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Q�R 7TSUIV;=A6F�58NWE$I R 587X5JY�IV;=A�;=AHGJIZAD[\ETGJI R 587 ∂u

∂t
= c2∆u

R 7]IV;=A�E$7 R I�F�[^ETGJL�A�_
a = b = 1 `ba R IV;

c = 1/π
2
c�;=A R 7 R I R GJN�GJ7=SdM�58E$7=S=GJLVedfD587=S R I R 587=FgGJL�A&@ RWh AC7PM\e

f(x, y) = sin πx sin 2πy i f1 = g1 = g2 = 0 i f2(x) = − sin πx

j�R 7\IHkbe^58EPfHGJ7PE=F�AlIV; R F0Ym58LV>nE$NoG
∫ 1

0
sin nπy sinh πydy =

−n(−1)n

π(1 + n2)
sinh π
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Q�R L�FVI(S$ACI�ACLV> R 7=A�IV;=A�FVI�AHG8S:eXFVI�GJI�A�F�58NWE$I R 587PM\eXF�58N h}R 7$@~IV;=A�� R L R f�;$NOACI�K$L�58M$NOAC>Pk

{

∆v = 0� 58E$7=S=GJLVedfD587=S R I R 587=F�@ RWh AC7PM\e
f1 = g1 = g2 = 0 i f2(x) = − sin πx

c�;=AC7
An = Cn = Dn = 0

GJ7=S�G8F
f2
R F�GJNWL�AHG8S:ePG Q 58E$L R ACLl� R 7=A�F�ACL R ADF a A&;TG h A

B1 =
1

sinh π
× (−1) =

−1

sinh π

GJ7=S ∀n 6= 1, Bn = 0

c�;=AC7PIV;=A�FVI�AHG8S:eXFVI�GJI�A R F
v(x, y) =

−1

sinh π
sin πx sinh πy

2
c�;=AC7 a A*F�58N h A&I�;=A�;=58>?58@BAC7=AD58E=F j AHGJI�K$L�58M$NOAC>�58M$I�G R 7=ADS�M\e]��F�E$M=FVIVL�G8fCI R 7$@8�*IV;=A*FVI�AHG8S:e
FVI�GJI�A&I�5�IV;=A�58L R @ R 7TGJNw;=AHGJI(K$L�58M$NOAC> i IV;TGJI R F a A�F�58N h A3k











∂w
∂t

= c2∆w� 7 R I R GJNwfD587=S R I R 587�k
f(x, y) − v(x, y) = sin πx sin 2πy + 1

sinh π
sin πx sinh πy� ACL�5~M�58E$7=S=GJLVedfD587=S R I R 587=FHk

f1 = f2 = g1 = g2 = 0

� AC>?AC>nM�ACL�IV;TGJI
Amn

R F0IV;=A�fD5\A��Uf R AC7\I65JY-IV;=A�S$58E$M$NOA Q 58E$L R ACL�F R 7=A�F�ACL R ADF(5JY

sin πx sin 2πy +
1

sinh π
sin πx sinh πy

GJ7=S�IV;TGJInIV; R F R F*N R 7=AHGJL i IV;TGJI R F R Y a AU�\7=5 a αmn
IV;=A]fD5\A��Uf R AC7\I�F�5JY

sin πx sin 2πy
GJ7=S

βmn
IV;=53F�A�5JY

sin πx sinh πy i IV;=AC7 a A&;TG h A Amn = αmn +
1

sinh π
βmn

2
� E$I6G8F

sin πx sin 2πy
R F�GJNWL�AHG8S:ePG�S$58E$M$NOA Q 58E$L R ACL�F R 7=A�F�ACL R ADF a A&;TG h A

