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Abstract

Sp ectrally accurate in terp olation and appro ximation of deriv ativ es used to b e prac-

tical only on highly regular grids in v ery simple geometries. Since radial basis function

(RBF) appro ximations p ermit this ev en for m ultiv ariate scattered data, there has b een

m uc h recen t in terest in practical algorithms to compute these appro ximations e�ec-

tiv ely .

Sev eral t yp es of RBFs feature a free parameter (e.g. c in the m ultiquadric (MQ)

case � ( r ) =

p

r

2

+ c

2

). The limit of c ! 1 (increasingly 
at basis functions) has

not receiv ed m uc h atten tion b ecause it leads to a sev erely ill-conditioned problem. W e

presen t here an algorithm whic h a v oids this di�cult y , and whic h allo ws n umerically

stable computations of MQ RBF in terp olan ts for all parameter v alues. W e then �nd

that the accuracy of the resulting appro ximations, in some cases, b ecomes orders of

magnitude higher than w as the case within the previously a v ailable parameter range.

Our new metho d pro vides the �rst to ol for the n umerical exploration of MQ RBF

in terp olan ts in the limit of c ! 1 . The metho d is in no w a y sp eci�c to MQ basis

functions and can|without an y c hange|b e applied to man y other cases as w ell.

Keyw ords: Radial basis functions, RBF, m ultiquadrics, ill-conditioning

AMS sub ject classi�cation: 41A21, 65D05, 65E05, 65F22

1 In tro duction

Linear com binations of radial basis functions (RBFs) can pro vide v ery go o d in terp olan ts

for m ultiv ariate data. Multiquadric (MQ) basis functions, generated b y � ( r ) =

p

r

2

+ c

2

(or in the notation used in this pap er, � ( r ) =

p

1 + ( "r )

2

with " = 1 =c ), ha v e pro v en to

b e particularly successful [1]. Ho w ev er, there ha v e b een three main di�culties with this

approac h: sev ere n umerical ill-conditioning for a �xed N (the n um b er of data p oin ts) and

small " , similar ill-conditioning problems for a �xed " and large N , and high computational

cost. This study sho ws ho w the �rst of these three problems can b e resolv ed.

Large v alues of the parameter " are w ell kno wn to pro duce v ery inaccurate results (ap-

proac hing linear in terp olation in the case of 1-D). Decreasing " usually impro v es the accuracy

signi�can tly [2 ]. Ho w ev er, the direct w a y of computing the RBF in terp olan t su�ers from

�
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sev ere ill-conditioning as " is decreased [3]. Sev eral n umerical metho ds ha v e b een dev elop ed

for selecting the \optimal" v alue of " (e.g. [4, 5, 6 ]). Ho w ev er, b ecause of the ill-conditioning

problem, they ha v e all b een limited in the range of v alues that could b e considered, ha ving

to resort to high-precision arithmetic, for whic h the cost of computing the in terp olan t in-

creases to in�nit y as " ! 0 (timing illustrations for this will b e giv en later). In this study ,

w e presen t the �rst algorithm whic h not only can compute the in terp olan t for the full range

" � 0, but it do es so en tirely without a progressiv e cost increase as " ! 0.

In the highly sp ecial case of MQ RBF in terp olation on an in�nite equispaced Cartesian

grid, Buhmann and Dyn [7] sho w ed that the in terp olan ts obtain sp ectral con v ergence for

smo oth functions as the grid spacing go es to zero (see, for example, Y o on [8] for the sp ectral

con v ergence prop erties of MQ and other RBF in terp olan ts for scattered �nite data sets).

Additionally , for an in�nite equispaced grid, but with a �xed grid spacing, Baxter [9 ] sho w ed

the MQ RBF in terp olan t in the limit of " ! 0 to cardinal data (equal to one at one data

p oin t and zero at all others) exists and go es to the m ulti-dimensional sinc function|just as

the case w ould b e for a F ourier sp ectral metho d. Limiting ( " ! 0) in terp olan ts on scattered

�nite data sets w ere studied b y Driscoll and F orn b erg [10 ]. They noted that, although the

limit usually exists, it can fail to do so in exceptional cases. The presen t n umerical algorithm

handles b oth of these situations. It also applies|without an y c hange|to man y other t yp es

of basis functions. The cases w e will giv e computational examples for are

Name of RBF Abbreviation De�nition

Multiquadrics MQ � ( r ) =

p

1 + ( "r )

2

In v erse Quadratics IQ � ( r ) =

1

1 + ( "r )

2

Gaussians GA � ( r ) = e

� ( "r )

2

Note that in all the ab o v e cases the limits of 
at basis functions corresp ond to " ! 0.

