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Abstract

W e pro v e that man y complete, noncompact, constan t mean curv ature (CMC) surfaces

f : � ! R3

are nondegenerate; that is, the Jacobi op erator �

f

+ j A

f

j

2

has no L

2

k ernel. In

fact, if � has gen us zero and f (�) is con tained in a half-space, then generically the dimension

of the L

2

k ernel is at most the n um b er of non-cylindrical ends of f (�), min us three. Our

main to ol is a conjugation op eration on Jacobi �elds whic h linearizes the conjugate cousin

construction. Consequences include partial regularit y for CMC mo duli space, a larger class

of CMC surfaces to use in gluing constructions, and a surprising c haracterization of CMC

surfaces via rolling spheres.

1 In tro duction

Constan t mean curv ature surfaces in R3

are equilibria for the area functional, sub ject to an

enclosed-v olume constrain t. The mean curv ature is nonzero when the constrain t is in e�ect, so

w e can scale and orien t the surfaces to mak e their mean curv ature 1, a condition w e abbreviate

b y CMC. Ov er the past t w o decades a great deal of progress has b een made on understanding

complete CMC surfaces and their mo duli spaces, ho w ev er man y in teresting op en problems remain.

One of the most imp ortan t questions concerns the p ossibilit y of deca ying Jacobi �elds on complete

CMC surfaces, that is, the Morse-theoretic degeneracy of these equilibria. The main result of this

pap er is to rule out suc h Jacobi �elds on a large class of complete CMC surfaces.

F or a giv en immersed surface f : � ! R3

, its mean curv ature H

f

is determined b y the

quasilinear elliptic equation

�

f

f = 2 H

f

�

f

;

where � = �

f

is the (mean curv ature, or inner) unit normal to f and �

f

is the Laplace-Beltrami

op erator. The surface f (�) is CMC if H

f

� 1. The oldest examples of CMC surfaces are the

sphere of radius 1 and cylinder of radius 1 = 2. In terp olating b et w een these t w o examples are

the Delauna y unduloids, whic h are rotationally symmetric and p erio dic. A Delauna y unduloid

is determined (up to rigid motion) b y its nec ksize n , whic h is the length of the smallest closed

geo desic on the surface. A nec ksize of n = � corresp onds to a cylinder of radius 1 = 2, and as

n ! 0 one obtains the singular limit of a c hain of m utually tangen t unit spheres. The ODE

�
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determining the Delauna y surfaces still has global solutions when the nec ksize parameter is an y

negativ e n um b er; in this case the resulting Delauna y no doids are not em b edded.

In the presen t pap er w e will study CMC surfaces in R3

whic h are A lexandr ov-immerse d . A

prop er immersion f : � ! R3

is an Alexandro v immersion if one can write � = @ M , where M

is a three-manifold in to whic h the mean curv ature normal � p oin ts, and f extends to a prop er

immersion of M in to R3

. In the �nite top ology CMC setting, M is necessarily a handleb o dy with

a solid cylinder attac hed for eac h end. F or example, the Delauna y unduloids are Alexandro v-

immersed (in fact, em b edded), but the Delauna y no doids are not.

In the remainder of this pap er, all of the CMC surfaces are assumed to b e complete, Alexan-

dro v immersions of �nite top ology , or subsets of suc h surfaces.

It is a theorem of Alexandro v [A ] that the only compact, connected, Alexandro v-immersed,

CMC surfaces are unit spheres. Here w e are primarily in terested in noncompact CMC surfaces.

Korev aar, Kusner and Solomon [KKS] pro v ed that eac h end of suc h a CMC surface is exp onen tially

asymptotic to a Delauna y unduloid, that t w o-ended CMC surfaces are unduloids, and that three-

ended CMC surfaces ha v e a plane of re
ection symmetry . In fact, all triunduloids (three-ended,

gen us zero CMC surfaces) w ere constructed and classi�ed b y Gro�e-Brauc kmann, Kusner and

Sulliv an [GKS], as w ere all c oplanar k {unduloids ( k {ended, gen us zero CMC surfaces whose

asymptotic axes all lie in a plane [GKS2 ]). These authors de�ne a classifying map assigning eac h

coplanar k {unduloid an immersed p olygonal disc with k geo desic edges in S

2

, whose edge-lengths

are the asymptotic nec ksizes of the corresp onding k {unduloid.

The classifying map of [GKS, GKS2 ] is a homeomorphism, and giv es information ab out the

top ological structure of mo duli space of coplanar k {unduloids. T o obtain information ab out the

smo oth structure of mo duli space, one needs to understand the linearization of the mean curv ature

op erator, whic h is the Jacobi op erator

L

f

= �

f

+ j A

f

j

2

;

where j A

f

j is the length of the second fundamen tal form of f . Solutions to the Jacobi equation

L

f

u = 0 are called Jac obi �elds , and corresp ond to normal v ariations of the CMC surface f (�)

whic h preserv e the mean curv ature to �rst order. More precisely , if u is a Jacobi �eld, then the

one-parameter family of immersions f ( t ) = f + tu� has mean curv ature H ( t ) = 1 + O ( t

2

). Th us

one can think of Jacobi �elds as tangen t v ectors to the mo duli space of constan t mean curv ature

surfaces.

De�nition 1 A surfac e f : � ! R3

is nonde gener ate if the only solution u 2 L

2

to L

f

u = 0 is

the zer o function.

