

b

F (x + 2π) − F (x) =

∫

x+2π

a

f(t)dt −

∫

x

a

f(t)dt =

∫

x+2π

a

f(t)dt +

∫

a

x

f(t)dt

=

∫

x+2π

x

f(t)dt
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Ik\

2π } o�BEAHI S P3I j W BcO�:�X�B�9�MHOQB S ACBED 4 <�MHO�:FM
∫

x+2π

x

f(t)dt =

∫

2π

0

f(t)dt = 0

MHOQBEK W BTO�:�X=BTo&A S X=BrP F (x + 2π) − F (x) = 0 W O&I j O1DwB�:FKQ\hMHO�:FM

F (x + 2π) = F (x)

03254"6�4���Y OQB j :
\CB p = 1
9�MHOQB S MHOQBEA j :
\CBr\h:FACB@��aQ\HMyMHOQBT\m:FDwB W I5MHO�:8\ j :FUkB R : j M S Aq< 2� S a1O�:�X=BTM S8l ACB�:FG+MHOQBp\HMHaQP3? S K1I5KJMCBEAHXf:FUk\ SFR UkBEK&LfMHO 4f2� S AhB . :FD�o&UkB R_S A x ∈ [0, 1) W BTO�:�X�BcMHO�:FM [x] = 0

MHOQBEK
f(x) = x

2
� S A x ∈ [1, 2) W BTO�:�X=BTMHO�:FM [x] = 1

MHOQBEK
f(x) = x − 1

2
� S ACBdL=BEKQBEAm:FU5Ug? R;S A x ∈ [n, n+1) W BZO�:�X=BZMHO�:FM [x] = n

MHOQBEK
f(x) = x−n V

W OQBEACB n
Ik\�:FKJ?�I5KJMCBEL=BEA 2

Y OQBEK1MHOQBTLfAm:Fo&O SFR f Ik\� M�Ik\ S
l X)I S aQ\ S K~MHOQBzLfAm:Fo&O�MHO�:FM`MHOQBzo�BEAHI S P�\HO S a&UkP l B 4 V \HMHI5U5U W BzD"aQ\HM

1

1 2 3−1−2

o&A S X=BTI5M�b�Mm:FG=Bz:FKJ? x � ACBED�:FAHG)I5K&LwMCO�:FM [x + 1] = [x] + 1 W BTO�:�X�B

f(x + 1) = x + 1 − [x + 1] = x + 1 − ([x] + 1) = x − [x] = f(x)

MHOQBEK
f
Ik\ 4 } o�BEAHI S P3I j 9�I5MiIk\ j UkB�:FAhMHO�:FM 4 Ik\iMHOQBTo�BEAHI S P�< 2


