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Abstract

Insulin resistance, characterized by a reduced cellular response to insulin, is a
major factor in type 2 diabetes pathogenesis, with a complex etiology consisting
of a combination of environmental and genetic factors. Oxidative stress, which
develops through an accumulation of toxic reactive oxygen species generated by
mitochondria, is believed to contribute to insulin resistance in certain tissues.
We develop mathematical models of feedback between reactive oxygen species
production and dysfunction in mitochondria to provide insight into the role of
oxidative stress in insulin resistance. Our models indicate that oxidative stress
generated by glucose overload accelerates irreversible mitochondrial dysfunction.
These models provide a foundation for understanding the long-term progression
of insulin resistance and type 2 diabetes.
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1. Introduction

Type 2 diabetes mellitus is central to a growing global epidemic of diabetes
mellitus, constituting 90% of the estimated 471 million cases worldwide [1, 2].

The disease is characterized by excessively high plasma glucose concentrations,
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brought on by an imbalance between glucose and its major regulator, insulin.
Insulin signals cells to uptake glucose from the blood. Reduced sensitivity to the
insulin signal defines a state of insulin resistance (IR). IR increases the demand
for insulin, to which pancreatic 8 cells, the cells that produce insulin, must
respond by elevating insulin secretion. In type 2 diabetics, this S-cell compen-
sation fails, and overt disease occurs [3].

The timeline of type 2 diabetes often spans decades [4, 5] and necessarily
involves the development of S-cell dysfunction on a background of IR [6, 7].
Identifying the underlying mechanisms is difficult, with a combination of known
environmental and genetic susceptibility factors [8, 9]. Common environmental
influences include a high fat-high calorie diet, lack of physical activity, and
obesity. Genetic predisposition can lead to defects in §-cell function, glucose
sensing, insulin signaling, and appetite regulation. These factors, through stages
not yet fully established [10, 11], promote a slow progression seemingly marked
by irreversible damage. The goal of this paper is to model the mechanisms of
irreversible damage contributing to IR, itself accepted to be the initial metabolic
insult in type 2 diabetes.

The majority of insulin-stimulated glucose uptake occurs in skeletal muscle
cells [12]. This uptake ultimately activates the mitochondrial electron trans-
port chain (ETC) through which cellular energy as well as superoxide, a highly
toxic reactive oxygen species (ROS), are created (Fig. 1). Superoxide is elim-
inated from mitochondria by the antioxidant manganese superoxide dismutase
(MnSOD), which converts superoxide into the less toxic hydrogen peroxide.
Mitochondrial superoxide, unlike hydrogen peroxide, cannot diffuse across mi-
tochondrial membranes [13] and can accumulate in mitochondria. The resulting
oxidative stress can damage resident proteins, including antioxidants, along with
mitochondrial DNA (mtDNA), and can impair insulin signaling [14-16].

Superoxide can damage mtDNA via the oxidation of guanine bases, which
creates molecular lesions that promote mtDNA mutation [20, 21]. Clonal mu-
tations can also accumulate with age and dominate individual cells [22, 23].

Oxidative stress and substantial mtDNA mutation frequencies can result in
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Figure 1. Oxidative phosphorylation and superoxide production. Intracellular glucose is bro-
ken down into pyruvate, which enters the mitochondrial matrix and produces pairs of electrons
that flow through the electron transport chain (ETC). Each electron pair passes through ETC
Complexes I and III in a series of oxidation/reduction reactions [17]. These reactions release
energy that is used to pump protons from the matrix into the intermembrane space. This
generates a potential energy gradient that is used to power ATP production. At Complex IV
the electrons, along with free oxygen and protons in the mitochondrial matrix, are used to
form water molecules [18]. When electrons leak from the ETC into the mitochondrial matrix,
they can react with oxygen molecules to form superoxide [19]. Superoxide is detoxified by
MnSOD, yielding hydrogen peroxide. ADP: adenosine diphosphate; ATP: adenosine triphos-
phate; e~ : electron; Ht: proton; HoO: water molecule; HoO2: hydrogen peroxide; MnSOD:
manganese superoxide dismutase; Oz: oxygen molecule; O, : superoxide anion.

defective mitochondria, even under normal, and not necessarily pathological,
circumstances [24]. Since 35% of genes encoded by mtDNA involve oxidative
phosphorylation [25], ETC dysfunction can arise, in turn promoting superox-
ide overproduction [26] and further damage. Mitochondrial ROS can trigger
targeted degradation, or mitophagy, of the organelle [27, 28], and damage may
expose mitochondria to selective pressure [29], altering their replicative poten-
tial [30]. These processes can feed back to accelerate the process of damage
whether within a single mitochondrion or in the population of mitochondria
housed in a long-lived skeletal muscle cell.

Mitochondrial superoxide overproduction and damage, themselves influenced
by genetic and environmental predisposition, lead to increased hydrogen perox-
ide in skeletal muscle cytosol. Although stress-activated signals responding to

excessive cytosolic ROS certainly contribute to IR [31, 32], they may not initiate



IR. This work therefore highlights processes that are involved in long-term IR
progression yet are not necessarily responsible for IR development.

In this paper we develop a series of mathematical models to describe oxida-
tive stress and damage in skeletal muscle mitochondria. We focus on intracellu-
lar feedback mechanisms that contribute to progressive and irreversible damage
associated with cellular IR. We present the model derivation, key results, and a

discussion of implications for long-term modeling of IR and type 2 diabetes.

2. Methods

We develop a set of three models of three tightly coupled subsystems. The
first tracks glucose and insulin in the plasma. The second follows the glucose
within a cell and the resulting superoxide production and removal. The third
tracks the consequences of mitochondrial selection within a cell.

Using the three subsystems we develop four models of how loss of mitochon-

drial function feeds back to the formation of ROS:

1. A mitochondrial inefficiency model (MIM) where a loss of function is linked

directly to ROS.

2. A damaged mitochondria model (DMM) where ROS facilitate a process
of intracellular mitochondrial selection that can lead to eventual takeover

by damaged mitochondria prone to high ROS production.

