Mathematics 2270 Homework 4-Sketch of solutions Fall
2004

3.1.8 To find the kernel we solve the system Az = 0. This system is

1+ 29 +23=0 Tl = —To — I3 T = X3
<~ <
z1 + 2x9 + 323 =0 To = —2x3 Ty = —2x3

then we have

T3 1
ker A = —2zx3 | | z3 € R ) = span -2
T3 1

3.1.9 Here we can just remark that rank A = 2. Indeed we have
11 11 10
1 2] ~10 1]~1|01
1 3 0 2 00
then we know that Az = 0 has unique solution (it is consistent because 0 is always a

solution). This means that ker A = {0}.

3.1.15 We know that we have

ma=saf{(1).(3).(3). ()}

As a side note, we know that rank A = dimIm A but rank A < 2 so we deduce that
we have at most two linear independent vectors among those spanning vectors.
We can build the following linear relations:

1 1 1 1 1 1 1
(1) 2 ()= () moma (1) + () + () - (3) -0
then we deduce that
1 1 1 1 1 1 1
(1) 2 (2) = () = - () () ()= ()
so the last two vectors are redundant, we can discard them that is we have

= {(2). (1))

To check that we cannot go further we prove that those two vectors are linearly
independent. We do it by finding the rank of the following matrix

B = (i ;)detB:2—1:17§O — B is invertible = rank B =2

then the vectors G) ) (;) are linearly independent.



3.1.34

3.2.6

3.2.26

3.2.39

One geometric example is a projection on the plane P perpendicular to L = span 1

Indeed if z is any vector in R3, then we have the unique decomposition
z=all + ' where zll € P and 2 € L
And then projp(z) = z!l. Then we have
z € kerprojp <= projp(z) =0 <= zll=0 <<= 2z €L
then ker projp = L.

Let V and W two linear subspaces of R™.

a) We prove that V' N W is also a linear subspace of R". First as0 € V and 0 € W
then 0 e VN W.

Let z,y € VN W. Then in particular z,y € V then z +y € V as V is closed under
addition. Similarly z,y € W then x +y € W as W is closed under addition; then
c+y e VnNW. Alsolet A € R. Then Ax € V as V is closed under scaling, and
similarly Az € W; then Ax € V N W. We have then proved that V N W is a linear
subspace of R".

b) This is not true in general. We give here a counter-example: we take the two lines
Ly = span{e;} and Ly = span{es} in R%2. Those are 2 linear subspaces, but their
union is not closed under addition: indeed e; € Ly and es € Lo but e; + €2 = (1) is
not in L; and neither in L.

You can find the following linear relation among the columns:
1 0 2 0 0
210 +311]—-13]+0]0] =10
0 0 0 1 0
2
3 1. .
then the vector | 1| Bin the kernel.
0

The answer is yes. To prove it we take a linear relation among the v;’s and v:
c1v1 + -+ epvm +cv =0 (1)

and we prove that all the coefficients must be 0.
We first take care of ¢. We prove that it is zero by contradiction: let’s assume that
¢ # 0 then we can solve for v in (1) that is we have

C1 Cm

V=——U] — - — —Upy

c c
but this implies that v € span{vy,..., vy} which is false, hence the contradiction.
Then ¢ = 0.
But then now (1) becomes

c1v1 + -+ emvm =0



which then implies that ¢; = c3 = --- = ¢;;, = 0 because it is a linear relation among
the v;’s which are linearly independent. Thus we have proved that ¢; = --- = ¢, =
¢ = 0, then the vectors vy, ..., v, v are linearly independent.