The main idea of the presen t metho d is to consider the RBF in terp olan t at a �xed x

s ( x ; " ) =

N

X

j =1

�

j

� (







x � x

j







) (1)

(where k �k is the 2-norm) not only for real v alues of " , but as an analytic function of a

complex v ariable " . Although not explicitly mark ed, �

j

and � are no w functions of " . In

the sections that follo w, w e demonstrate that in a relativ ely large area around " = 0, s ( x ; " )

will at w orst ha v e some isolated p oles. It can therefore b e written as

s ( x ; " ) = (rational function in " ) + (p o w er series in " ) (2)

The presen t algorithm n umerically determines (in a stable w a y) the co e�cien ts to the ra-

tional function and the p o w er series. This allo ws us to use (2) for computing the RBF

in terp olan t e�ectiv ely n umerically righ t do wn to " = 0. The imp ortance of this en tirely new

capabilit y is exp ected to b e as a to ol to in v estigate prop erties of RBF appro ximations and

not, at the presen t time, to in terp olate an y large exp erimen tal data sets.

Although not pursued here, there are a n um b er of imp ortan t and unresolv ed issues relat-

ing to the limit of the RBF in terp olan t as " ! 0, for whic h the presen t algorithm will no w

allo w n umerical explorations. F or example, it w as sho wn b y Driscoll and F orn b erg [10] that

the limiting in terp olan t in 1-D is simply the Lagrange in terp olating p olynomial. This, of

course, forms the foundation for �nite di�erence and pseudosp ectral metho ds. The equiv-

alen t limit ( " ! 0) can no w b e studied for scattered data in higher dimensions. This is
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Figure 1: Distribution of 41 data p oin ts for use in the �rst test problem.

a situation where, in general, there do es not exist an y unique lo w est-degree in terp olating

p olynomial and, consequen tly , sp ectral limits ha v e not receiv ed m uc h atten tion.

The rest of this pap er is organized as follo ws: Section 2 in tro duces a test example whic h

w e will use to describ e the new metho d. In Section 3, w e illustrate the structure of s ( x ; " )

in the complex " -plane (the distribution of p oles etc.). Section 4 describ es the steps in

the n umerical metho d, whic h then are applied to our test problem in Section 5. Section 6

con tains additional n umerical examples and commen ts. W e v ary the n um b er of data p oin ts

and also giv e n umerical results for some other c hoices of RBFs. One of the examples w e

presen t there features a situation where " ! 0 leads to div ergence. W e �nish b y giving a

few concluding remarks in Section 7.

2 First test problem

Figure 1 sho ws 41 data p oin ts x

j

randomly scattered o v er the unit disk (in the x � plane

where x is a t w o-v ector with comp onen ts x

1

; x

2

). W e let our data at these p oin ts b e de�ned

b y the function

f ( x ) = f ( x

1

; x

2

) =

59

67 + ( x

1

+

1

7

)

2

+ ( x

2

�

1

11

)

2

(3)

The task is to compute the MQ RBF in terp olan t (i.e. (1) with � ( r ) =

p

1 + ( "r )

2

) at

some lo cation x inside the unit disk. W e denote the data b y y

j

= f ( x

j

) ; j = 1 ; 2 ; : : : ; 41 :

The immediate w a y to p erform the RBF in terp olation w ould b e to �rst obtain the expansion

co e�cien ts �

j

b y solving

2

6

4

A ( " )

3

7

5

2

6

4

�

1

.

.

.

�

41

3

7

5

=

2

6

4

y

1

.

.

.

y

41

3

7

5

(4)

where the elemen ts of A ( " ) are a

j;k

= � (







x

j

� x

k







). The RBF in terp olan t, ev aluated at x ,
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Figure 2: The error (in magnitude) as a function of " in the in terp olan t s ( x ; " ) of (3) when

s ( x ; " ) is computed directly using (6). W e ha v e c hosen x = (0 : 3 ; � 0 : 2).

is then written as

s ( x ; " ) =

41

X

j =1

�

j

� (







x � x

j







) ; (5)

or equiv alen tly

s ( x ; " ) =

�

B ( " )

�

2

6

4

A ( " )

3

7

5

� 1

2

6

4

y

1

.

.

.

y

41

3

7

5

(6)

where the elemen ts of B ( " ) are b

j

= � (







x � x

j







).

Figure 2 sho ws the magnitude of the error s ( x ; " ) � f ( x ) where x = (0 : 3 ; � 0 : 2) as a

function of " when computed directly via (4) and (5). This computation clearly loses its

accuracy (in 64-bit 
oating p oin t precision) when " falls b elo w appro ximately 0 : 2. The drop

in error as " approac hes 0 : 2 (from ab o v e) suggests that computations for lo w er v alues of "

could b e v ery accurate if the n umerical instabilit y could b e o v ercome. The reason the onset

of ill-conditioning o ccurs so far from " = 0 is that the matrix A ( " ) approac hes singularit y

v ery rapidly as " decreases. Using Rouc h � e's theorem, w e can �nd that in this test case

det( A ( " )) = � � "

416

+ O ( "

418

) (where the co e�cien t � is non-zero). Regardless of this rapid

approac h to singularit y , w e usually �nd that s ( x ; " ) exists and is b ounded as " ! 0. This

means an extreme amoun t of n umerical cancellation o ccurs for small " when ev aluating

s ( x ; " ).