3. A limited mitochondrial dysfunction model (LMDM) that includes both
inefficiency and damage, where inefficiency is restricted to a class of dam-

aged mitochondria.

4. A total mitochondrial dysfunction model (TMDM) that includes both
inefficiency and damage, where inefficiency is not limited to damaged mi-

tochondria.

2.1. The plasma glucose-insulin requlatory subsystem
To describe plasma dynamics of the glucose-insulin regulatory system (Fig.

2, Plasma), we modify the Topp et al. [33] S5IG model for S-cell mass, B(t), and
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Figure 2. Diagram of the mitochondrial superoxide production model. Plasma insulin fa-
cilitates uptake of plasma glucose (G) into the cell (G;). This leads to ETC activation (C)
and ATP production. A fraction ¢, of cellular respiration results in superoxide (Rs) forma-
tion, with the remainder dedicated to energy production. Superoxide inhibits mitochondrial
function (F'), thus impairing ATP production and increasing its own production. Superox-
ide also enhances MnSOD (A;) production (E), which works to remove the anion from the
mitochondrion.

concentrations of plasma glucose, G(t), and insulin, I(¢), to include exogenous
glucose input. We omit the effects of compensatory S-cell mass expansion by

setting B(t) = f for all ¢, giving

d

d—?za—khg—(kg—FsI)G, (1a)
dr G?

— = hiffe—s — k. 1b
dt ﬂG2 +G? (1b)

Plasma glucose concentrations rise due to exogenous and endogenous sources.
The parameter o represents the external source of glucose, absorption from
diet. The liver is the major contributor of internally-derived glucose, and its
production rate is represented by hg. Skeletal muscle cells remove glucose from
the blood by insulin-independent and insulin-dependent means, corresponding
to parameters k, and s, respectively. The rate constant s is referred to as the
insulin sensitivity parameter [33-35] and reflects the ability of target tissues
such as skeletal muscle to respond to insulin at the post-receptor level. Insulin
secretion is stimulated by glucose with a sigmoidal dose-response [36-39], with
maximal rate h; and half-saturation concentration GGj. Insulin is cleared at rate

ki.



2.2. The intracellular and mitochondrial subsystem

We summarize cellular respiration with a relatively small number of essen-
tial components (Fig. 2, Cytosol): intracellular glucose concentration (G;), a
representative ETC complex of proteins in the reduced state (C'), mitochondrial
superoxide (Ry), the antioxidant MnSOD (A;), and an MnSOD translation sig-
nal (F). Glucose inputs lead, via the ETC, to the production of superoxide and
the resulting generation of antioxidants and mitochondrial dysfunction. The

subsystem is

dG;

el v1 - sIG — kg: G, (2a)
dC
a V2kgiGi(Crot — C) — kC[(1 — gr)F + ¢+, (2b)
dcis = chrC - k’rsRsAS - dT5R37 (2C)
dA;

=a.F — akrs SAS7 2d
T 0
% = 4cR.(1— E) — k.E. (2e)

The entry of glucose into skeletal muscle cells via insulin-mediated glucose
uptake from plasma (sIG) couples the plasma (1) and cellular (2) subsystems.
The parameter vy is a conversion factor from plasma to cytosol, and we assume
insulin-stimulated glucose uptake is distributed evenly among skeletal muscle
cells. We also assume that glycolysis is first-order, with rate constant kg4;, to
reduce the biological complexity of ATP production and utilization dynamics.

Complex proteins (C) in the oxidized state enter a reduced state immediately
following glycolysis (Eq. (2b)). This one-to-one transfer yields a constant total
pool, Cist, of complex proteins that are either reduced (C) or oxidized (Cot—C).
Thus, glycolysis initiates the switch from oxidized to reduced state with rate
v2kgiGi(Cior — C). The release of electrons is paired with ATP production, so
that complex proteins return to an oxidized state with rate k.(1 — ¢,.)F, where
gr represents the small fraction [19] of cellular respiration that leads to the
formation of superoxide. Oxidative respiration is retarded by the reduction of
F, a slowly changing mitochondrial function variable whose form is specific to

cach of the models.



Electron leakage from the reduced ETC complex [25] is the primary source of
superoxide (Rs) (Eq. (2¢)). Efficient removal of superoxide requires a chemical
reaction with MnSOD, Ay, at rate ks, but a much slower spontaneous dismu-
tation can occur between two colliding superoxide anions at rate d,s, where
drs < krs [40].

Nuclear translation of MnSOD requires an upregulation signal from a tran-
scription factor, such as NF-xB, FoxO, and CREB proteins, which respond to
elevated superoxide levels [41-43]. We therefore model both MnSOD and a rep-
resentative translation signal in Eqgs. (2d) and (2e). MnSOD is produced at
maximal rate a,, scaled by the strength of its translation signal, which ranges
from zero to one. Although superoxide is eliminated by antioxidants, its highly
toxic nature subjects mitochondria and their proteins, including a small fraction
o of the antioxidant enzymes, to oxidative damage [44]. Translation signaling
is activated by an increase in superoxide at rate a. and decays exponentially to
its inactive form, in the absence of superoxide.

