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Abstract

It is anoft-quoted fact that thereis much in common betweenthe fi elds of music
and mathematics This paper seeks to examine that commonality through the use
of information theary techmiques speciffi cally, entropy asdefined by Shamon.
The aralysis will be presentedthrough the process of creaing anertropy tabe
for a calection of ChopinOfNocturnes The metod for gererating arandom
string of noteswith regect to this ertropy will also be briefly discussed

1. Introdudion

One of themod fascinding aspects of mathematicsisiits ability to describe so
many different modds with arelatively small nunber of techniques. In this vein of
thinking | soughtto further explore the application of these techniques to modds from
fieldsthat have not commonly been thoughtof as scientificEmodds fromthefinearts.

Given my own pasond backgroundin bdlet, theorigind choices for thisandyss
were actudly going to betheworks of a choreographe. The mathematical approach was
to bea dtatistical andysisyielding a probability distribution for each step (in thesense of
adance step) used in the bdlet, and that would allow a rudimentary authentication of the
choreographe'® work to be approached. Choreography was soon abandonel in favor of
musgcal compostions Thereason for thiswas thelack of well-defined discrete stepsin
any given piece of choreography. Thougha reasonable argument could be made that
choreography, particularly in theclassical genre, isindesd composed of afinite number
of discrete steps, thereal problem liesin the breakdown of thelarger work into these
discrete steps Such a process would belargdy suljective and would introdue a
congderable margin of error into theandysis. Thus muscal compostionswere chosen
because they are readily available as scores conssting of afinite nunmber of clearly
defined componentsBmusc notes.

At thesame time | decided tha muscal compostionswould betheraw material
for andysis, stronge and more specific mathematical techniques were adopted as well.
Entropy, as defined by Shannonin Orhe Mathematical Theory of CommunicationQhas
already been used to great effect in authentication problems where works of literature
were the subject of examindion. It became clear at tha point tha thetask at hand was to
undestand therelevant machinery of information theory and entropy, and then to adapt
themethod as needed to work with musca compositions

2. Entropy

Thed€finition of entropyis

H(X)=- p(x)logp(x) (1.1)
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where X is a discrete randomvariable taking on values from the set y which dependson

theinformation source beng andyzed. For the purposes of thisandysis, the e ements of
theset y are all themuscal notes used by a given composer in any of his compostions If

theandysis were to be oneregarding the works of afamousliterary author, the
corresponding set would likely consst of al thewordsused by that author in his or her
writings Thelogaithm is base 2, which isimportant as it produaes an entropy valuewith
units of bits. Thisturnsoutto bea particularly useful because much of thework of
information theory and entropy is relevant to the efficiency of coding schemes. Another
important way of describingH (X)isto say tha it isthe expected value oflog p(x). There

are many propaties tha arise fromthe manipulation of this definition tha will notbe

treated here, but can befoundin Cover and Thomes@® Elements of Information Theory.
In theinterest of adding an intuitive definition to the oneabove we may think of

entropy as the average number of yes or no questionsneeded to match agiven X with an

elementfromaset/ . Thisisasomewha weak definition asit isimportant to note tha
we mean average numbe of questionsneeded in the mog efficient scheme for asking yes
or no questionsif theanswer isto beH (X). In many cases the best possible scheme may

not be known. Regardless, it isauseful definition for intuitive purposes. A paticularly
illuminaing example is Shannon®finding of avalue of 1.34 bits for the entropy of letters
in the English language What this meansis that the bare minimum amount of
information needed to identify each letter in astring of English text is 1.34 bits. Now this
may seem coungrintuitive because there are 26 |ettersin Engish and if we indudethe
character GpaceOwe have 27 symbols. It is quite obvioustha any single symbol taken at
randomcannotdefinitely beidentified by 2 yes or no questions or 2 bits of information,
much less 1.34 bits of information. Entropy thoughdoesn®describethe uncertainty in a
single indegpendent symbol. It describes the unaertainty in thewhole sample space in
which the symbols occur, in this case, English. The entropy of Endlishisaslow asitis
because the probability of a great many sequences of lettersis zero. Likewise some |etters
are followed by all butonesymbol with very low probability, @iObeing a prime example
asit is ovewhdmingly followed by QuO Tha knowledgeis dueto the structure of
English and so onaverageit takes less than 1.34 bits to identify the symbol following a
@O Also, after thefirst few letters of many wordshave been identified, therest of the
word can be guessed easily, agan with much less information than 1.34 bits per symbol.
As Cover and Thomes point out, Q.. alargenumbe of guesses will usudly be needed at
the beginning of words or sentences.Obut that shouldn®be surprising consdering those
symbols are much more indgoendent than are the symbols following them. Thuswe may
think of entropy as theaverage number of bits needed to identify a symbol tha occurs
with known probabilities and trangtion probabilities.
Thoughnot made use of in my andysis dueto time and labor condraints, it is

worthwhile to mention the definition of conditiond entropy. It is defined as

H(Y |X)=# p(x)H(Y | X = x) (1.2)
which shouldn®betoo surprising consdering it as the expected value of the entropy of
Y given X . Thereason | mention this definition as beng important is because the
strongest applicationsof entropy rely ontheinformation given by a sequence of random
variables as oppo®d to single randomvariables. Thinking back to the example usng



English, it isthesequences of letters tha we have the greatest intuition regarding the
probability of occurrences.