In the notation of (6), our task is to then determine the ro w v ector

�

C ( " )

�

=

�

B ( " )

�

2

4

A ( " )

3

5

� 1

(7)

for all " � 0. T o do this, w e need an algorithm whic h b ypasses the extremely ill-conditioned

direct formation of A ( " )

� 1

and computation of the pro duct B ( " ) � A ( " )

� 1

for an y v alues of

" less than appro ximately 0 : 3. The algorithm w e presen t in Section 4 do es this b y directly

computing C ( " ) around some circle in the complex " -plane where A ( " ) is w ell-conditioned.

This will allo w us to determine the co e�cien ts in (2) and therefore determine s ( x ; " ) for

small " -v alues.
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Figure 3: Logarithm (base 10) of the condition n um b er for A ( " ) as a function of the complex

v ariable " . The domain of the plot is a square with sides of length 2 � 0 : 75 cen tered at the

origin and the range of the plot v aries from 0 to 10

20

. Note near " = 0 the log

10

of the

condition n um b er of A ( " ) go es to in�nit y . Ho w ev er, due to n umerical rounding, no v alues

greater than 10

20

w ere recorded.

Note that in practice, w e often w an t to ev aluate the in terp olan t at sev eral p oin ts. This

is most easily done b y letting B ( " ) (and th us C ( " )) in (7) con tain sev eral ro ws|one for eac h

of the p oin ts.

3 T est problem view ed in a complex " � plane

Figure 3 sho ws the log

10

of the condition n um b er of A ( " ) when " is no longer con�ned

to the real axis. W e see that the ill-conditioning is equally sev ere in all directions as "

approac hes zero in the complex plane. F urthermore, w e note a n um b er of sharp spik es.

These corresp ond to complex " -v alues for whic h A ( " ) is singular (apart from " = 0, none of

these can o ccur on the real axis according to the non-singularit y result b y Micc helli [11 ]).

As stated in the in tro duction, in a large area around " = 0, s ( x ; " ) is a meromorphic

function of " . This can b e sho wn b y �rst noting that (7) can b e re-written as

C ( " ) =

1

det ( A ( " ))

�

B ( " )

�

2

6

4

adj( A ( " ))

3

7

5

where adj( A ( " )) is the adjoin t of the A ( " ) matrix. No w, letting �

j;k

( " ) b e the cofactors

of A ( " ), w e ha v e that �

j;k

( " ) = �

k ;j

( " ) for j; k = 1 ; : : : ; N since A ( " ) is symmetric. Th us,

expanding det( A ( " )) also in cofactors, giv es the follo wing result for the j th en try of C ( " )

C

j

( " ) =

P

N

k =1

� ( k x � x

k

k )�

k ;j

( " )

P

N

k =1

� (







x

j

� x

k







)�

k ;j

( " )

(8)

The n umerator and denominator of (8) are analytic ev erywhere apart from the trivial branc h

p oin t singularites of � ( r ) on the imaginary axis. Th us, at ev ery p oin t apart from these trivial
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Figure 4: Structure of s ( x ; " ) in the complex " -plane. The appro ximate area with ill-

conditioning is mark ed with a line pattern; p oles are mark ed with solid circles and branc h

p oin ts with � 's.

singularities, the n umerator and denominator ha v e a con v ergen t T a ylor expansion in some

region. None of the trivial singularities can o ccur at " = 0 since this w ould require r = 1 .

Hence, there can only b e a p ole at " = 0 if the leading p o w er of " in the denominator

is greater than the leading p o w er in the n umerator. Remark ably , the leading p o w ers are

usually equal, making " = 0 a remo v able singularit y (in Section 6 w e explore an example

where this is not the case; a more extensiv e study on this phenomenon can b e found in [12 ]).

Apart from " = 0 and the trivial singularities, the only singularit y that can arise in C

j

( " )

is when A ( " ) is singular. Due to the analytic c haracter of the n umerator and denominator,

this t yp e of singularit y can only b e a p ole (th us justifying the analytic form stated (2)).

The structure of s ( x ; " ) in the complex " -plane is sho wn in Figure 4. The lined area

marks where the ill-conditioning is to o sev ere for direct computation of s ( x ; " ) in 64-bit


oating-p oin t. The solid circles mark simple p oles and the � 's mark the trivial branc h

p oin t singularities. The dashed line in Figure 4 indicates a p ossible con tour (a circle) w e

can use in our metho d. Ev erywhere along suc h a circle, s ( x ; " ) can b e ev aluated directly

with no particular ill-conditioning problems. Had there b een no p oles inside the circle, plain

a v eraging of the s ( x ; " )-v alues around the circle w ould ha v e giv en us s ( x ; 0).