α1,2 = 1
GJ7=S�GJNWNw58IV;=ACL

αmn � F6GJL�Al�HACL�5
� A&fHGJNOfCE$NoGJI�A

βmn = 4

∫ 1

0

∫ 1

0
sin πx sinh πy sin mπx sin nπydxdy

= 4

∫ 1

0
sin πx sin mπxdx

∫ 1

0
sinh πy sin nπydy

1



Q�R L�FVI a A&;TG h A
∫ 1

0
sin πx sin mπxdx =

1

2

∫ 1

0
(cos(1 − m)πx − cos(1 + m)πx)dx

c�;=AC7dYm58L
m = 1 a A&;TG h A

∫ 1

0
sin2 πxdx =

1

2

∫ 1

0
(1 − cos 2πx)dx =

1

2� 7=SXYm58L
m 6= 1 a A&;TG h A
∫ 1

0
sin πx sin mπxdx =

1

2

[

sin(1 − m)πx

(1 − m)π
− sin(1 + m)πx

(1 + m)π

]1

0

= 0

c�;=AC7PE=F R 7$@?IV;=AlYm58LV>nE$NoG~5JY-IV;=A&; R 7\I a Ag�T7=S

β1n = 4 × 1

2
× −n(−1)n

π(1 + n2)
sinh π =

−2n(−1)n

π(1 + n2)
sinh π

GJ7=S
βmn = 0

Ym58L
m 6= 1

2bc�;=AC7d�=7TGJNWNWe a A�58M$I�G R 7














A1,2 = α1,2 + 1
sinh π

β1,2 = 1 + 1
sinh π

−4
π(1+4) sinh π = 1 − 4

5π

A1n = α1n + 1
sinh π

β1n = −2n(−1)n

π(1+n2)� NWN�58IV;=ACL
Amn � F�GJL�A&�HACL�5

c�;=AC7PIV;=A�F�58NWE$I R 587�5JY-IV;=A&;=58>?58@BAC7=AD58E=F j AHGJI0K$L�58M$NOAC> R F

w(x, y, t) = sin πx sin 2πye−5t +
+∞
∑

n=1

−2n(−1)n

π(1 + n2)
sin πx sin nπye(1+n2)t

M�ADfHGJE=F�A
λ1,2 =

√
5
GJ7=S

λ1n =
√

1 + n2
2 Q�R 7TGJNWNWe]IV;=AlF�58NWE$I R 587XI�5�IV;=Al58L R @ R 7TGJN�K$L�58M$NOAC> R F

u(x, y, t) = sin πx sin 2πye−5t +
+∞
∑

n=1

−2n(−1)n

π(1 + n2)
sin πx sin nπye(1+n2)t − sin πx sinh πy

sinh π

�:2���9�S R >?AC7=F R 587TGJN a G h A�AC[\ETGJI R 587�2�}58N h A&IV;=A a G h A�AD[\ETGJI R 587 R 7PIV;=A&E$7 R I�F�[\ETGJL�AU_ a = b = 1 ` GJ7=S a R I�; c = 1/π
2|c�;=A R 7 R I R GJN

fD587=S R I R 587=FgGJL�Al@ RWh AC7PM\e
f(x, y) = sin πx

GJ7=S
g(x, y) = −2 sin 2πx sin πy

prq�sutwvyxuq�z|{
� A&fHGJNOfCE$NoGJI�A�_uE=F R 7$@?IV;=A&fHGJNOfCE$NoGJI R 587�5JY�IV;TAlK$L�A h}R 58E=F�A��:ACL�f R F�A `

Bmn = 4

∫ 1

0

∫ 1

0
sin πx sin mπx sin nπydxdy

= 4

∫ 1

0
sin πx sin mπxdx

∫ 1

0
sin nπydy

⇒
{

B1n = 4 × 1
2

∫ 1
0 sin nπydy = 2

[

− cos nπy
n

]1

0
= 21−(−1)n

n

Bmn = 0
Y�58L

m 6= 1

�



c�;=AC7
B1n = 4/n

Y�58L
n
5\S$SPGJ7=S

B1n = 0
Y�58L

n
A h AC7�2

� F
g(x, y)

R F�GJNWL�AHG8S:ePG��l58E$M$NOA Q 58E$L R ACL�F R 7=A&F�ACL R ADF0IV;TA�7 a Al;TG h A

B?
2,1 =

1

λ2,1
(−2) =

−2√
5GJ7=S�GJNWN�58IV;=ACL

B?
mn � F�GJL�A&�HA�L�5$2
c�;=AC7PIV;=A�F�58NWE$I R 587 R F

u(x, y, t) = 4
+∞
∑

k=0

cos
√

1 + (2k + 1)2t sin πx sin(2k + 1)πy

2k + 1

− 2√
5

sin
√

5t sin 2πx sin πy

�:2 � G h A&AD[^E�GJI R 587 R 7dK�58NoGJL6fD5\58L�S R 7TGJI�ADFH2
�}58N h A�IV;=A a G h A�AD[^ETGJI R 587 R 7�IV;=A�E$7 R I&S R FV��_ a = 1 `�ira R IV; c = 1

2*c�;=A R 7 R I R GJN
fD587=S R I R 587=F
GJL�A&@ R�h AC7PM\e�_<G `

f(r) = −J0(α3r)
GJ7=S

g(r) =
J0(α2r)

2prq�sutwvyxuq�z|{
� F

f(r)
R F�GJNWL�AHG8S:ePG Q 58E$L R ACL�9 � ADF�F�ACN�F�ACL R ADF a A&;TG h A

A3 = −1
GJ7=S�GJNWNw58IV;=ACL

An � F�GJL�A&�HA�L�5� NOF�5
g(r)

R F�GJNWL�AHG8S:ePG Q 58E$L R ACL�9 � ADF�F�ACNwF�ACL R ADF a A&;TG h A

B2 =
1

2α2

GJ7=S�GJN�Nw58IV;=ACL
Bn � F�GJL�A&�DACL�5

c�;=AC7PIV;=A�F�58NWE$I R 587 R F
u(r, t) = − cos α3tJ0(α3r) +

1

2α2
sin α2tJ0(α2r)

_uM `
f(r) = 1 − r2 GJ7=S g(r) = 3J0(α3r)prq�sutwvyxuq�z|{ � F

g(r)
R F�GJNWL�AHG8S:ePG Q 58E$L R ACL�9 � ADF�F�ACN��}ACL R ADF a A&;TG h A

B3 =
3

α3

GJ7=S�GJNWNw58IV;=ACL�F6GJL�A&�HA�L�5
Q 58L

An a A&;TG h A

An =
2

J2
1 (αn)

∫ 1

0
(1 − r2)J0(αnr)rdr

=
2

J2
1 (αn)

2

α2
n

J2(αn)

=
4J2(αn)

α2
nJ2

1 (αn)c�;=AC7PIV;=A�F�58NWE$I R 587 R F

u(r, t) =
+∞
∑

n=1

4J2(αn)

α2
nJ2

1 (αn)
J0(αnr) cosαnt +

3

α3
J0(α3r) sin α3t
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