We specify glucose input rate o by introducing the reference parameter Ag,
defined to be the difference between the average daily glucose concentration
and the basal concentration Gg. Unlike o, A is quantifiable from continuous
glucose monitoring studies [45-47], which track frequent fluctuations in glucose
over 24 hours. Redefining ¢ to be the rate of glucose input needed to maintain
a constant glucose concentration of Gy + Ag, we derive o from the glucose-
insulin subsystem (1) and ignore the long-term feedback of the mitochondrial

subsystem (2). Solving the system of algebraic equations

0=0+hg— (kg + sI)(Go + Ag),
(GO+AG)2 (3)

ﬁ(Go + Ag)Q + G}%

for o yields

shiB(Go + Ag)?
k‘Z[(Go + Ag)2 + Gi]

o =

+kg(Go+ Ag) — hy. (4)



To assess the influence of overnutrition on intracellular health independently
of systemic metabolism, we assume that increased o leads to higher rates of
insulin-dependent, but not insulin-independent, uptake. We omit the possibil-
ity of metabolic changes prior to time ¢ = 0 by imposing an initial state of
equilibrium on the subsystem. As a result, glucose and insulin remain at their
basal concentrations, Gy and Iy, and glucose transfer from plasma into cells
occurs with modified rate § = (¢ + hy — k4Go)/(Golp). The baseline sensitiv-
ity s used to compute o implies that § = s only when o = 0. It follows that
sIG = §1yGy = 0 + hy — k;Gy. We modify Eq. (2a) in the mitochondrial

subsystem to be
dG;
dt

= ’Ul(O' + hg — kgGo) — kgiGi, (5)

which contains an implicit representation of glucose-insulin adaptation, wherein
the basal glucose concentration is maintained even when o > 0. Ag is there-
fore independently responsible for changes in intracellular dynamics, and the

updated model incorporates plasma subsystem (1) only as a constant input to

Eq. (5).

2.8. Feedback in the mitochondrial subsystem

2.8.1. Mitochondrial inefficiency

Let L(t) denote fractional mitochondrial inefficiency, assumed equal for all
mitochondria. We model changes in L under the assumption that an altered
balance, X, between superoxide and antioxidant capacity reduces mitochondrial
efficiency. L(t) therefore reflects the ROS-mediated damage to mitochondrial

content that can lead to noticeable changes in mitochondrial respiratory activity.

dL X2 Rg/(Rg‘i’As)
— =¢(1-L)5—5, where X = 22—
dt f( )X2 + 22’ where Rso/(Rso + AsO)

.y (6)

The basal ROS-antioxidant balance is defined to be Rgo/(Rso + Aso), where
Ry = Rs(0) and Ay = A(0). The balance at time ¢ is thus given by
Rs/(Rs + Ay), so that the ratio of the current to initial balance reflects over-

all changes to the antioxidant capacity of each mitochondrion. We subtract



1 in our definition of X (¢) so that a system in perfect balance does not con-
tribute to mitochondrial inefficiency. A second-degree Hill function describes
the sensitivity of mitochondrial inefficiency to superoxide; small increases in
superoxide, coupled with moderate levels of MnSOD, minimally reduce mito-
chondrial efficiency due to damaged mitochondrial content such as lipids and
proteins [28, 29, 48], whereas high superoxide concentrations and insufficient
MnSOD reduce efficiency near the maximal rate £&. We assume the loss of
efficiency is limited by quality control mechanisms that target damaged mito-
chondrial content [49]. Hence, § is small relative to the other parameters in the
mitochondrial subsystem. We thus define the mitochondrial inefficiency model

(MIM) by representing mitochondrial function in Eq. (2b) as

Py =1— L. (7)

2.3.2. Mitochondrial selection

The MIM assumes that all mitochondria in a given cell are functionally
identical and respond uniformly to environmental changes. However, each cell
harbors a population of hundreds of mitochondria that can differ in their de-
gree of damage and genetics. In addition, intrinsic mitochondrial defects lead-
ing to ETC dysfunction do not necessarily translate into abnormal population
dynamics [29]. We therefore explicitly consider a distinct stochastic process
of heterogeneity that allows for differential population dynamics and function,
to which we couple systems (1) and (2), in order to determine the effect of
population-level feedback on superoxide production and damage.

Following the work of Kowald and Kirkwood [44], we address mitochondrial
heterogeneity by defining two distinct mitochondrial subpopulations, undam-
aged and damaged, with respective sizes My(t) and M (t) at time ¢. At each
mitochondrial division, we assume that only a transition from undamaged to
damaged occurs, with probability 1 (Fig. 3). A transition is defined to be the
point at which a mitochondrion acquires class-specific characteristics arising

from a myriad of underlying processes. These processes may include, but are
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Figure 3. State transitions of the mitochondrial selection subsystem. Undamaged mitochon-
dria transition to the damaged class with probability u. Each class ¢ replicates with rate b;
or turns over with rate d;.

not limited to, effects of mutant mtDNA clonal expansion—which must accumu-
late to frequencies upwards of 60% before functional abnormalities are manifest
[28, 50, 51]—mitochondrial swelling and membrane permeability [52, 53], and
stress caused by an accumulation of damaged content in the mitochondrial ma-
trix [28].

Assuming a constant total population size of K = My(¢t) + M; (¢) allows us
to describe total population dynamics entirely by a stochastic death process
[54]. The fission and fusion events that determine mitochondrial population
and functional dynamics in vivo are replaced by replicative birth events that
depend probabilistically on the birth rates by and b; and death rates dy and
dy for undamaged and damaged mitochondria, respectively. The relationship
between class-specific rates can vary. In a state of oxidative stress, mitochondrial
ROS can signal mitophagy to reduce the number of damaged mitochondria
[27, 53, 55], and damaged mitochondria may or may not have a replicative
disadvantage relative to their undamaged counterparts [29, 30]. To account for

multiple possibilities, we define
by = (1 + S,-)bo and di = (1 + Sm)do, (8)

where the signs of s, and s,, indicate the presence of an advantage (+) or
disadvantage (—) in replication and turnover, respectively. When s, and s,

are simultaneously zero, mitochondrial damage is neither directly beneficial nor
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costly to the mitochondrion. We refer to this case as “null selection.”
The average time between death events is T' = [do My (t) + dy My (t)]~*. Set-
ting Mo(t) =K — Ml(t)7 let

pj = Pr{Mi(t +7) = j — 1[Mi(t) = j} (9a)

;= Pr{My(t +7) = j + 1M (t) = j}, (9b)

where 7 ~ Exp(1/T). Respectively, p; and g; represent the net loss and gain
of one damaged mitochondrion. It follows that 1 —p; — g; gives the probability
of no change in a population of j damaged mitochondria due to the next death

event. By definition,

do(K —j5)+dij  bo(K —j)+bij
damaged death undamaged replacement
_ (K —j)  pbo(K —j)+bij (10b)

U= do(K =) +dij bo(K —j)+b1j

undamaged death  damaged replacement

Let m;(t) = Pr(M:(t) = j) and define rates p; = p;/T and §; = ¢;/T. Then
the probability distribution of the number of mitochondria in the damaged class

evolves according to the master equation [56]

dm o

— = _om 1,

dt qoTo T P11

dﬂ'j N N ~ ~

o = 1T = (G + Py)my BT, (11)
drg . R
—_— = _1TTK -1 — v

dt JK-1TK—-1 — PKTK,

for 1 < j < K — 1, and an initial distribution of m¢(0) = 1 and 7,;(0) = 0 for
j#0.

