Mathematics 3150 Practice 2-Solution Summer 2004

1. Non-homogeneous heat problem.
ou
Find the solution of the heat equation i ¢?*Aw in the unit square (a = b = 1) with

¢ = 1/m. The initial and boundary conditions are given by
f(z,y) =sinmzsin2my, fi = g1 = g2 =0, fa(z) = —sin7x
Hint: you can use this formula

1
. ) —n(=1)" .
hmydy = ————sinh
/0 sin nmy sinh mydy 0+ sinh 7

Solution:
First determine the steady state solution by solving the Dirichlet problem:

Av =20
Boundary conditions given by fi = g1 = g2 =0, fo(x) = —sinnzx

Then A, = C, = D, =0 and as f5 is already a Fourier Sine series we have
1
B, = Snh x (=1) = - and Vn#1,B, =0

Then the steady state is v(x,y) = —
sinh
Then we solve the homogeneous Heat problem obtained by “substracting” the steady

state to the original heat problem, that is we solve:

sin 7wz sinh y.
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Initial condition: f(z,y) — v(z,y) = sin 7z sin 27y + ==

sinh 7

sin 7wz sinh Ty

Zero boundary conditions: f; = fo =91 =go =0

Remember that A, is the coefficient of the double Fourier sine series of

sin 7z sin 27y + sin 7z sinh 7y

simn

and that this is linear, that is if we know «;,, the coefficients of sin 7 sin 27y and
1

. . . o sinh 7

But as sin wx sin 27y is already a double Fourier sine series we have

Bmn those of sin 7wz sinh 7wy, then we have A, = amn +

a12 = 1 and all other ayy,,’s are zero

We calculate

1,1
Bmn = 4 / / sin 7wz sinh 7y sin mmx sin nrydxzdy
0 JO

1 1
=4 / sin 7tz sin mrxdx / sinh 7y sin nmydy
0 0



First we have
1 1 /1
/ sin rz sin mrrdr = 3 / (cos(1 — m)mx — cos(1 + m)wx)dz
0 0
Then for m =1 we have

! 1 [t 1
/ sin? rxdr = / (1 —cos2mx)dx = —
0 2Jo 2

And for m # 1 we have

1 : : 1
1 1— 1
/ sinmr sinmraxdr = = [sm( m)ma — sin(l + m)re =0
0 2] 1—m)r 1+m)r |,
Then using the formula of the hint we find
1 —n(-1)" . —2n(—1)" |
=4 X - X ———-sinhm = —————sinh
Bin ><2><7r(1+n2)sm T T sinh 7

and B, = 0 for m # 1. Then finally we obtain

A1,2 = Q1.2 + Sil’llhﬂ"B172 =1+ sinlhﬂ' 77(1_-;4-4) sinhm =1 — %r

Aln = Qqp + ﬁﬂln - %

All other A,,,,’s are zero
Then the solution of the homogeneous Heat problem is

n(=1)" (14+n2)t

“+o0o
—2
w(z,y,t) = sinwx sin 27 e o 4 ——— 2 sinwxsinnmye
(z,,1) y ;ﬂu y

+ n?)

because A1 2 = V5 and A1, = V1 + n2. Finally the solution to the original problem is

( £ = s i 2mye—5t 4+ Jff —2n(-1)" | . (14n2)t _ sinmzsinhmy
u(x = sin 7z sin 27ye ———— sin 7w sin nmye -
s " m ot (1 +n?) m ™ sinh 7

. 2-dimensional wave equation.
Solve the wave equation in the unit square (a = b = 1) and with ¢ = 1/7. The initial
conditions are given by

f(z,y) =sinmx and g(z,y) = —2sin 2wz sin 1y

Solution:
We calculate (using the calculation of the previous exercise)

1 pl
By, =14 / / sin 7wz sin m7x sin nydzrdy
o Jo

1 1
=4 / sin mx sin mrxdx / sin nmydy
0 0

Bin =4 x § [ sinnmydy = 2[5 | = 9 1m0
By =0 for m # 1




Then By, = 4/n for n odd and By, = 0 for n even.
As g(z,y) is already a Double Fourier sine series then we have

and all other Bj;,.’s are zero. Then the solution is

“+o00 . .
cos /1 + (2k + 1)2tsin ra sin(2k + 1)my
=4 E

2
— — sin /5t sin 27z sin Y

V5

. Wave equation in polar coordinates.
Solve the wave equation in the unit disk (e = 1), with ¢ = 1. The initial conditions
are given by (a)

Jo(aar
£(r) = —Jofazr) and g(r) = 2102
Solution:
As f(r) is already a Fourier-Bessel series we have
Az = —1 and all other A,,’s are zero

Also g(r) is already a Fourier-Bessel series we have

1
By = —— and all other B,,’s are zero
2052

Then the solution is

1
u(r,t) = — cos agtJo(asr) + San sin at Jo(ar)
(63

(b)
fry=1- r? and g(r) = 3Jo(asr)

Solution: As g(r) is already a Fourier-Bessel Series we have

3
B3y = — and all others are zero
a3

For A,, we have

9 1
Anzi/ 1 — 72 Jo(anr)rdr
Tl Jy 7l

2 2
" a0
4J2(an)

O‘%J%(O‘n)

Then the solution is

u(r,t) = Z W 0(anT) cos ant + - o(ar) sin ast
n=1 " n