It should b e p oin ted out that if w e increase the n um b er of data p oin ts N to o m uc h (e.g.

N > 100 in this example) the ill-conditioning region in Figure 4 will gro w so that it con tains

some of the branc h p oin t singularities (starting at " = 0 : 5 i ), forcing us to c ho ose a circle

that falls within this ill-conditioned region. Ho w ev er, w e can still �nd s ( x ; " ) ev erywhere

inside our circle for no w orse conditioning than at " just b elo w 0 : 5.

T o complete the description of our algorithm, w e next discuss ho w to
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� detect and comp ensate for the p oles lo cated inside our circle (if an y), and

� compute s ( x ; " ) at an y " -p oin t inside the circle (and not just at its cen ter)

based only on " -v alues around the circle.

4 Numerical metho d

W e �rst ev aluate s ( x ; " ) at equidistan t lo cations around the circle of radius � that w as sho wn

in Figure 4, and then tak e the (in v erse) fast F ourier transform (FFT) of these v alues. This

pro duces the v ector

d

0

�d

1

�

2

d

2

�

3

d

3

. . . . . . �

� 3

d

� 3

�

� 2

d

� 2

�

� 1

d

� 1

(here ordered as is con v en tional for the output of an FFT routine). F rom this (with " = �e

i�

)

w e ha v e essen tially obtained the Lauren t expansion co e�cien ts for s ( x ; " ). W e can th us write

s ( x ; " ) = : : : + d

� 3

"

� 3

+ d

� 2

"

� 2

+ d

� 1

"

� 1

+ d

0

+ d

1

"

1

+ d

2

"

2

+ d

3

"

3

+ : : : : (9)

This expansion is con v ergen t within some strip around the p eriphery of the circle. If there

are no p oles inside the circle all the co e�cien ts in (9) with negativ e indices v anish, giving

us the T a ylor part of the expansion

s ( x ; " ) = d

0

+ d

1

"

1

+ d

2

"

2

+ d

3

"

3

+ : : : : (10)

W e can then use this to ev aluate s ( x ; " ) n umerically for an y v alue of " inside the circle.

The presence of an y negativ e p o w ers in (9) indicates that s ( x ; " ) has p oles inside the

circle. T o accoun t for the p oles so that w e can ev aluate s ( x ; " ) for an y v alue of " inside

the circle, w e re-cast the terms with negativ e indices in to P ad � e rational form. This is

accomplished b y �rst using the FFT data to form

q ( � ) = d

� 1

� + d

� 2

�

2

+ d

� 3

�

3

+ : : : : (11)

Next, w e expand q ( � ) in P ad � e rational form (see for example [13 ]), and then set

r ( " ) = q (1 =" ) :

Since s ( x ; " ) can only p ossess a �nite n um b er of p oles inside the circle, the function r ( " )

together with (10) will en tirely describ e s ( x ; " ) in the form previously stated in (2):

s ( x ; " ) = f r ( " ) g + f d

0

+ d

1

" + d

2

"

2

+ : : : g :

This expression can b e n umerically ev aluated to giv e us s ( x ; " ) for an y v alue of " inside the

circle.

An automated computer co de needs to monitor sev eral consequences of the fact that w e

are w orking with �nite and not in�nite expansions. These are:

� s ( x ; " ) m ust b e sampled densely enough so that the co e�cien ts for the high negativ e

and p ositiv e p o w ers of " returned from the FFT are small.

� When turning (11) in to P ad � e rational form, w e m ust c ho ose the degrees of the n u-

merator and denominator (whic h can b e c hosen to b e equal) so that they matc h or

exceed the total n um b er of p oles within our circle. (Con v erting the P ad � e expansion

bac k to Lauren t form and comparing co e�cien ts o�ers an easy and accurate test that

the degrees w ere c hosen su�cien tly high).
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� The circular path m ust b e c hosen so that it is inside the closest branc h p oin t on the

imaginary axis (equal to i=D where D is the maxim um distance b et w een p oin ts), but

still outside the area where direct ev aluation of s ( x ; " ) via (6) is ill-conditioned.

� The circular path m ust not run v ery close to an y of the p oles.

The computations required of the metho d ma y app ear to b e sp eci�c to eac h ev aluation

p oin t x that is used. Ho w ev er, it is p ossible to recycle some of the computational w ork needed

for ev aluating s ( x ; " ) at one x in to ev aluating s ( x ; " ) at new v alues of x . F or example, from

(8) w e kno w that the non-trivial p ole lo cations of s ( x ; " ) are en tirely determined b y the data

p oin ts x

j

. Th us, once r ( " ) has b een determined for a giv en x , w e can reuse its denominator

for ev aluating s ( x ; " ) at other v alues of x . This allo ws the in terp olan t to b e ev aluated m uc h

more c heaply at new v alues of x .