With null selection, the mean time to fixation of the damaged type at the
stationary distribution 7x = 1,7; = 0 for j # K is about 400 years given the

parameters defined in Section 2.6 (see Appendix A). This slow timing, however,
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neglects feedback from ROS. We include this feedback in the modified transition
probability

u(t) = 1o [Hp(R};f 1)} (12)
This function increases linearly with superoxide, from a value of ug at the basal
superoxide level Rsy. The slope p quantifies the effective strength of superoxide

in signaling additional changes to mitochondrial integrity, under the assumption

that damaged mitochondria house greater levels of ROS.

2.4. Models of mitochondrial dysfunction

As with the MIM, we develop subsequent models of mitochondrial dysfunc-
tion by specifying forms for the mitochondrial function variable F' in Eq. (2b).
To incorporate the influence of mitochondrial damage on ROS production, we
assume that the damaged state can cause ETC dysfunction. Let D(t) be the

probability that any given mitochondrion is damaged, so that
1 X
D(t) = 2= D> mi(t) - j (13)
j=1
We define the damaged mitochondria model (DMM) with
Foym =1—D. (14)

In the DMM, undamaged mitochondria are fully functional, whereas damaged
ones are entirely dysfunctional.

Because all mitochondria are assumed to develop inefficiency uniformly, the
remaining models probabilistically account for heterogeneities at the population
level due to functional differences, with the mitochondrial function term F' be-
ing the link between intramitochondrial processes and intracellular population
dynamics. We define the limited mitochondrial dysfunction model (LMDM)
with

Fivpm=(1-D)+(1—-L)D=1-LD. (15)

12



MODEL DESCRIPTION MITOCHONDRIAL FUNCTION

MIM mitochondrial inefficiency model Fvim=1—-L

DMM damaged mitochondria model Fomu=1—D

LMDM limited mitochondrial dysfunction model Fyypyv =1 — LD
TMDM  total mitochondrial dysfunction model Frvpm = (1= L)(1— D)

Table 1. Overview of the four models. MIM: mitochondrial function determined by effi-
ciency; DMM: mitochondrial function determined by undamaged mitochondria only; LMDM:
mitochondrial function determined by undamaged or damaged, but efficient, mitochondria;
TMDM: mitochondrial function determined by efficient, but undamaged, mitochondria.

In the LMDM, undamaged mitochondria are fully functional, whereas damaged
ones are functional subject to residual efficiency. We define the total mitochon-

drial dysfunction model (TMDM) with

Frypm = (1 - L)(1 - D). (16)

In the TMDM, undamaged mitochondria are functional subject to residual ef-
ficiency, whereas damaged ones are entirely dysfunctional.

These models distinguish between two types of ROS-mediated abnormalities:
(1) internal dysfunction, in which proteins and intramitochondrial damage affect
electron transport, and (2) population-level dysfunction, in which the charac-
terization of damage signals a change in mitochondrial population dynamics
and additional defects in ETC activity. The models reflect a range of oxida-
tive stress-mitochondrial damage feedback scenarios to be associated with the
progression of IR. The LMDM allows the detrimental effect of damaged lipids,
proteins and mutant mtDNA accumulation to only be carried out by damaged
mitochondria, providing the most restrictive set of properties in feedback on
superoxide production. On the other hand, the TMDM allows for substantial
ETC dysfunction based on synergy between lost efficiency and mitochondrial
damage. The MIM and DMM are simplified versions of these models, each rep-
resenting a single cause of dysfunction. Table 1 summarizes the properties of

the four models.
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2.5. Initial conditions

We make the assumption that all variables begin at equilibrium with Ag =0
to derive the initial conditions and some of the parameters. Fasting plasma glu-
cose and insulin concentrations in an individual with normal glucose metabolism
are about 5.0 mM (90 mg/dl) and 60.0 pM, respectively [57]; therefore, we set
Go = 5.0 mM and Iy = 60.0 pM. Intracellular glucose concentrations are often
difficult to determine [58], so we arbitrarily set G;o = 1.0 mM. We assume that
at steady-state, 20% of all complex proteins are in a reduced state. Based on
a total concentration of 500 uM [59], we set Cy = 100 uM. Steady-state su-
peroxide concentrations within the mitochondrial matrix are estimated to be
between 10.0 and 200.0 pM [19, 60]. Taking the minimum of the interval, we set
Ry = 1075 uM. The steady-state concentration of MnSOD has been measured
to be about Agp = 5.0 uM [40]. 20% of MnSOD translation activity is assumed
to be engaged initially, so that Ey = 0.2. We assume mitochondria have not yet
acquired dysfunction at ¢t = 0; thus, we set Lo = 0 and m(0) = 1, 7;(0) = 0 for
j#0.

2.6. Parameter estimates

In this section, we discuss the choices for all parameters in the model, based
our initial steady-state assumption.

aq, MnSOD production. We assume that the maximal level of MnSOD
production achieves the steady-state antioxidant concentration after 2 hours.
We therefore compute a, = Ag/120 = 0.04167 uM min~1.

ae, MnSOD signal activation. The steady-state concentration of superoxide,
R, is assumed to maximally stimulate MnSOD production activity within 6
hours. The rate of signal activation is thus a. = 1/(360Rs) = 277.78 min~!.

by, undamaged mitochondrial growth. We assume growth of the undamaged
mitochondrial class balances its turnover, so that by = 0.07 d~*.

b1, damaged mitochondrial growth. With null selection, we assume damaged

mitochondria replicate at the same rate as undamaged ones, so that b; = 0.07.

