M m

Biv ariate Splines and

the F our Color ap Proble

V anderbilt Univ ersit y , Ma y 1, 1997

P eter Alfeld

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112

801-581-6842 or 801-581-6851

alfeld@math.utah.edu

URL: h ttp://www.math.utah.edu/~alfeld/

Annotated Slides:

h ttp://www.math.utah.edu/~alfeld/talks/S13/4CMP .h tml

Outline of T alk

ffl The F our Color Map problem

ffl Pro of of the 4CMP

ffl Biv ariate Spline Spaces

ffl Op en Problems and Conjectures

ffl Generic Dimension

ffl T riangulations

ffl A simple pro of for S

1

4

ffl A complicated pro of for s

1

4

ffl Subtriangulations

ffl Una v oidable Sets

ffl Disc harging

ffl Reducible Configurations

ffl Reducibilit y for S

1

3

ffl Another Una v oidable Set

ffl Remarks

M m

W

The F our Color ap Proble

Ev ery map can b e colored using only four colors suc h that no

t w o neigh b oring coun tries are of the same color.

Long History:

1852 F rancis Guthrie p oses problem.

1878 Arth ur Ca yley presen ts problem to London Mathematical

So ciet y .

1879 Arth ur Bra y Kemp e publishes “pro of ”.

1890 P erey John Hea w o o d p oin ts out fla w.

1976 App el and Hak en pro v e the Theorem.

hat’s a “map”?

ffl coun tries are connected

ffl neigh b ors share a line segmen t (not just a p oin t)

ffl “normal maps”: no coun try surrounds another, and no

more than three coun tries meet in an y one p oin t.

Main reference: App el and Hak en: “Ev ery Planar Map is F our

Colorable”, AMS, 1980.

M

—

Pro of of the 4C P

A “5-map” is a map requiring fiv e colors.

Assume there is one.

ffl If there’s a 5-map then there is a smallest one.

ffl A configuration (submap) is “reducible” if a 5-map con-

taining it can b e reduced to a smaller 5-map.

ffl A set U of configurations is “una v oidable” if ev ery 5-map

con tains at least one configuration in U .

ffl There exists an una v oidable set of reducible configurations

= ) con tradiction =

) there is no 5-map.

Ideas

ffl Use “disc harging” to construct una v oidable sets.

ffl Dual graph: p oin ts for coun tries, edges for shared line

segmen ts w e ha v e a triangulation!

ffl Ingenious ideas to pro v e reducibilit y .

ffl Use computers extensiv ely .

ffl Man y others.

Γ Δ

m

W

Biv ariate Spline Spaces

T a triangulation.

S r

d

(T ) = fs 2 C r

(Ω) : sj

ø

2 P

d

; 8ø 2 T g

where P

d is the d+2

2

-dimensional space of biv ariate p olynomials

of degree d.

P articular in terest:

d = 3; r = 1

Op en Proble s

ffl hat is the dimension of S

1

3

?

ffl Can one use S

1

3 to in terp olate to function v alues at the v ertices

of T ?

m

W

Generic Di ension

Giv en r , d, and the n um b er of in terior and b oundary v ertices of a

triangulation, S r

d has a minim um dimension called the “generic”

dimension.

If the dimension of S r

d

(T ) is not generic then an arbitrarily small

p erturbation of the lo cation of the v ertices of T will create a new

triangulation

~

T suc h that the dimension of S r

d

(T ) is the generic

v alue.

An in terior edge of T is “degenerate” (at its v ertex v ) if its t w o

neigh b oring edges emanating from v are parallel.

A triangulation is “non-degenerate” if it con tains no degenerate

edges.

Kno wn

The “generic” dimension of S

1

3 is 3V

B

+ 2V

I

+ 1 (Billera and hite-

ley).

Pro of of dimS

1

4

(use s14.gif )

W

m

W

m

Subtriangulations

ffl e will find reducible configurations.

ffl after remo ving a reducible configuration w e ma y no longer ha v e

a triangulation.

ffl A “subtriangulation” of T is simply a subset of T

The di ension of S

1

4

e ha v e to extend the dimension statemen t for S

1

4 to subtrian-

gulations:

Theore . Let

~

T b e a subtriangulation of a triangulation T and

supp ose that T do es not con tain an y degenerate edges. Then

dimS

1

4

(

~

T ) = 3

~

V + 3

~

N +

~

E Γ 2

~

E

I

:

Note: In the sp ecial case that

~

T is actually a triangulation the

form ula reduces to the familiar statemen t

dimS

1

4

(

~

T ) = 6V Γ 3:

W

m

Una v oidable Sets

ffl A “configuration” is a set of p ossible subtriangulations. e’ll

lo ok at configurations sharing the same top ology .

ffl Supp ose there is a triangulation for whic h the dimension state-

men t do es not hold. Let’s call it “offensiv e”.

ffl If there is an y offensiv e triangulation at all, there m ust b e a

smallest.

ffl A set of configurations is “una v oidable” if ev ery offensiv e trian-

gulation m ust con tain at least one of the configurations.

Exa ple

A “fill” and a “flap” form an una v oidable set. A “flap” is a

triangle t w o of whose edge lie on the b oundary of Ω, and a flap

is a triangle with just one edge on the b oundary .

m m

W

Disc harging

The “degree” of a v ertex is the n um b er of edges emanating from

it.

Le a. Ev ery triangulation con tains at least one v ertex of

degree less than 6.