Near a nondegenerate CMC surface f (�), a theorem of Kusner, Mazzeo and P ollac k [KMP ]

sho ws that the mo duli space of CMC surfaces is a real-analytic manifold with co ordinates deriv ed

from the asymptotic data of [KKS ] (that is, the axes, nec ksizes, and nec kphases of the unduloid

asymptotes). In general the CMC mo duli space is a real-analytic v ariet y . Indeed, on a degenerate

CMC surface, there w ould b e a nonzero L

2

Jacobi �eld u , whic h (b y [KMP ]) deca ys exp onen tially

on all ends. The presence of suc h a Jacobi �eld means there exists a one-parameter family of

surfaces f ( t ) with the same asymptotic data and with mean curv ature 1 + O ( t

2

), indicating

a p ossible singularit y in the CMC mo duli space. Th us, pro ving nondegeneracy eliminates the

p oten tial for suc h singularities.

Our main theorem b ounds the dimension of the space of L

2

Jacobi �elds on a large class of

CMC surfaces.

Theorem 1 L et f : � ! R3

b e a c oplanar k {unduloid. Then the sp ac e of L

2

Jac obi �elds on f (�)

is at most ( k � 2) {dimensional. Mor e over, if the sp an of the vertic es of the classifying ge o desic

p olygon in S

2

is R3

, then the sp ac e of L

2

Jac obi �elds on f (�) is at most ( k � 3) {dimensional.
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As a corollary , w e deduce that almost all triunduloids are nondegenerate. Recall ([GKS ] and our

earlier discussion) that a triunduloid uniquely determines a spherical triangle whose edge-lengths

are the asymptotic nec ksizes n

1

; n

2

; n

3

. The spherical triangle inequalities imply n

1

+ n

2

+ n

3

� 2 �

and n

i

+ n

j

� n

k

. When these inequalities are strict, the v ertices of the classifying triangle span

R3

, and so our main theorem asserts that the space of L

2

Jacobi �elds is f 0 g .

Corollary 2 L et f : � ! R3

b e a triunduloid. Then f is nonde gener ate if its ne cksizes satisfy

the strict spheric al triangle ine qualities.

When a coplanar k {unduloid has cylindrical ends, Theorem 21 impro v es the dimension b ound in

Theorem 1, and sho ws man y of these CMC surfaces are also nondegenerate (see Section 6).

The main to ol w e dev elop is a conjugate Jacobi �eld construction, whic h con v erts Neumann

�elds to Diric hlet �elds. This conjugate v ariation �eld arises from linearizing the conjugate

cousin construction of [GKS ]. Our construction is motiv ated b y the analogous nondegeneracy

result of Cos � �n and Ros [CR] for coplanar minimal surfaces. Ho w ev er, the geometry in the

presen t case, and th us the pro of, is quite di�eren t, with in teresting consequences. F or example,

w e obtain new insigh t in to the classifying map for triunduloids and, more generally , for coplanar

k {unduloids (see [GKS, GKS2 ]). The conjugate Jacobi �eld construction also yields a simple,

syn thetic c haracterization of constan t mean curv ature in terms of rolling a sphere along the surface

(see Section 4).

The pap er is organized as follo ws. Notation and preliminary computations app ear in Section 2.

The conjugate Jacobi �eld construction is in Section 3. In Section 4 w e dev elop the rolling sphere

c haracterization for CMC surfaces, and the in terpretation of the classifying map for coplanar

k {unduloids. The pro ofs of Theorem 1 and Corollary 2 are in Section 5. Finally , w e discuss some

extensions and applications, as w ell as p ose some related op en questions, in Section 6.

As with an y mathematical problem whic h has b een outstanding for so long, the presen t pap er

has b ene�ted from fruitful discussion with man y p eople. In particular, w e wish to thank John

Sulliv an and Karsten Gro�e-Brauc kmann for reading earlier drafts of this pap er, and for their

helpful suggestions.

2 Notation and con v en tions

On a simply connected domain of a CMC (or minimal) surface, w e �nd it con v enien t to use

c onformal curvatur e c o or dinates . These are co ordinates ( x; y ) = ( x

1

; x

2

) on a domain 
 � R2

, so

that the mapping f : 
 ! R3

whic h parameterizes the surface satis�es

g

11

:= h f

x

; f

x

i = �

2

= h f

y

; f

y

i =: g

22

; g

12

:= h f

x

; f

y

i = 0 ;

and the (inner) unit normal � to the surface satis�es

h

11

:= h � ; f

xx

i = �h �

x

; f

x

i = �

2

�

1

; h

22

:= h � ; f

y y

i = �h �

y

; f

y

i = �

2

�

2

; h

12

:= h � ; f

xy

i = 0 :

In other w ords, c ho osing conformal curv ature co ordinates amoun ts to sim ultaneously diagonaliz-

ing the �rst and second fundamen tal forms, g and h . In these co ordinates, the shap e op erator