It could conceiv ably happ en that a zero in the denominator of (8) gets canceled b y a

sim ultaneous zero in the n umerator for one ev aluation p oin t but not another. W e ha v e,

ho w ev er, only observ ed this phenomenon in v ery rare situations (apart from the trivial

case when the ev aluation p oin t coalesces with one of the data p oin ts). Nev ertheless, an

automated co de needs to handle this situation appropriately .

5 Numerical metho d applied to the test problem

W e c ho ose for example M = 128 p oin ts around a circle of radius � = 0 : 42 (as sho wn in

Figure 4). This requires just M = 4 + 1 = 33 ev aluations of s ( x ; " ) due to the symmetry

b et w een the four quadran ts. W e again tak e x = (0 : 3 ; � 0 : 2). F ollo wing the in v erse FFT

(and after \scaling a w a y" � ), w e cast the terms with negativ e indices to P ad � e rational form

to obtain:

r ( " ) =

� 3 : 3297 � 10

� 11

� 5 : 9685 � 10

� 10

"

2

� 1 : 8415 � 10

� 9

"

4

+ 0 � "

6

1 : 0541 � 10

� 3

+ 2 : 4440 � 10

� 2

"

2

+ 2 : 2506 � 10

� 1

"

4

+ "

6

: (12)

(The highest degree term in the n umerator is zero b ecause the expansion (11) con tains no

constan t term). Com bining (12) with the T a ylor series appro ximation, w e compute, for

example, s ( x ; " ) at " = 0 : 1:

s ( x ; 0 : 1) � f r (0 : 1) g +

(

32

X

k =0

d

2 k

(0 : 1)

2 k

)

� 0 : 87692244095761 :

Note that the only terms presen t in the T a ylor and P ad � e appro ximations are ev en, due to

the four-fold symmetry of s ( x ; " ) in the complex " -plane.

T able 1 compares the error in s ( x ; " ) when computed in standard 64-bit 
oating p oin t

with the direct metho d (6) and when computed with the presen t algorithm. The comparisons

w ere made with s ( x ; " ) computed via (6) with high-precision arithmetic, using 60 digits of

accuracy . The last part of the table compares the error in the appro ximation of (3), when

s ( x ; " ) is computed using the presen t algorithm.

Figure 5 graphically compares the results of the Con tour-P ad � e algorithm using M = 4 + 1 =

33 to those using the direct metho d (6). Lik e T able 1, the �gure clearly sho ws that the

Con tour-P ad � e algorithm allo ws the RBF in terp olan t to b e computed in a stable manner for

the full range of " . (The increased error in the results of the Con tour-P ad � e algorithm as "

falls b elo w 0.12 is not due to an y loss in computational accuracy; it is a gen uine feature of

the RBF in terp olan t, and will b e discussed in a separate study).

W e next compare the computational e�ort required to compute s ( x ; " ) using the direct

metho d (6) and the Con tour-P ad � e algorithm. T o obtain the same lev el of accuracy (around
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Magnitude of the error in s ( x ; " )

when computed using the direct metho d

" = 0 " = 0 : 01 " = 0 : 05 " = 0 : 1 " = 0 : 12 " = 0 : 25

1 3 : 9 � 10

� 3

1 : 0 � 10

� 6

4 : 9 � 10

� 10

1 : 4 � 10

� 9

4 : 6 � 10

� 11

Magnitude of the error in s ( x ; " )

when computed using the Con tour-P ad � e algorithm

M

4

+1 " = 0 " = 0 : 01 " = 0 : 05 " = 0 : 1 " = 0 : 12 " = 0 : 25

33 ... 1 : 1 � 10

� 13

1 : 0 � 10

� 13

8 : 4 � 10

� 14

7 : 1 � 10

� 14

1 : 1 � 10

� 13

65 ... 1 : 3 � 10

� 13

1 : 4 � 10

� 13

1 : 4 � 10

� 13

1 : 4 � 10

� 13

1 : 2 � 10

� 13

129 ... 2 : 1 � 10

� 13

2 : 0 � 10

� 13

1 : 8 � 10

� 13

1 : 6 � 10

� 13

5 : 6 � 10

� 14

Magnitude of the error s ( x ; " ) � f ( x )

when s ( x ; " ) is computed using the Con tour-P ad � e algorithm

M

4

+1 " = 0 " = 0 : 01 " = 0 : 05 " = 0 : 1 " = 0 : 12 " = 0 : 25

33 5 : 3 � 10

� 11

5 : 2 � 10

� 11

2 : 5 � 10

� 11

2 : 3 � 10

� 12

2 : 5 � 10

� 13

5 : 5 � 10

� 9

T able 1: Comparison of the error in s ( x ; " ) when computed using the direct metho d and

the Con tour-P ad � e algorithm. F or these comparisions, w e ha v e c hosen x = (0 : 3 ; � 0 : 2)

12 digits) with the direct metho d as the presen t algorithm pro vides requires the use of

high-precision arithmetic. The table b elo w summarizes the time required for computing the

in terp olan t via the direct metho d using MA TLAB's v ariable-precision arithmetic (VP A)

pac k age. All computations w ere done on a 500 MHz P en tium I I I pro cessor.