Thuswe see tha there are only afew necessary pieces of informationto apply the
definition of entropy to adaa set. In the case of Chopin®@ Nocturnes all tha will bereally
needed is an alphaet of mudc notes and the probabilities with which they occur. We
shdl discuss the procedure in thefollowing section.

3. TheMuscal Compostions

Thefirst task regarding musc was the selection of acomposer. Some
consderationshad to betaken into accountwhen identifying a composer with a plausble
sampling of work. First and foremogd, the composer needed to have alarge number of
worksthat are known to bether own. Withoutthis stipulation, there would be no way to
take a sampling large enoughto discern thetypical elements of that composer@ work,
thusan entropy from a small sampling would carry with it an uncertainty too largeto be
of much interest. Also we would hopefor acompaser of piano musc or solo pieces for
other indruments. Thereason for thisis agan to provide a stronge entropy measure from
thesampling. As more indruments are added to a score, the number of elements
in! increase subdantialy. Thisis because when oneingrument is being played, fewer

notes can be played in any time step. As more ingruments are added many more
combinaionsof notes can be played at any given time step. The problem caused by this
istha it ismuch more likely that no single set of notes played within atime step will be
repeated. We could of course choo% to andyze only oneingrument, butit is much more
likely tha the stylistic elements tha make a composer uniqueare not broken up neatly
into ther treatment of each indrument butrather can befoundin theingruments
interactionsand the mel odic structure. Unde tha assumption we could of course try to
follow only the melody of a score, butthere would beingances in which that could in
fact beatall order. A prime example of this would be canonical structurein which
multiple ingruments all play themelody butare displaced in ther timing much like the
singing of (Row Row Row Y our BoaOin aroundwhere each singe starts the song after
thefirst measure has passed. Thuswe would prefer, at least in ourfirst andysis, to tackle
a set of compostionwith asmall number of ingruments. Chopin became alogical choice
because he had a very prolific collection of works for solo piano. He was in fact so
prolific that | was able to go a step further and use only his Nocturnes for a complete
sample space.

Ninety-three pages of Chopin@ Nocturnes for piano make up the sample space of
my andysis. | andyzed only therighthand, or treble clef, of each stave congderingitis
theonetha generaly playsthemelody. | choe thisway as a meansof smplifyingthe
number of note combinaionstha would need to be recorded. The scheme for choosng
notes at randomisto chose a page at random then a stave fromtha page, a measure from
that stave, and anate from tha measure, aso al at random All of thisisdonewith a
table of randomnunmbers produced by randomorg. In thisandysis anote can beeither a
single tonewith a corresponding length of time, or a chord with severa tones andtime
values. Theimportant factor in determining anoteiswhere it begins Forindance a
chord conssting of three tones, two hdd for abeat and onefor two beats would be
recorded as such if al three tones commence on the same beet. If however achord with



three tones were to begin with onetoneand then have the other two added ona
subsequent beat, they would be consdered two different notes because they commenced
at two different times. This of course is notmusca theory or even natationd cugom; |
merely needed to choos a methodfor handling such ingances to be used systematically
throughouttheandysis. As| mentioned, it was not only thetoneof notes tha was
recorded but also thelength. Origindly | had planned on recording whether each note
was awhole, hdf, quater, sixteenth note, et cetera. However, given tha each of those
notes would be hdd for different numbers of beats depending on thetime signaure of the
musc, | chose ingead to record the number of beats each tonewas hdd.

Concerning the actud set-up of the entropy table, it@ little more than a
spreadsheet with values for length and tonea ongthetwo axes. For the ease of recording
| assigned thevariouspossible tones numerical values by letting middle c equd 0 and
adding or subtracting the number of haf stepsabove or bdow to get every other note®@
respective numerical value In other words | used a chromatic scale and assigned it
integer values with ¢ being the center at O.

4. Results

With a sample space of 439randonly selected notes | had an aphébet of 274
distinct musgcal notes and avalue of 7.71 bitsfor the entropy of the space. This shows
tha thereisindead identifiable structure in themusic. An aphéabet of this size would
require 8.09 bitsfor entropy if al elements of theaphabet were equdly probable.
Likewise for equdly probable elements 7.71 bits could only describe an aphébet of 209
elements.

5. Future Applications

With an entropy table nowin hand themog exciting application immediately
available would beto create randonly generated stringsof notes accordingto the
probabilities recorded during sampling. Such atask would be carried by patitioning a
uniformly distributed interval from zero to oneinto 274 sub-intervals each with length
equd to the probability of an element of thea phéabet. It isthen smply a matter of
choosng randomsequences of numbers alongtheorigind uniformly distributed interval
and recording the elements they correspondto based on which partition they fell in. Such
a string of elements would be arandonly generated sequence based uponthe
characteristics of Chopin@ Nocturnes and should soundsimilar as compared to a
sequence based on partitionsof equd length.
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