A = g

� 1

h is diagonal with the principal curv atures �

1

; �

2

as its en tries. Equiv alen tly , the x and

y co ordinate lines are principal curv es. Notice that H = ( �

1

+ �

2

) = 2 is half the trace of A . In

what follo ws it will b e useful to de�ne � := �

2

� �

1

, and to adopt the con v en tion �

2

> �

1

(a w a y

from um bilic p oin ts). It also will b e con v enien t to decomp ose the shap e op erator as A = B + C ,

where C = H I is the trace part and B = A � H I is trace-free. Th us, in conformal curv ature

co ordinates, A and B ha v e matrices

A =

�

�

1

0

0 �

2

�

; B =

�

( �

1

� �

2

) = 2 0

0 ( �

2

� �

1

) = 2

�

=

�

� �= 2 0

0 �= 2

�

:
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The existence of conformal curv ature co ordinates (a w a y from um bilics) on a CMC surface

can b e seen using the Hopf di�er ential , a holomorphic quadratic di�eren tial asso ciated with B

(see [Ho]). More precisely , supp ose w e ha v e an y conformal co ordinates ( u; v ) on the surface, and

consider the complex co ordinate w = u + iv . The Co dazzi equation implies the complex-v alued

function

� := ( h

11

� h

22

) = 2 + ih

12

is holomorphic with resp ect to w if and only if H is constan t. Under conformal c hanges of

co ordinates, the holomorphic quadratic di�eren tial

� := � ( w ) dw

2

is in v arian t. This � is the Hopf di�eren tial of our CMC surface.

Lemma 3 If 
 is simply c onne cte d and f : 
 ! R3

is a c onformal immersion of a CMC surfac e

without umbilics, then ther e exists a c onformal change of c o or dinates so that f is an immersion

with c onformal curvatur e c o or dinates, and so that � > 0 . Mor e over, in any c onformal curvatur e

c o or dinates, ��

2

is a c onstant.

Pro of : Observ e that um bilic p oin ts of f are precisely the zero es of � = � ( w ) dw

2

. Because 


is simply connected and f (
) has no um bilics, w e can pic k a branc h of

p

� ( w ) . Mak e a conformal

c hange of co ordinates z = z ( w ) = x + iy b y in tegrating the one-form

dz := i

p

� = i

p

� ( w ) dw : (1)

Then in the z co ordinates, � = � dz

2

. This means h

12

= 0, and so f ( w ( z )) is an immersion in

conformal curv ature co ordinates. Also, h

11

� h

22

= � 2 implies ��

2

= 2, and so � > 0.

Moreo v er, for an y conformal curv ature co ordinates, h

12

� 0, so � 2 � = ��

2

is a real-v alued

holomorphic function, and hence constan t. �

W e no w pro ceed with some preliminary computations using conformal curv ature co ordinates.

These are elemen tary , but w e include them for the con v enience of the reader. Using the 
at

Laplacian, �

0

= @

2

x

+ @

2

y

, the CMC equation is

�

2

�

f

f = �

0

f = 2 f

x

� f

y

= 2 �

2

� ;

and the Jacobi equation reads

�

2

L

f

u = �

0

u + �

2

( �

2

1

+ �

2

2

) u = 0 : (2)

Unlik e the previous lemma, the next t w o do not require f to ha v e constan t mean curv ature.

Ho w ev er, they do require that f : 
 ! R3

is an immersion in conformal curv ature co ordinates.

Lemma 4 If f : 
 ! R3

is an immersion in c onformal curvatur e c o or dinates, with unit normal

� and c onformal factor � = j f

x

j = j f

y

j , then we have

f

xx

=

�

x

�

f

x

�

�

y

�

f

y

+ �

1

�

2

� ; f

y y

= �

�

x

�

f

x

+

�

y

�

f

y

+ �

2

�

2

� :

Pro of : The frame ( f

x

; f

y

; � ) is orthogonal, so

f

xx

= �

� 2

h f

xx

; f

x

i f

x

+ �

� 2

h f

xx

; f

y

i f

y

+ h f

xx

; � i � ; f

y y

= �

� 2

h f

y y

; f

x

i f

x

+ �

� 2

h f

y y

; f

y

i f

y

+ h f

y y

; � i � :

One can then complete the pro of b y di�eren tiating the equations

h f

x

; f

x

i = �

2

= h f

y

; f

y

i ; h f

x

; f

y

i = h f

x

; � i = h f

y

; � i = 0 :

�
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Lemma 5 If f : 
 ! R3

is an immersion in c onformal curvatur e c o or dinates and u 2 C

2

(
) ,

then one c an write the c omplex structur e of the surfac e f ( t ) = f + tu� + O ( t

2

) as

J ( t ) = J

0

+ tJ

1

+ O ( t

2

)

wher e

J

0

=

�

0 � 1

1 0

�

; J

1

=

�

0 u�

u� 0

�

:

Thus the c o or dinate-fr e e expr ession for J

1

is the pr o duct 2 uJ

0

B , wher e B is the tr ac e-fr e e shap e

op er ator of f .