Digits Time for Time for ev aluating

" Needed �nding �

j

s ( x ; " ) at eac h x

10

� 2

42 172.5 sec. 1.92 sec.

10

� 4

74 336.3 sec. 2.09 sec.

10

� 6

106 574.6 sec. 2.31 sec.

10

� 8

138 877.1 sec. 2.47 sec.

Note that in this approac h, c hanging " will necessitate an en tirely new calculation.

With the Con tour-P ad � e algorithm, the problem can b e done en tirely in standard 64-bit


oating p oin t. A summary of the time required to compute the v arious p ortions of the

algorithm using MA TLAB's standard 
oating p oin t follo ws:

P ortion of the Algorithm Time

Finding the expansion co e�cien ts

around the " circle and the p oles

for the P ad � e rational form 0.397 sec.

Ev aluating s ( x ; " ) at a new

x v alue. 0.0412 sec.

Ev aluating s ( x ; " ) at a new

" v alue. 0.0022 sec.
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Figure 5: The error (in magnitude) as a function of " in the in terp olan t s ( x ; " ) of (3). The

solid line sho ws the error when s ( x ; " ) is computed using (6) and the dashed line sho ws the

error when s ( x ; " ) is computed using the Con tour-P ad � e algorithm presen ted in Section 4.

Again, w e ha v e c hosen x = (0 : 3 ; � 0 : 2).

Note that these times hold true regardless of the v alue of " .

6 Some additional examples and commen ts

Lo oking bac k at the description of the Con tour-P ad � e algorithm, w e see that it only relied

on computing s ( x ; " ) around a con tour and w as in no w a y sp eci�c to the MQ RBF. In the

�rst part of this section w e presen t some additional results of the algorithm and mak e some

commen ts not only for the MQ RBF, but also for the IQ and GA RBFs.

W e consider RBF appro ximations of (3) sampled at the 62 data p oin ts x

j

sho wn in

Figure 6. T o get a b etter idea of ho w the error b eha v es o v er the whole region (i.e. the unit

disk), w e compute the ro ot-mean-square (RMS) error of the appro ximations o v er a dense set

of p oin ts co v ering the region. In all cases, w e use the Con tour-P ad � e algorithm with M = 512

p oin ts around the con tour.

Figure 7 (a) sho ws the structure in the complex " -plane for s ( x ; " ) based on the MQ

RBF (w e recall that the p ole lo cations are en tirely indep enden t of x ). Unlik e the example

from Section 2 whic h resulted in 6 p oles for s ( x ; " ), w e see from the �gure that the presen t

example only results in 2 p oles within the con tour (indicated b y the dashed line). Figure 8

(a) compares the resulting RMS error as a function of " when the MQ RBF appro ximation

is computed directly via (6) and computed using the Con tour-P ad � e algorithm. The �gure

sho ws that the direct computation b ecomes unstable when " falls b elo w appro ximately 0.28.

Most algorithms for selecting the optimal v alue of " (based on RMS errors) w ould th us

b e limited from b elo w b y this v alue. Ho w ev er, the Con tour-P ad � e algorithm allo ws us to

compute the appro ximation accurately for ev ery v alue of " . As the �gure sho ws, the true

optimal v alue of " is appro ximately 0.119. The RMS error in the appro ximation at this

v alue is appro ximately 2 : 5 � 10

� 12

, whereas the RMS error in the appro ximation at " = 0 : 28

is appro ximately 6 : 0 � 10

� 9

.

Figure 7 (b) sho ws the structure in the complex " -plane for s ( x ; " ) based on the IQ RBF.

W e notice a couple of general di�erences b et w een the structures based on the IQ RBF and

MQ RBF. First, the IQ RBF leads to a sligh tly b etter conditioned linear system to solv e.

Th us, the appro ximate area of ill-conditioning is smaller. Second, the IQ basis function
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Figure 6: Distribution of 62 data p oin ts for use in the example from Section 6.

con tains a p ole, rather than a branc h p oin t, when " = � i=r . Th us, for ev aluation on the

unit disk, there will b e trivial p oles (of unkno wn strengths) on the imaginary " -axis that can

nev er get closer to the origin than �

i

2

. F or our 62 p oin t distribution and for an ev aluation

p oin t x that do es not corresp ond to an y of the data p oin ts, there could b e up to 2 � 62 = 124

trivial p oles on the imaginary axis. If w e com bine these with the non-trivial p oles that arise

from singularities in the A ( " ) matrix, this will b e to o man y for the Con tour-P ad � e algorithm

to \pic k up". So, as in the MQ case, the c hoice of our con tour is limited b y 1 =D , where

D is the maxim um distance b et w een the p oin ts (e.g. 1 =D = 1 = 2 for ev aluation on the unit

disk). One common feature w e ha v e observ ed in the structures of s ( x ; " ) for the IQ and MQ

cases is that the lo cation of the p oles due to singularities of the A ( " ) matrix are usually in

similar lo cations (cf. the solid circles in Figure 7 (a) and (b)).