14
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MnSOD production rate

MnSOD signal activation rate

[-cell mass

undamaged mitochondrial growth rate
damaged mitochondrial growth rate
total ETC complex protein concentration
average daily change in glucose
undamaged mitochondrial turnover rate
damaged mitochondrial turnover rate
spontaneous superoxide dismutation rate
half-maximal glucose stimulation
hepatic glucose production rate

insulin production rate

total mitochondrial population size
cellular respiration rate

MnSOD signal deactivation rate
insulin-independent uptake rate

rate of glycolysis

insulin clearance

superoxide dismutation rate
half-maximal inefficiency stimulus
damage transition probability (baseline)
MnSOD damage probability

fractional superoxide production
superoxide-to-damage feedback strength
baseline insulin sensitivity

glucose distribution factor

ETC conversion factor

rate of lost mitochondrial efficiency

VALUE
0.04167
277.78
1000
0.07
0.07

500
0.0 - 3.0
0.07
0.07
12.0

9.0

0.12
0.03527
500
240.0
0.01111
0.018
0.007653
0.1386
1.2 x 10°
10

1074
0.001389
2.5 x107%
0.25
10~*
0.25510
7840
5x 107°

UNITS
min~!
min !
10° cells

d-t

d-!

uM

mM

d71

d-!

pM~! min—!
mM

mM min~?

(108 cells)™* min~*
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1
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Table 2. Parameter values for the models. Derived quantities denoted by .
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B, B-cell mass. [-cell mass is estimated to be on the order of 10° cells in
[34]. In millions of cells, we set 5 = 1000.

Ciot, total ETC protein concentration. Ubiquinone has been used to rep-
resent a collective ETC complex in a model of superoxide production in rats
[59]. Postmortem investigations have reported comparable concentrations of
ubiquinone in rats and humans [67]. We assume a total ETC concentration of
500 uM [59].

dy, undamaged mitochondrial turnover. The half-life of mitochondria is es-
timated to be between 10 and 25 days [68]. With a 10-day half-life, we take dj
to be dg = 1n2/10 ~ 0.07 d 1.

dy, damaged mitochondrial turnover. With null selection, we assume turnover
of damaged mitochondria occurs at the same rate as undamaged mitochondria,
so that b; = 0.07.

Ag, average daily change in glucose. Continuous glucose monitoring studies
[46] give a maximum average daily change in glucose of 4 mM. This extreme
case typically corresponds to individuals with a diagnosis of diabetes mellitus
or other metabolic disorder. We restrict ourselves to a range of 0.0 mM to 3.0
mM.

drs, spontaneous superoxide dismutation. The collision of two superoxide
anions results in spontaneous dismutation. This event is significantly less likely
than contact between superoxide and MnSOD. The rate of spontaneous super-
oxide dismutation has been measured to be 12 pM~! min~! [13].

G}, half-mazimal glucose stimulation. Dose-response studies [37, 38, 61]
suggest that glucose stimulates insulin secretion in a sigmoidal manner, with
half-maximal stimulation occurring between 5 mM and 12 mM. Following [34],
we therefore use G}, = 9 mM.

K, total population size. Mammalian cells have, on average, between 103
and 10* copies of mtDNA, with each mitochondrion housing 2 — 10 copies [17].
Assuming a skeletal muscle cell copy number of 5000 with a per-mitochondrion
number of 10, as in [62], we set K = 500, in line with the 100 to 1000 mitochon-

dria estimate of mammalian cells [20].
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kg, insulin-independent uptake. Under basal conditions, about 75% of glu-
cose uptake occurs via insulin-independent means [12]. At ¢ = 0 and with
Ag =0, dG/dt = hy — kG — sGoly. We therefore assume kg = 3sly = 0.018
min 1.

k;, insulin clearance. The half-life of insulin, under the assumption of first-
order clearance, is 5 minutes [63]. We therefore use k; = In2/5 = 0.03527
min 1.

krs, superozide dismutation. MnSOD interacts with superoxide at a rate
~ O(10%) M~t 571 [13, 40]. As in [40], we use ks = 1.2 x 10° uM~! min—1!.

A, half-maximal inefficiency stimulus. We assume mitochondrial inefficiency
is exacerbated by a considerable imbalance between superoxide and MnSOD.
We set A = 10, which corresponds to an 11-fold increase in the relative super-
oxide:MnSOD balance.

w(po), damage transition probability. We assume the baseline probability
that damage-specific characteristics appear in mitochondria is small, with pg =
1074

qr, fractional superoxide production. The fraction of oxidative phosphoryla-
tion in isolated mitochondria resulting in superoxide production has been found
to lie between 0.001 and 0.04 [69-71]. It is estimated that in vivo this percentage
is much smaller [19, 72], and we thus set ¢, = 2.5 x 1074,

p, strength of superozide feedback on mitochondrial damage. We have taken
this parameter to range between 0 and 1, which limits the strength of feedback
to the ratio of superoxide concentration to the steady-state level. In model
results, we set p = 0.25.

s, baseline insulin sensitivity. In the case of constant insulin sensitivity, we
use a value of 1074 pM~! min~1!, as in [34].

v1, glucose distribution factor. The standard quantity of plasma is 5 L. It is
estimated that there are roughly 300 skeletal muscles in the human body, each
with 3 —4 x 10° individual fibers [65]. Combined, we assume 10° skeletal muscle
fibers consume plasma glucose. Myofibers may have a diameter in the range from

10 to 100 M and a length in the 5 to 10 cm range [64]. Assuming a cylindrical
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geometry with a 50-uM diameter and a height of 10 cm, we estimate a total fiber
volume of 1.96 x 10=7 L/cell. We therefore calculate the glucose distribution
factor between plasma and intracellular environment to be 5/19.6 = 0.2551.

vo, ETC conversion factor. It is estimated that up to 20% of skeletal mus-
cle cell volume comprises mitochondria [64]. With a skeletal muscle cytosolic
volume of 1.96 x 10~7 L (see derivation of v;) and a mitochondrial population
of 500, an individual mitochondrial matrix volume of 0.05 um3 or 5 x 107!
L yields a total volume that is between 5% and 10% of the cellular volume,
once the volume of the intermembrane space is taken into account. Using this
information, we calculate vy = 7840 mM~*.