Pro of : In an y orien ted lo cal co ordinates,

J =

1

p

det( g )

�

� g

12

� g

22

g

11

g

12

�

:

Using conformal curv ature co ordinates at t = 0, w e compute the metric at t :

g

11

= h f

x

( t ) ; f

x

( t ) i = �

2

(1 � 2 tu�

1

) + O ( t

2

)

g

22

= h f

y

( t ) ; f

y

( t ) i = �

2

(1 � 2 tu�

2

) + O ( t

2

)

g

12

= h f

x

( t ) ; f

y

( t ) i = O ( t

2

) :

Th us

J ( t ) =

1

�

2

p

1 � 2( �

1

+ �

2

) tu

�

0 � �

2

(1 � 2 tu�

2

)

�

2

(1 � 2 tu�

1

) 0

�

+ O ( t

2

)

= (1 + tu ( �

1

+ �

2

))

�

0 � 1 + 2 tu�

2

1 � 2 tu�

1

0

�

+ O ( t

2

) ;

whic h yields the desired expansion. �

La wson [L] pioneered the conjugate cousin relation b et w een CMC surfaces and minimal sur-

faces in S

3

. The �rst order conjugate cousin construction w as initiated b y Karc her [K ] and

dev elop ed in [G, GKS]. It uses the realization of S

3

� R4

= H as the unit quaternions, and of

R3

= = H (the imaginary quaternions) as the Lie algebra of S

3

, or as the tangen t space T

1

S

3

. F or

imaginary quaternions p; q 2 R3

, w e can write their pro duct as

pq = �h p; q i + p � q : (3)

In particular, orthogonal imaginary quaternions an ti-comm ute. Th us w e can also write the CMC

condition H

f

� 1 as

�

0

f = 2 f

x

f

y

= 2 �

2

� : (4)

Let 
 � R3

b e a simply connected domain. Theorem 1.1 of [GKS] sho ws that conjugate

cousins f : 
 ! R3

and

~

f : 
 ! S

3

satisy the �rst order system of partial di�eren tial equations

d

~

f =

~

f d f � J

0

; (5)

where J

0

is the standard complex structure on R2

and the pro duct is the quaternion pro duct.

The in tegrabilit y condition for

~

f reduces to the CMC equation for f , and in this case the resulting

surface

~

f (
) � S

3

is minimal. Con v ersely , giv en a minimal immersion

~

f , one can consider f as

the unkno wn in the system (5). Then the in tegrabilit y condition for f is the minimalit y of

~

f ,

and the resulting surface f (
) � R3

is CMC. Moreo v er, the immersions f and

~

f are uniquely

determined up to translation in R3

and left translation in S

3

, resp ectiv ely . One can also see from

equation (5) that f and

~

f are isometric.
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Lemma 6 The Jac obi op er ators for f and

~

f c oincide, and so we c an identify Jac obi �elds on

the two surfac es.

Pro of : In general, the Jacobi op erator for a t w o-sided (CMC or minimal) surface with normal

� in a manifold with Ricci curv ature Ric is

L = � + j A j

2

+ Ric( � ; � ) :

Since the Ricci curv ature of R3

or S

3

is 0 or 2, resp ectiv ely , for f and its cousin

~

f w e ha v e

L

f

= �

f

+ j A

f

j

2

; L

~

f

= �

~

f

+ j A

~

f

j

2

+ 2 :

The t w o surfaces are isometric, so �

f

= �

~

f

. Moreo v er, w e ha v e (see Prop osition 1.2 of [GKS])

~�

1

= �

1

� 1 ; ~�

2

= �

2

� 1 :

Th us

j A

~

f

j

2

= ~�

2

1

+ ~�

2

2

= ( �

1

� 1)

2

+ ( �

2

� 1)

2

= �

2

1

+ �

2

2

� 2( �

1

+ �

2

) + 2 = j A

f

j

2

� 2 :

�

3 Existence of the conjugate cousin v ariation �eld

In this section w e construct a conjugate cousin v ariation �eld ~� on

~

f from a normal v ariation �eld

u� on f . The idea b ehind this construction is to linearize the conjugate cousin equation (5).

W e b egin with a CMC immersion f : 
 ! R3

of a simply connected domain and a solution

u : 
 ! R to the Jacobi equation (2). In general, u� is not the initial v elo cit y of a one-parameter

family of CMC surfaces

f ( t ) = f + tu� + O ( t

2

) :

Although one can alw a ys �nd suc h a family on a su�cien tly small sub domain, the families will

not coincide on the o v erlaps of these sub domains. Ho w ev er, when there do es exist suc h a one-

parameter family of CMC surfaces, then one can de�ne a conjugate cousin family

~

f ( t ) =

~

f + t ~� + O ( t

2

)

b y in tegrating equation (5). In this case, the t w o families are related b y the system

d

~

f ( t ) =

~

f ( t ) d f ( t ) � J ( t ) ; (6)

where J ( t ) is the complex structure on f ( t ). Surprisingly , if the domain 
 is simply connected,

then an initial v elo cit y �eld ~� can b e de�ned globally , ev en though this ma y not b e p ossible for

the conjugate cousin family itself.

Prop osition 7 L et p b e a p oint in a simply c onne cte d domain 
 . L et f and

~

f b e c onjugate

c ousins satisfying e quation (5). Then for any Jac obi �eld u on 
 , and any choic e of initial

velo city ~� ( p ) , ther e exists a unique glob al variation �eld ~� on

~

f (
) which is lo c al ly asso ciate d to

u in the manner describ e d ab ove. The �eld ~� satis�es the �rst or der system of line ar p artial

di�er ential e quations

d ~� =

~

f d f � J

1

+

~

f d ( u� ) � J

0

+ ~�d f � J

0

: (7)

Remark 1 The new variation �eld ~� ne e d not b e a normal �eld along

~

f .

