Mathematics 3150 Midterm exam I-solutions Summer
2005

1. Sketch the graph and find the Fourier series of the following periodic functions (if the
period is not given you have to determine it):
(a) The 27-periodic function defined by: f(z) = 322 for -7 <z < 7.
Classic: 2 integration by parts (or tabular integration) to compute the coefficients
(b) The function g(z) = |cos z|.
The period of this function is 7 (so p = 7/2) as we have

|cos(m + )| = |— cos(z)| = |cos x|

This function is even so b, = 0. Then we compute (remembering that cosz > 0 for
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2 /2 ) w/2 2 )
ap = —/ |cos z|dx = —/ cos xdx = —[sinav]g/2 =—
™ Jo ™ Jo T s
and for a,,:
4 w/2
an = —/ |cos x| cos(2nx)dx
T Jo
4 w/2
= —/ cos x cos(2nx)dx
T Jo
_ 2 [sin(2n — 1)z sin(2n + 1) /2
Cr |l 2n-1 2n+1 |,
_ 2 [sin(2n — D)m/2 n sin(2n + 1)w/2
T r| 2n-—1 2n + 1
2 [sin(nm —7/2)  sin(nm 4 7/2)
S r| 2n—1 2n+1
2" @2n+ 1)+ (=1)"(2n - 1)
o7 4n? — 1
_ 4(_1)n+1
- m(4n? - 1)

(c) h(z) =1/2 4 sin 3z — 3 cos(4x)
Already a Fourier series (period is 27).

2. Find the sine and cosine series of the following function:
f(z)=cos2x for0 <z <m
Already a Fourier cosine series.



To compute the sine series: For n # 2:
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For n = 2 we have:
2 [T 1 [7
by = —/ cos2xrsin 2zdr = —/ sindxdx = 0
™Jo ™ Jo

. (a) Prove that for n a positive integer we have
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(Hint: you have to use 2 integration by parts)
We call I, = fol sinh z sin(nmz)dx and we use two integration by parts:
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(b) Give the solution to the wave equation (with ¢ = 1/m and L = 1) for the initial
conditions u(x,0) = sinh z and %(1‘, 0) = —2sin(27z) + 2sin(5rx).
From (a) we have that
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We also have that A\, = ecnw/L =n. As %(m, 0) = —2sin(27rz) + 2sin(57x) is already
a Fourier series we can deduce that
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. Solve the wave equation (with ¢ =1 and L = 7) with homogeneous boundary condi-
tions for the following initial conditions:
u(z,0) = —sinx + cos 2z and %(az, 0) = 2sinbx — 3sin 6.
First we have A, = n. We will first give the Fourier sine series of cos2z (obtained in
2):
5, = {%1)_4;1) for n # 2
0 forn =2

Forn =1, p1 = —4/(-3m) = 4/(3n).
Using the fact that —sinx is already a Fourier sine series we have that
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by = — — 1 and b, = 0 for n even and b,, =
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Also as 2sin 5z — 3sin 6 is already a Fourier sine series we have
bt =2/5 and by = —3/6 = —1/2

Then the solution is
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