&, loss of mitochondrial efficiency. We assume the net loss of mitochondrial
efficiency due to damaged mitochondrial content occurs at the low maximal rate
5x107° d~ L

By imposing an initial steady-state for Ag = 0 in each model, we derive the
remaining parameters: hepatic glucose production rate, hy = kqGo + sGoly =
0.12; insulin production rate, h; = k;Io(G3 + G37)/(BGE) = 0.03527; cellular
respiration rate, k. = (kysRsoAso + drsR2y)/(q-Co) = 240.0; MnSOD signal
deactivation rate, k. = a.Rso(1 — Ep)/Ey = 0.01111; glycolytic rate, kg =
v18Goly/Gi0 = 0.00765; MnSOD damage probability, ¢, = aqEo/(krs RsoAso) =

0.00139. Table 2 summarizes the parameter values used in Section 3.

3. Results

We solve each model numerically over a 100-year period and compare results
for values of Ag, the measure of excess glucose intake, between 0.0 mM and 3.0
mM. In Sections 3.1-3.3, results are reported for null selection where applicable.

In Section 3.4, we consider alternate forms of mitochondrial selection.

8.1. Time-dependent effects of glucose excess

For each model, cellular glucose seems constant over time, but attains a

high set point with high Ag. With sufficiently high Ag, the feedback initiates
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an increase in mitochondrial inefficiency or damage, and in superoxide levels,
always with a decrease in antioxidant levels despite increases in the translation
activity. Fig. 4 shows results with the MIM, but the others are qualitatively

similar (results not shown).

3.2. Slow feedback and ozxidative stress

In Fig. 5, we use parametric plots of loss of mitochondrial function (1 — F)
against superoxide levels to display the feedback. The four models differ in the
qualitative loss of mitochondrial function. The TMDM produces the highest
level of overall mitochondrial dysfunction and oxidative stress and the most

rapid progression for different Ag.

3.8. Structural uniformity across models

Fig. 6 illustrates the changes in superoxide over time relative to initial Ag-
adjusted levels for the four models. A single curve determines the relationship
between superoxide production and mitochondrial abnormalities. Ag correlates
with more rapid progress along the curve, but the curve itself is uniform across
all models (Fig. 6, starred curves). This suggests that individuals with different

A¢ behave similarly, but on different time scales.

3.4. Effects of mitochondrial selection

To determine the role of selection parameters s,, and s, in the behavior of the
DMM, LMDM, and TMDM, we obtain model solutions for several parameter
combinations. Fig. 7(a) illustrates the s,,-s, parameter space, subdivided into
six qualitative regions (R1-R6). Each region is characterized by a combination
of three properties: the sign of s,,; the sign of s,; and, the sign of s, — sy

We choose representative parameters within each subregion, and determine
the superoxide concentration and mitochondrial dysfunction at year 45 through
numerical solutions (Figs. 7(b)—(d)). Variation of the selection parameters does
not alter the shape of the null-selection parametric curves. The LMDM is least

sensitive, and the TMDM most sensitive, to changes in s,, and s,. Oxidative
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Cellular glucose (mM) Reduced complex (uM) Superoxide (107> uM)

400

Time (years) Time (years) Time (years)
Ag
A 0.0-% 0.5-0- 1.0 1.50- 2.0 25-0- 3.0

Figure 4. Time-dependent trajectories of the MIM intracellular variables. Plasma trajectories
for glucose (G) and insulin (I) remain constant over time, as described in Section 2.1. With
Ag-dependent insulin sensitivity, basal levels of each intracellular variable are adjusted ac-
cordingly. After the adjustment, intracellular glucose (G;) remains constant over time, with
higher concentrations obtained by increasing Ag. The concentration of complex proteins in a
reduced state (C), superoxide (Rs), MnSOD translation activity (E), and mitochondrial ineffi-
ciency (L) are all elevated and rise more quickly with Ag. The concentration of MnSOD (As)
reflects the reverse dynamics. Aq is negatively correlated with MnSOD level, which declines
faster with increasing Ag. For Ag < 1, adjusted baseline levels prevail over a lifetime.
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Figure 5. Relationship between superoxide and slow feedback in the models. Symbols in-
dicate 10-year increments. Null selection implemented where applicable. (a) Mitochondrial
inefficiency model. Mitochondrial inefficiency, L = 1 — Fyv, and oxidative stress increase
more quickly with larger Ag. No change is observed for Ag = 0. (b) Damaged mitochondria
model. The fraction of damaged mitochondria, D = 1 — Fpyv, and oxidative stress increase
more quickly with Ag. Compared to the MIM, superoxide increases at slower rates when
Ag > 2, but more quickly when Ag < 2. (¢) Limited mitochondrial dysfunction model. Mi-
tochondrial dysfunction, 1 — F1,mpM, and oxidative stress increase more quickly with larger
Aqg. Compared to the MIM and DMM, superoxide increases at slower rates for Ag > 0. No
change is observed for Ag = 0. (d) Total mitochondrial dysfunction model. Mitochondrial
dysfunction, 1 — Fprypum, and oxidative stress increase more quickly with larger Ag. Al-
though superoxide increases more quickly for all Ag compared to the other models, the rate
is essentially identical to the DMM when Ag = 0.
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stress and mitochondrial abnormalities increase more quickly for parameters in
regions R1, R2, and R3 relative to the null-selection case, but more slowly for
parameters in R4, R5, and R6.