6



Pro of: W e �rst sk etc h an abstract pro of of the prop osition, b efore giving a purely compu-

tational one. Small patc hes of a CMC surface are graphical and therefore strictly stable. Th us

one can alw a ys use the implicit function theorem to solv e a family of Diric hlet problems for the

normal v ariation CMC equation, with b oundary data f ( t ) = f + tu� . This yields a one-parameter

family of CMC patc hes f ( t ) with t in a neigh b orho o d of 0, and with initial v elo cit y u� on suc h

a small patc h. F rom these CMC patc hes, solv e equation (6) for a family

~

f ( t ) of minimal surface

patc hes in S

3

, uniquely determined for eac h t once one sp eci�es a basep oin t ~
 ( t ) =

~

f ( t )( p ). These

conjugate cousin surfaces ha v e an initial v elo cit y �eld ~� . Note, ~� ( p ) = ~


0

(0) can b e adjusted at

will. Once w e sho w that the �elds ~� all satisfy the �rst order system (7) w e deduce not only lo cal

existence for the initial v alue problem (as just describ ed), but also uniqueness, since equation (5)

reduces to a �rst order system of di�eren tial equations along an y curv e. Global existence and

uniqueness then follo w b ecause 
 is simply connected.

T o deriv e our go v erning system (7) w e expand the conjugate family equation (6) (using quater-

nionic m ultiplication throughout):

d

~

f + td ~� + O ( t

2

) = d

~

f ( t ) =

~

f ( t ) d f ( t ) � J ( t )

= (

~

f + t ~� + O ( t

2

))( d f + td ( u� ) + O ( t

2

)) � ( J

0

+ tJ

1

+ O ( t

2

))

Equating the O (1) terms in this expansion giv es the cousin equation (5). Equating the O ( t ) terms

yields equation (7), completing our sk etc h of the abstract pro of.

A direct and instructiv e pro of of Prop osition 7 is to sho w that the �rst order system of partial

di�eren tial equations (7) satis�es the F rob enius in tegrabilit y conditions, namely that the formal

mixed partial deriv ativ es are equal. Existence and uniqueness for the initial v alue problem then

follo ws directly from the F rob enius theorem and the fact that 
 is simply connected. V erifying

the mixed-partials condition amoun ts to sho wing that the formal computation of d ( d ~� ) yields 0.

Di�eren tiating and expanding equation (7), w e get eigh t terms:

d ( d ~� ) = d (

~

f d f � J

1

) + d (

~

f d ( u� ) � J

0

) + d ~� ^ d f � J

0

+ ~� d ( d f � J

0

) (8)

=

~

f d f � J

0

^ d f � J

1

+

~

f d ( d f � J

1

) +

~

f d f � J

0

^ d ( u� ) � J

0

+

~

f d ( d ( u� ) � J

0

)

+

~

f d f � J

1

^ d f � J

0

+

~

f d ( u� ) � J

0

^ d f � J

0

+ ~�d f � J

0

^ d f � J

0

+ ~� d ( d f � J

0

) :

It is easiest to analyze equation (8) term b y term. W e use conformal curv ature co ordinates to

compute co ordinate-free iden tities. Since um bilic p oin ts are isolated (w e are not considering sub-

domains of spheres), con tin uit y implies these iden tities hold ev erywhere. All terms are m ultiples

of the area form da = �

2

dx ^ dy , and t w o of the terms v anish:

Lemma 8

d f � J

1

^ d f � J

0

= 0 = d f � J

0

^ d f � J

1

:

Pro of : W e compute d f � J

1

^ d f � J

0

:

d f � J

1

^ d f � J

0

= ( u�f

y

dx + u�f

x

) ^ ( f

y

dx � f

x

dy ) = u� ( � f

y

f

x

dx ^ dy + f

x

f

y

dy ^ dx )

= u� ( f

x

f

y

� f

x

f

y

) dx ^ dy = 0 :

Here f

x

and f

y

are orthogonal, so they an ti-comm ute. W e also ha v e

d f � J

0

^ d f � J

1

= � d f � J

1

^ d f � J

0

= 0 :

�
Using equation (4), the next lemma implies that t w o more terms sum to zero:

Lemma 9

d ( d f � J

0

) = � �

0

f dx ^ dy = � 2 �

2

� dx ^ dy = � 2 � da; d f � J

0

^ d f � J

0

= 2 �

2

� dx ^ dy = 2 � da:

7



Pro of : First w e compute

d ( d f � J

0

) = d ( f

y

dx � f

x

dy ) = f

y y

dy ^ dx � f

xx

dx ^ dy = � �

0

f dx ^ dy = � 2 �

2

� dx ^ dy :

Similarly ,

d f � J

0

^ d f � J

0

= ( f

y

dx � f

x

dy ) ^ ( f

y

dx � f

x

dy ) = � f

y

f

x

dx ^ dy � f

x

f

y

dy ^ dx = 2 �

2

� dx ^ dy :

�
The remaining terms in v olv e the decomp osition of the shap e op erator A in to trace-free and

trace parts, B = A � C and C = H I = I , resp ectiv ely . In fact, note that A = B + C is an

orthogonal decomp osition in the space of symmetric linear maps, so that, b y the Pythagorean

theorem,

j A j

2

= j B j

2

+ j C j

2

:

Lemma 10

d ( d f � J

1

) = � 2[ d f ( B r u ) + j B j

2

u� ] da:

Pro of : W e compute, using Lemmas 4 and 3:

d ( d f � J

1

) = d ( u�f

y

dx + u�f

x

dy )