Figure 8 (b) compares the resulting RMS error as a function of " when the IQ RBF ap-

pro ximation is computed directly via (6) and computed using the Con tour-P ad � e algorithm.

Again, w e see that the direct computation b ecomes unstable when " falls b elo w appro x-

imately 0.21. This is w ell ab o v e the optimal v alue of appro ximately 0.122. Using the

Con tour-P ad � e algorithm, w e �nd that the RMS error in the appro ximation at this v alue of "

is appro ximately 2 : 5 � 10

� 12

, whereas the RMS error at " = 0 : 21 is appro ximately 2 : 5 � 10

� 9

.

Figure 7 (c) sho ws the structure in the complex " -plane for s ( x ; " ) based on the GA

RBF. It di�ers signi�can tly from the structures based on the IQ and MQ RBFs. The �rst

ma jor di�erence is that the GA RBF p ossesses no singularities in the �nite complex " -plane

(it has an essen tial singular p oin t at " = 1 ). Th us, the con tour w e c ho ose is not limited

b y the maxim um distance b et w een the p oin ts. Ho w ev er, the GA RBF gro ws as " mo v es

farther a w a y from the real axis. Th us, the con tour w e c ho ose for ev aluating s ( x ; " ) is limited

b y the ill-conditioning that arises for large imaginary v alues of " . This limiting factor has

signi�can tly less impact than the \maxim um distance" limiting factor for the MQ and IQ

RBFs, and mak es the Con tour-P ad � e algorithm based on GA RBF able to handle larger data

sets (for example, it can easily handle appro ximations based on 100 data p oin ts in the unit

disk when the computations are done in standard 64-bit 
oating p oin t). Indeed, Figure 7

(c) sho ws that the con tour w e used for the GA RBF appro ximation is m uc h farther a w a y
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Figure 7: The structures of s ( x ; " ) in complex " -plane for the 62 data p oin ts sho wn in Figure

6 in the case of (a) MQ RBF (b) IQ RBF and (c) GA RBF (note the di�eren t scale). The

appro ximate region of ill-conditioning is mark ed with a line pattern, the p oles are mark ed

with solid circles, and singularites due to the basis functions themselv es (i.e. branc h p oin ts

for the MQ RBF and p oles for the IQ RBF) are mark ed with � 's. The dashed lines indicate

the con tours that w ere used for computing s ( x ; " ) for eac h of the three cases.
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from the ill-conditioned region around " = 0 than the corresp onding con tours for the MQ

and IQ appro ximations. The second di�erence for the GA RBF is that it leads to a linear

system that approac hes ill-conditioning faster as " approac hes zero [3 ]. The �nal di�erence

w e note (from also lo oking at additional examples) is that the p ole structure of s ( x ; " ) based

on the GA RBF often di�ers quite signi�can tly from those based on the MQ and IQ RBFs.

Figure 8 (c) compares the resulting RMS error as a function of " when the GA RBF ap-

pro ximation is computed directly via (6) and computed using the Con tour-P ad � e algorithm.

The �gure sho ws that instabilit y in the direct metho d arises when " falls b elo w 0.48. Again,

this is w ell ab o v e the optimal v alue of " = 0 : 253. The Con tour-P ad � e algorithm pro duces an

RMS error of appro ximately 1 : 4 � 10

� 10

at this v alue, whereas the RMS error at " = 0 : 48 is

appro ximately 2 : 0 � 10

� 8

.

W e next explore a case where the limit of s ( x ; " ) as " ! 0 fails to exist. As w as rep orted

in [10 ], the 5 � 5 equispaced Cartesian grid o v er [0 ; 1] � [0 ; 1] leads to div ergence in s ( x ; " ) of

the t yp e O ( "

� 2

). T o see ho w the Con tour-P ad � e algorithm handles this situation, w e consider

the 5 � 5 grid as our data p oin ts x

j

and compute the MQ RBF appro ximation to (3) (although

the c hoice of data v alues is irrelev an t to the issue of con v ergence or div ergence; as w e kno w

from (6) this dep ends only on the prop erties of the matrix C ( " ) = B ( " ) � A ( " )

� 1

). Figure 9

sho ws a log � log plot of RMS error where the MQ RBF appro ximation has b een ev aluated

on a m uc h denser grid o v er [0 ; 1] � [0 ; 1]. In agreemen t with the high-precision calculations

rep orted in [10 ], w e again see a slo w gro wth to w ards in�nit y for the in terp olan t. The reason

is that this time there is a double p ole righ t at the origin of the " � plane (i.e. " = 0 is not,

in this case, a remo v able singularit y). The Con tour-P ad � e algorithm automatically handles

this situation correctly , as Figure 9 sho ws.