We therefore reduce the number of qualitative regions of the s,,-s, parame-
ter space to two, s, > s,, and s, < $,,, denoted Zone 1 and Zone 2, respectively.
We use age maps to describe the age at which an arbitrarily chosen superoxide
concentration of 1074 yM has been reached or exceeded for various Ag (2.0-3.0
mM), s,,, and s,., with the difference in birth or death rates between mitochon-
drial classes limited to 10% (Fig. 8). The value of s, — s,,, determines the age at
which the threshold is exceeded, which is dramatically reduced when s, —s,, < 0.
This suggests that a replicative advantage can overcome targeted degradation
of damaged mitochondria when the percent increase in growth is greater than
that in turnover (Zone 1), resulting in accelerated superoxide production and
mitochondrial dysfunction. On the other hand, the threshold is almost never
exceeded if the reverse is true (Zone 2). For each Ag, the average age to reach
threshold Zone 1 decreases. The threshold is never reached in the LMDM for
Ag < 2.0. The TMDM is the only model leading to excessive superoxide for

parameters are contained in Zone 2.

4. Discussion

The mitochondrion, as a source of ROS, is thought to be an important fac-
tor in both aging [21, 44, 73, 74] and in skeletal muscle insulin resistance (IR)
[14, 25]. Our models suggest that slow accumulation of damage in mitochondria
contributes to age-related elevations in oxidative stress in skeletal muscle and
is accelerated by a positive feedback loop. ROS promote mitochondrial ineffi-
ciency and damage, which lead to defective electron transport, increased ROS
production, and further mitochondrial dysfunction. These models support a
role for mitochondria in sustained IR.

A major output of each model is mitochondrial superoxide. Hydrogen per-

oxide, a derivative of superoxide, can freely diffuse into the cytosol and activate
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Figure 7. Response to mitochondrial selection. (a) sm-s, parameter space, indicating frac-
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Slower increases observed for parameters in R4, R5, and R6. Parameter combinations: R1.
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stress kinase c-Jun N-terminal kinase (JNK) in skeletal muscle cells [75]. JNK
impairs insulin signaling by inhibiting insulin receptor substrate 1 (IRS-1) ac-
tivity through serine phosphorylation [31, 32, 76]. This results in decreased
tyrosine activity of IRS-1, which ultimately reduces insulin-mediated glucose
uptake and hence insulin sensitivity. Thus, our models provide a foundation for
modeling the contribution of superoxide production and mitochondrial defects
in cellular IR.

The mitochondrial selection models (DMM, LMDM, and TMDM) reveal im-
portant characteristics of mitochondria that influence health and disease. The
selection parameters, s, and s,,, which respectively denote the relative difference
in replication and turnover between mitochondrial classes, describe the interplay
between the benefit and cost of the damaged state. Of the possible cases, dam-
aged mitochondria are believed to be targeted for degradation more than their
undamaged counterparts [24, 55, 77]. Under these circumstances, we restrict our
discussion to the case in which s,, > 0. If s, < s,,, persistence in the healthier
Zone 2 is more likely, regardless of whether a replicative advantage or disadvan-
tage exists. However, if internal mitochondrial dysfunction and population-level
abnormalities are synergistic, as in the TMDM, sufficient levels of glucose in-
take can overpower any selective advantage of undamaged mitochondria within
the average lifetime. Thus, the nature of the interaction between intrinsic and
extrinsic mitochondrial characteristics can determine overall outcome.

The models can also mimic a variety of pathological states that exacerbate
IR. Genetic predisposition can give rise to mitochondrial defects [78, 79]. De-
fective mitochondrial fusion induction has been detected in the severely insulin-
resistant, early-onset type 2 diabetic population, wherein mitofusin 2 (Mfn2),
an important protein in mitochondrial fusion, is repressed in skeletal muscle of
type 2 diabetics [80]. Mfn2 deficiency has also been found to lead to mitochon-
drial dysfunction, oxidative stress and JNK activation in skeletal muscle [81].
PINK1 and Parkin regulate mitophagy of damaged mitochondria, and a recent
report shows that Mfn2, possibly activated by PINKI1, promotes mitophagy
through Parkin binding in cardiac cells [77]. It is not yet established whether
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this Mfn2 function applies to skeletal muscle mitochondria [82], but the impli-
cation would link reduced Mfn2 induction in insulin-resistant individuals and
reduced sensitivity to mitophagic elimination of damaged organelles.

Within the framework of our models, genetic defects can be associated with
a specific mode of interaction between intrinsic mitochondrial function and se-
lection. More severe cases may result in synergy (TMDM), whereas less patho-
logical cases may maintain class-specific dysfunction (LMDM). The relationship
between the selection parameters are determined by the nature of the genetic
defect. For example, Mfn2 deficiency may be represented by lower s, values.
Such a characterization can also give insight to the timing and severity of these
processes. Thus, an individual with a defect in fusion activation in skeletal
muscle may be more sensitive to changes in mitochondrial inefficiency, as in
the TMDM, and may also have reduced autophagy of damaged mitochondria,
resulting in decreased targeted turnover, a shift in the relationship between
selection parameters, and increased dysfunction over time.

It has also been shown that while mitochondrial dysfunction can arise through
ROS-mediated means in skeletal muscle, it is not necessarily the primary cause
of IR in this tissue [83]. Our models are consistent with this idea, with increased
glucose uptake resulting in the initiation of processes leading to increased ROS
production and mitochondrial dysfunction. In this work, we use Ag as a surro-
gate for a high calorie diet and more generally, for the contribution of environ-
mental factors to IR susceptibility. We eliminate systemic effects by assuming
that with this elevated glucose input, uptake is increased accordingly. With this
assumption, we modify the classical insulin sensitivity parameter s to achieve
this goal, and remark that similar results may be obtained by a sufficient in-
crease in basal insulin, maintained at a constant level (not shown). This latter
circumstance would reflect preexisting hyperinsulinemic IR, serving as a suffi-
cient condition for oxidative stress-mediated mitochondrial abnormalities. In
this way, we examine the mechanisms in the current models as those which can
maintain, but not necessarily initiate, skeletal muscle IR.