= [ u

x

�f

x

+ u�

x

f

x

+ u�f

xx

] dx ^ dy + [ � u

y

�f

y

� u�

y

f

y

� u�f

y y

] dy ^ dx

= [ � ( u

x

f

x

� u

y

f

y

) + u ( �

x

f

x

� �

y

f

y

) + u� ( f

xx

� f

y y

)] dx ^ dy

= [ � ( u

x

f

x

� u

y

f

y

) + u ( �

x

f

f

� �

y

f

y

) + u� (2 �

� 1

�

x

f

x

� 2 �

� 1

�

y

f

y

� ��

2

� )] dx ^ dy

= [ � ( u

x

f

x

� u

y

f

y

) + u ( �

x

f

x

+ 2 ��

� 1

�

x

f

x

� �

y

f

y

� 2 ��

� 1

�

y

f

y

� �

2

�

2

� )] dx ^ dy

= [ � ( u

x

f

x

� u

y

f

y

) + u (2 �

� 2

@

x

( ��

2

) f

x

� 2 �

� 2

@

y

( ��

2

) f

y

� �

2

�

2

� )] dx ^ dy

= [ � ( u

x

f

x

� u

y

f

y

) � �

2

�

2

u� ] dx ^ dy = � 2[ d f ( B r u ) + j B j

2

u� ] da:

�
The next term w e ha v e is:

Lemma 11

d ( d ( u� ) � J

0

) = 2[ d f ( A r u ) + j A j

2

u� ] da:

Pro of : W e compute, using the Jacobi equation:

d ( d ( u� ) � J

0

) = d (( u� )

y

dx � ( u� )

x

) dy ) = � �

0

( u� ) dx ^ dy

= � [ u �

0

� + (�

0

u ) � + 2 hr u; r � i ] dx ^ dy

= � [ � u�

2

j A j

2

� � �

2

j A j

2

u� + 2 u

x

�

x

+ 2 u

y

�

y

] dx ^ dy

= (2 �

1

u

x

f

x

+ 2 �

2

u

y

f

y

+ 2 �

2

j A j

2

u� ) dx ^ dy = 2[ d f ( A r u ) + j A j

2

u� ] da:

�
The �nal t w o terms actually coincide:

Lemma 12

d ( u� ) � J

0

^ d f � J

0

= � [ d f ( C r u ) + j C j

2

u� ] da = d f � J

0

^ d ( u� ) � J

0

:

Pro of : Using the conformalit y relations � f

x

= f

y

and � f

y

= � f

x

, w e ha v e

d ( u� ) � J

0

^ d f � J

0

= (( u

y

� + u�

y

) dx � ( u

x

� + u�

x

) dy ) ^ ( f

y

dx � f

x

dy )

= (( u

y

� � �

2

uf

y

) dx � ( u

x

� � �

1

f

x

) dy ) ^ ( f

y

dx � f

x

dy )

= ( � u

y

� f

x

+ �

2

uf

y

f

x

) dx ^ dy + ( � u

x

� f

y

+ �

1

uf

x

f

y

) dy ^ dx

= ( � u

y

f

y

� �

2

�

2

u� ) dx ^ dy + ( u

x

f

x

+ �

1

�

2

u� ) dy ^ dx

= ( � u

x

f

x

� u

y

f

y

� ( �

1

+ �

2

) �

2

u� ) dx ^ dy

= ( � u

x

f

x

� u

y

f

y

� 2 �

2

u� ) dx ^ dy = � [ d f ( C r u ) + j C j

2

u� ] da;
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since CMC implies the trace-part C = I and th us j C j

2

= 2. The other computation is similar. �

Summing the results of the previous lemmas:

d ( d ~� ) = 2

~

f [ d f (( A � B � C ) r u ) + ( j A j

2

� j B j

2

� j C j

2

) u� ] da = 2

~

f [0 + 0] = 0 :

This completes the pro of of the prop osition. �

4 Homogeneous solutions, rolling spheres, and the classi-

fying map via p ole solutions

W e con tin ue to consider a simply connected CMC surface f : 
 ! R3

and its conjugate cousin

surface

~

f : 
 ! S

3

. A t this p oin t, it is useful to pull the v ariation �eld ~� bac k to R3

= T

1

S

3

.

Th us w e de�ne

� :=

~

f

� 1

~�:

By the pro duct rule and equation (5), w e ha v e

d ~� = d (

~

f � ) =

~

f ( d f � J

0

) � +

~

f d� ;

ho w ev er, b y equation (7),

d ~� =

~

f d f � J

1

+

~

f d ( u� ) � J

0

+ ~�d f � J

0

=

~

f ( d f � J

1

+ d ( u� ) � J

0

+ �d f � J

0

) :

Equating these t w o expressions, solving for d� , and applying equation (3), one obtains

d� = � ( d f � J

0

) � ( d f � J

0

) � + d f � J

1

+ d ( u� ) � J

0

= 2 � � d f � J

0

+ d f � J

1

+ d ( u� ) � J

0

: (9)

4.1 Homogeneous solutions and rolling spheres

Equation (9) is an inhomogeneous �rst order di�eren tial system for � , where the inhomogeneit y

d f � J

1

+ d ( u� ) � J

0

= ( � 2 d f � B u + d ( u� )) � J

0

dep ends linearly on the Jacobi �eld u . The

general solution to suc h a system is the sup erp osition of a particular with the general solution

to the asso ciated homogeneous system. Hence w e �rst study the homogeneous system ( u � 0)

asso ciated to (9):

d� = � ( d f � J

0

) � ( d f � J

0

) � = 2 � � d f � J

0

: (10)

Notice that equation (10) implies � is p erp endicular to d� , so

d ( j � j

2

) = 2 h d�; � i = 0 ;

and the solutions � to the linear system (10) ha v e globally constan t length. It follo ws that one can

use them to de�ne a path-indep enden t parallel transp ort along f (
), mapping T

f ( p )

R3

! T

f ( q )

R3

isometrically . T o see this, let 
 b e path from p to q on the simply connected domain 
. One

reco v ers � ( f ( q )) b y in tegrating the solution to the initial v alue problem for equation (10), with

initial v alue �

0

= � ( f ( p )). Since this parallel transp ort is path indep enden t, it de�nes a 
at

connection on a principal S O (3)-bundle o v er 
.