Pro of:

ffl e assign to eac h v ertex of Δ a “c harge” of 6, and to eac h

edge a c harge of -2.

ffl The total c harge is

6(V

B

+ V

I

) Γ 2E = 6(V

B

+ V

I

) Γ 2(2V

B

+ 3V

I

Γ 3)

= 2V

B

+ 6

¿ 0 :

ffl F or eac h edge mo v e half the c harge to eac h endp oin t.

ffl This pro cess do es not alter the total c harge.

ffl F or a v ertex of degree k , the new c harge is 6 Γ k .

ffl The total c harge is still p ositiv e.

ffl for some v ertex 6 Γ k is p ositiv e, i.e., k ¡ 6.

An una v oidable set.

use slide una v.sv

Reducible Configurations

Let

~

T and

^

T b e t w o subtriangulations where

^

T is obtained from

~

T b y remo ving a subtriangulation C . C is said to b e “reducible”

if

dimS

1

4

(

~

T ) Γ dimS

1

4

(

^

T ) = 3(

~

V Γ

^

V )

+ 3(

~

N Γ

^

N )

+ (

~

E Γ

^

E )

Γ 2(

~

E

I

Γ

^

E

I

)

Note: A fill is not reducible.

ffl Clearly

, an offensiv e subtriangulation cannot con tain a reducible

subtriangulation.

ffl Need to find an una v oidable set of reducible configurations.

ffl But: the argumen t ab out una v oidabilit y applied to triangula-

tions, not subtriangulations.

W

— W

— W

Reducible Subtriangulations

T o find a reducible subtriangulation of a subtriangulation

~

T :

ffl Add edges but not new v ertices to

~

T to obtain a triangu-

lation Δ.

ffl Find a reducible configuration C of Δ.

ffl Consider the in tersection of C and

~

T

ffl It’s not empt y since w e didn’t in tro duce new v ertices.

ffl e are done if:

e can find an una v oidable set U of reducible con-

figurations for a triangulation.

e can sho w that ev ery subtriangulation of a con-

figuration in U is reducible.

The una v oidable set constructed earlier satisfies these require-

men ts!

Key ingredien t: Ev ery spline on T can b e extended to a re-

ducible subtriangulation.

Example c3.gif

Example c4.gif

Reducible Configurations for S

1

3

ffl k ey p oin t: Ev ery spline can b e extended from outside the con-

figuration in to the configuration.

ffl Supp ose w e remo v e a subtriangulation that is itself a triangula-

tion.

ffl Expanding means force p osition and gradien t at shared b ound-

ary v ertices of the configuration and cross-b oundary deriv ativ es

at midp oin ts of shared b oundary edges. This leads to the nec-

essary condition:

3V

B

+ 2V

I

+ 1 ˘ 3V

B

+ E

I

Examples:

ffl A flap

ffl The star of an in terior v ertex of degree 3 (Clough-T o c her).

ffl The Morgan-Scott split

Of course, these three configurations do not form an una v oidable

set.

An Una v oidable Set

Assume there are no flaps and no Clough-T o c her v ertices.

Consider the follo wing disc harge pro cedure:

ffl Assign a c harge of 60(6 Γ k ) to ev ery v ertex of degree k

ffl F rom ev ery v ertex of degree 4 or 5 mo v e a c harge of 30 to

ev ery neigh b oring v ertex of degree ¿ 5

ffl The total c harge is p ositiv e (and equal to 120(V

B

+ 3)).

ffl This means there m ust b e at least one of the follo wing

configurations in the triangulation. (A f4; 5g v ertex is a

v ertex of degree 4 or 5).

This giv es rise to the follo wing una v oidable set:

ffl A 4-v ertex with at least 1 f4; 5g neigh b or

ffl A 5-v ertex with at least 4 f4; 5g neigh b ors

ffl A 6-v ertex with at least 1 f4; 5g neigh b or

ffl A 7-v ertex with at least 3 f4; 5g neigh b ors

ffl An 8-v ertex with at least 5 f4; 5g neigh b ors

ffl A 9-v ertex with at least 7 f4; 5g neigh b ors

ffl A 10-v ertex with at least 9 f4; 5g neigh b ors

ffl An 11-v ertex with 11 f4; 5g neigh b ors

That set is to un wieldy

. Ho w ev er, it can b e reduced:

Co v ering Sets

ffl An “f i; j g edge formation” e

ij is a subtriangulation con-

sisting of an edge connecting a v ertex of degree i to a

v ertex of degree j together with all of the triangles that

con tain one of these t w o v ertices.

ffl A formation is more general than a configuration since it

ma y not ha v e a unique top ology .

ffl A 4-v ertex with a f4 ; 5 g neigh b or implies w e ha v e e

44 or

e

45

.

ffl An 8-v ertex with 5 f4 ; 5 g neigh b ors m ust ha v e t w o f 4 ; 5 g

neigh b ors that are themselv es neigh b ors. So there m ust

b e one of e

44

, e

45

, or e

55

.

ffl Using similar argumen ts w e obtain the follo wing una v oid-

able set:

fe

44

; e

45

; e

46

; e

47

; e

55

; e

56

; e

57 g

In these formations, one or b oth v ertices ma y b e on the

b oundary of the triangulation.

slide u1.gif

m

W

Re arks

ffl The appropriate dimension statemen t for S

1

3 on subtrian-

gulations is

dimS

1

3

= 3V + N Γ E

I

+ œ :

ffl A necessary condition for reducibilit y of a configuration

is that

3V

B

+ 2V

I

+ 1 ˘ 3V

S

+ E

S

where

E

S

= n um b er of shared edges

V

S

= n um b er of shared v ertices

ffl if all edges and v ertices are shared w e ha v e E

S

= V

S

= V

B

and so

2V

I

+ 1 Γ V

B

˘ 0 :

ffl e ma y ha v e to construct reducible configurations with

more than t w o in terior v ertices,

ffl or tak e in to accoun t b oundary v ertices.

ffl Una v oidabilit y is the same as for the F our Color Map

Problem.