The nature of irreversible damage lies in a progression toward inevitable and
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irreversible dysfunction. Clinically, the process can be sufficiently retarded to
prevent disease onset within the course of a lifetime. This ability depends on
the effectiveness of intervention strategies targeted toward individuals at high
risk of developing type 2 diabetes or other metabolic diseases.

The open questions in IR pathogenesis require that we combine established
and proposed physiological mechanisms of dysfunction in our models. Due to
the complexity of the system, we make one particular set of assumptions about
the feedback in the system, but recognize that other choices and quantitations
of feedback are possible. Specifically, we use a linear function to define the
impact of superoxide on the mitochondrial damage transition probability and
include mitochondrial inefficiency as one of the state variables linking superoxide
to its own production. Instead of the multiple mitochondrial damage classes
with varying levels of dysfunction addressed by Kowald and Kirkwood [44],
our model of mitochondrial damage includes just two mitochondrial classes. A
more diverse mitochondrial landscape may alter the stationary distribution of
mitochondrial classes, but we suspect that this complexity will not qualitatively
alter our results.

The complex role of ATP in glucose metabolism and cellular respiration is
also not captured in the present model. We include ATP only as a destination
of electron transport activity, but it has cytosolic and mitochondrial effects that
provide additional feedback to the intracellular system. An accumulation of cy-
tosolic ATP indicates low energy use and can slow the rate of glycolysis, which in
turn reduces the rate at which ATP can be produced in the mitochondrion [18].
This feedback allows the energy balance to be restored, while simultaneously
limiting damage done by ROS. This protective mechanism would be maximally
functional in cases of normal glucose intake. However, with increased glucose
loads, glycolysis would occur more quickly and ATP-mediated inhibition would
be reduced. Thus, with a combination of a sedentary lifestyle and nutrient
overload, this mechanism may slow, but not stop, ROS production.

The intramitochondrial effects of lifestyle, diet, and ATP add an additional

dimension to the problem. ATP is created from preexisting ADP in the mito-
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chondrial matrix during cellular respiration. ATP must be transported to the
cytosol for use by the cell, which occurs via a one-to-one exchange for ADP
[18]. With minimal energy utilization, ATP accumulates, and ADP is depleted
in the cytosol. With maximal glycolytic activity, the same occurs in the mi-
tochondrial matrix. As a result, the potential energy generated by the proton
gradient to power energy production is not released, which traps electrons in
the ETC. These electrons are more likely to leak into the mitochondrial matrix
and form superoxide. This imbalance is corrected only when enough protons
have leaked across the inner membrane to decrease the electrochemical gradi-
ent, or when enough ATP has been used to allow ADP to be restored in the
matrix [25]. ATP can therefore have both internal and population-level effects
on mitochondria: Increased ATP production can retard electron transport in an
individual organelle and can increase the cytosolic ATP that provides a global
signal to all mitochondria.

IR in skeletal muscle is only one aspect of dysfunction in the pathway to
diabetes. IR in other tissues, such as liver and adipose tissue, can induce addi-
tional dysfunction that may further hinder insulin signaling in muscle tissues,
providing more complex mechanisms of feedback. Although we do not present
an extended model of skeletal muscle IR here, we collectively use the current
models to define a framework to answer how irreversible damage arising from
environmental and genetic factors can slowly alter metabolic processes, on which
molecular models further describing the progression of systemic IR and type 2

diabetes may be constructed.

5. Conclusions

A series of four models incorporating degrees of mitochondrial dysfunction
predicts that mitochondrial heterogeneity and the persistence of abnormal func-
tion contributes to oxidative stress in skeletal muscle. Increased rate of glucose
entry into cells can exacerbate stress by enhancing feedback between mitochon-

dria and the superoxide they produce. The models predict that stress from
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exogenous sources accelerates the progression toward dysfunction, without al-
tering the trajectory. The models also provide a foundation on which insulin and
stress signaling dynamics can be built, in order to address irreversible damage
that includes plasma glucose and insulin dynamics, obesity-related dysfunction,

[-cell failure, and long-term type 2 diabetes development.

Appendix A. Mitochondrial selection: Calculating the mean time to

fixation

We classify the expected time to extinction of an undamaged mitochondrial
population as the “time to total mitochondrial damage.” We begin by reformu-
lating the model of mitochondrial selection as a modified version of the classical
gambler’s ruin problem [84]. Let p; and ¢; denote the probabilities of net gain
and loss of one undamaged mitochondrion, respectively. Then

di (K —4) - (1 — p)boi
doi + di (K — 0)][boi + b1 (K — )]

doi - [1boi + by (K — 1))
doi 4 dy (K — )] [boi + b1 (K — )]

pi = [
(A1)

Qi:[

Let W; be the probability that, beginning with My = i, M, will equal K before

it reaches zero. Necessarily, this means Wx = uWx_;. In general,
Wi =piWir1 + ¢ Wi-1. (A.2)

Let L; be the probability that all undamaged mitochondria will be lost before
reaching a size of K from My = i. Using Eq. (A.2), we obtain

Li=(1=pi—aq)+piLis1+aqLliq. (A.3)

Now, let T; be the expected time until the undamaged population meets its
ruin from a population of ¢ mitochondria, and let E; be the average duration

of time between events. Because turnover events dictate the net changes in the

30



mitochondrial population,
E; = [doi + dy (K — )]~ (A.4)

If My remains unchanged, the new time to ruin is T; + FE;. Similarly, the
corresponding times for a gain or loss of healthy mitochondria are T;41 + F;

and T;_1 + FE;, respectively. These lead to the second-order difference equation
¢iTi1 — (pi + @)1 + piTi1 = —Ej, (A.5)

with Tp = 0. Eq. (A.5) can be solved explicitly to give

i—1 K—j—2 K—j—1
Ti=To+ Z Myt H Ngc—m Pr—n |
j=0 m=0 n=m+1
(A.6)
i=1,.. K1,

where n; = E;/q;, and p; = p;/q;. Using the parameters in Table 2, about 400
years would pass before total damage occurs in a population with K initially
undamaged mitochondria under null selection.
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