There is an in teresting ph ysical in terpretation of this 
at connection. Notice that if one

in tegrates equation (10) along an y curv e 
 then a solution � with unit length rotates with constan t

angular sp eed 2, with ev olving axis of rotation giv en b y the curv e conormal, d f � J

0

( 


0

( s )) = � ( s ).

Note that the w a y to roll a sphere along the surface, without t wisting or slipping, so that total

rotation is minimized, is to ha v e the sphere rotate ab out an axis parallel to the con tact curv e

conormal. (Precisely , the total rotation is the length of a path in S O (3), whic h w e minimize

sub ject to the constrain t that the rolling sphere is tangen t to f (
) as it tra v erses f ( 
 ).) If the

sphere has radius 1 = 2, and the con tact p oin t mo v es at sp eed 1, then the angular sp eed of rotation

9



is 2. If the surface f (
) has mean curv ature 1, and if the radius{1 = 2 sphere is on the outside

of the surface relativ e to the inner normal � , then the rolling sphere exactly repro duces our 
at

connection. (One m ust allo w the sphere to immerse through the surface as necessary , for example

near p oin ts with a principal curv ature less that � 2; in fact, the sphere should really roll with axis

tangen t to the CMC surface, but that equiv alen t rolling motion w ould b e imp ossible to carry out

ph ysically .) In particular, if the rolling sphere follo ws a (con tractible) lo op on the surface, it will

return with its initial orien tation. This ev en giv es a surprising prop ert y on a round sphere. The

ph ysical realization of this mathematical fact w ould mak e an in teresting demonstration.

Prop osition 13 L et f : 
 ! R3

b e an immersion and c onsider the S O (3) -c onne ction de�ne d by

r ol ling a spher e of r adius 1 = 2 as describ e d ab ove. Then f (
) has me an curvatur e 1 if and only if

this c onne ction is 
at.

Pro of : Since w e ha v e just sho wn that the CMC condition implies the 
atness, it remains to

pro v e the rev erse implication. The assumption that the rolling sphere connection is 
at is exactly

the h yp othesis that equation (10) is in tegrable for � on an y simply connected domain 
, for an y

c hoice of initial v ector � ( f ( p )). Using equation (10), in tegrabilit y implies

0 = d ( d� ) = 2[2( � � d f � J

0

) � d f � J

0

] + 2 � � ( d ( d f � J

0

)) :

The second term is 2 � � ( � �

0

f ) dx ^ dy . Expand the �rst term and then use the Jacobi iden tit y:

4( � � d f � J

0

) � d f � J

0

= 4( � � ( f

y

dx � f

x

dy )) � ( f

y

dx � f

x

dy )

= 4( � ( � � f

y

) � f

x

+ ( � � f

x

) � f

y

) dx ^ dy = 4 � � ( f

x

� f

y

) dx ^ dy :

No w com bine these t w o terms to obtain

0 = d ( d� ) = 2 � � (2 f

x

� f

y

� �

0

f ) dx ^ dy :

Because � can b e c hosen to ha v e an y v alue at a p oin t, w e deduce that f solv es equation (4). �

The solutions � to the homogeneous system (10) can also b e expressed naturally in terms of

the quaternion geometry of S

3

and the conjugate surface equation for

~

f : 
 ! S

3

: F ollo wing the

ideas in the abstract sk etc h of the pro of of Propsition 7, let

q ( t ) = 1 + t� + O ( t

2

)

b e a smo oth curv e of unit quaternions, passing through 1 at time t = 0, with � 2 T

1

S

3

= R3

,

a �xed imaginary quaternion. Consider the family of left translations q ( t )

~

f of the mapping

~

f ,

and note that since the translation isometry is on the left, eac h of these surfaces satis�es the

conjugate cousin equation, d ( q ( t )

~

f ) = ( q ( t )

~

f ) d f � J

0

: Therefore, the v elo cit y ~� = �

~

f of the family

at t = 0 solv es the homogeneous ( u � 0) v ersion of equation (7), and

� :=

~

f

� 1

~� =

~

f

� 1

�

~

f (11)

solv es equation (10). (One can also c hec k b y direct computation that � =

~

f

� 1

�

~

f solv es equation

(10).) By v arying � one obtains in this manner the unique solution to eac h initial v alue problem

for equation (10).