T o get a b etter understanding of ho w the in terp olan t b eha v es for this example, w e use

the algorithm to compute all the functions d

k

( x ) in the small " -expansion

s ( x ; " ) = d

� 2

( x ) "

� 2

+ d

0

( x ) + d

2

( x ) "

2

+ d

4

( x ) "

4

+ : : : (13)

Figure 10 displa ys the �rst 6 d

k

( x )-functions o v er the unit square. Note the small v ertical

scale on the �gure for the d

� 2

( x ) function. This is consisten t with the fact that div ergence

o ccurs only for small v alues of " (cf. Figure 9). Eac h surface in Figure 10 sho ws mark ers

(solid circles) at the 25 data p oin ts. The function d

0

( x ) exactly matc hes the input function

v alues at those p oin ts (and the other functions are exactly zero there). It also giv es v ery

accurate appro ximation to the actual function; the RMS error is 1 : 27 � 10

� 8

.

W e omit the results for the IQ and GA RBF in terp olan ts for this example, but note that

the IQ also leads to div ergence in s ( x ; " ) of the t yp e O ( "

� 2

) (as rep orted in [10 ]), whereas

the GA RBF actually leads to con v ergence.

W e conclude this section with some additional commen ts ab out other tec hniques w e tried

related to computing the in terp olan t for small v alues of " .

It is often useful (and sometimes necessary) to augmen t the RBF in terp olan t (1) with

lo w order p olynomial terms (see for example [14 ]). The addition of these p olynomial terms

giv es the RBF in terp olation matrix (a sligh tly mo di�ed v ersion of the A ( " ) matrix found

in (4)) certain desirable prop erties, e.g. (conditional) p ositiv e or negativ e de�niteness [11 ].

The Con tour-P ad � e algorithm can|without an y c hange|b e used to compute the RBF in ter-

p olan t also with the inclusion of these p olynomial terms. W e ha v e found, ho w ev er, that the

b eha vior of the in terp olan t is not signi�can tly a�ected b y suc h v ariations. F or example, w e

found that the p ole structure of s ( x ; " ) is not noticeably a�ected, and there is no signi�can t

gain in accuracy at the \optimal" " v alue (ho w ev er, for larger v alues of " , there can b e some

gains).

Since the RBF in terp olan t can usually b e describ ed for small v alues of " b y (13) but

without the "

� 2

term, one migh t consider using Ric hardson/Rom b erg extrap olation at larger

v alues of " to obtain the in terp olan t for " = 0. Ho w ev er, this idea is not practical. Suc h
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(a) MQ RBF
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(b) IQ RBF
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(c) GA RBF

Figure 8: The RMS error in the (a) MQ, (b) IQ, and (c) GA RBF appro ximations s ( x ; " )

of (3). The solid line sho ws the error when s ( x ; " ) is computed using (6) and the dashed

line sho ws the error when s ( x ; " ) is computed using the Con tour-P ad � e algorithm. Note the

di�eren t scale for the GA RBF results.
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Figure 9: The RMS error in the MQ RBF appro ximation s ( x ; " ) of (3) for the case of a 5 � 5

equispaced Cartesian grid o v er [0 ; 1] � [0 ; 1].

extrap olation is only e�ectiv e if the �rst few expansion terms strongly dominate the later

ones. This w ould only b e true if w e are w ell inside the expansion's radius of con v ergence.

As Figures 4 and 8 indicate, this w ould t ypically require computations at " v alues that are

to o small for acceptable conditioning.

7 Concluding remarks

The shap e parameter " in RBF in terp olation pla ys a signi�can t role in the accuracy of the

in terp olan t. The highest accuracy is often found for v alues of " that mak e the direct metho d

of computing the in terp olan t su�er from sev ere ill-conditioning. In this pap er w e ha v e

presen ted an algorithm that allo ws stable computation of RBF in terp olan ts for all v alues of

" , including the limiting case (if it exists) when the basis functions b ecome p erfectly 
at.

This algorithm has also b een successfully used in [15 ] for computing RBF based solutions

to elliptic PDEs for the full range of " -v alues.

The k ey to the algorithm lies in remo ving the restriction that " b e a real parameter.

By allo wing " to b e complex, w e not only obtain a n umerically stable algorithm, but w e

also gain a w ealth of understanding ab out the in terp olan t, and w e can use p o w erful to ols

to analyze it, suc h as Cauc h y in tegral form ula, con tour in tegration, Lauren t series, and

P ad � e appro ximations.
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Figure 10: The �rst 6 terms from the expansion (13) of s ( x ; " ). The solid circles represen t

the 5 � 5 equispaced Cartesian grid that serv ed as the input data p oin ts for the in terp olan t.