Con tin uing our in terpretation of equation (11), w e see that an equiv alen t w a y to understand

the rolling-sphere 
at connection on f (
) is as the pullbac k from

~

f (
) to f (
) of a natural double

co v ering S

3

! S O (3), arising from quaternion conjugation: for eac h imaginary quaternion � 2 R3

and eac h q 2 S

3

, write

R

q

( � ) := q

� 1

�q : (12)

W e ha v e seen that for �xed � the R3

-v alued �eld on S

3

de�ned b y equation (12) pulls bac k to a

solution of equation (10) on f (
). More generally , for eac h q 2 S

3

the linear map R

q

is actually

10



a rotation (in S O (3)), and the 
at connection on f (
) is the pullbac k of this rotation �eld from

S

3

.

Actually the in v oluted conjugation map q ! R

q

� 1
is a double co v ering homomorphism from

S

3

to S O (3). This is easy to see directly from equation (12): the iden tit y rotation R

q

= I arises

if and only if the unit q comm utes with all quaternions, whic h is equiv alen t to q 2 f 1 ; � 1 g : The

homomorphism prop ert y then implies that R

q

1

= R

q

2

if and only if R

q

1

( q

2

)

� 1
= I , that is, q

1

; q

2

are equal or opp osite.

One can c hec k that q ! R

q

is on to S O (3) b y explicitly computing the rotation giv en b y R

q

.

If w e write q = exp ( t� ), where � is a unit imaginary quaternion, then w e claim that R

q

is a

rotation with axis � , and that R

q

rotates an amoun t � 2 t in the p ositiv e direction ab out the � -

axis. Quaternion algebra v eri�es these claims. First v erify that � is �xed b y R

q

:

R

exp ( t� )

( � ) = exp( � t� ) � exp( t� ) = � ;

b ecause the three terms in the pro duct comm ute. Next consider an imaginary quaternion �

p erp endicular to � :

R

exp ( t� )

( � ) = exp ( � t� )( � exp( t� ))

= exp ( � t� )(exp ( � t� ) � ) = exp( � 2 t� ) �

= cos (2 t ) � � sin(2 t )( � � � ) :

Since f �; � � �; � g is p ositiv ely orien ted, it follo ws that � is rotated b y an angle � 2 t ab out the

� axis, as claimed.

W e conclude from this discussion that the rotation of the rolling sphere

R := R

~

f

: 
 ! S O (3)

is nothing more than the conjugate cousin

~

f follo w ed b y the natural co v ering map S

3

! S O (3).

Because

~

f is harmonic, so is the map R . (One can v erify this directly using (10) to compute

R

� 1

�

0

R = ( R

� 1

R

x

)

2

+ ( R

� 1

R

y

)

2

;

whic h is the equation for a harmonic map from 
 � R2

to S O (3), see [U]). F urthermore, the

solution � to equation (11) is R ( � ).

4.2 P ole solutions to the homogeneous equation and the classifying

map for coplanar k {unduloids

The � -�elds whic h solv e the homogeneous system (10) yield a new p ersp ectiv e on the classifying

map [GKS, GKS2] for coplanar k {unduloids.

Let f : � ! R3

b e a coplanar k {unduloid with asymptotic nec ksizes n

1

; : : : ; n

k

. By [KKS ],

f (�) is A lexandr ov symmetric : it has a re
ection plane of symmetry , whic h w e normalize to

b e the xy plane; furthermore, the closures of eac h half of f (�), f (�

+

) = f (�) \ f z > 0 g and

f (�

�

) = f (�) \ f z < 0 g , are graphs o v er a (p ossibly immersed) planar domain. Because � has

gen us zero, �

�

are top ological discs. The common b oundary @ f (�

�

) is the union of k orien ted,

planar, principal curv es 


1

; : : : ; 


k

, where 


j

connects the end E

j � 1

to E

j

, using the natural cyclic

ordering of the ends (see [GKS2 ]). The con�guration for a triunduloid ( k = 3) is indicated in

Figure 1.

The ev olution of solutions to equation (10) is easy to trac k along curv es of constan t conormal

� ( s ) = d f � J

0

( 


0

( s )), since the conormal is the rotation axis. With our con v en tion that the inner

normal � = 


0

( s ) � ( s ) = 


0

( s ) � � ( s ), and our c hoice of curv e orien tation in Figure 1, w e see

that the rotation axis along eac h 


j

is the v ertical v ector � = � e

3

, so that the rotation app ears

coun terclo c kwise from ab o v e, as indicated in the �gure.
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Figure 1: T riunduloid con�guration from ab o v e

De�ne unit-length p ole solutions P

1

; : : : ; P

k

to equation (10), so that � = P

j

is the unique

solution to the initial v alue problem on f (

�

�

+

), with initial v alue P

j

= e

3

at some p oin t (hence

all p oin ts) of 


j

. Then the cyclically ordered k -tuple of unit v ector �elds ( P

1

; : : : ; P

k

) on f (

�

�

+

)

determines an orien ted p olygonal lo op on S

2

, unique up to rotation and computable at an y p oin t

of f (

�

�

+

). W e can compute the pairwise S

2

{distances b et w een successiv e v ertices b y studying the

asymptotic b eha vior along the corresp onding ends. Since eac h end con v erges exp onen tially to a

Delauna y unduloid w e can �nd curv es c

j

on end E

j

whic h are exp onen tially close to the planar

nec ks of the limit Delauna y unduloids. Exact unduloid nec ks with the orien tation indicated in

Figure 1 ha v e conormal p oin ting in the axis a

j

direction, so along the curv es c

j

ev ery solution �

to equation (10) satis�es

d� ( c

0

j

) = 2 � � d f ( J

0

( c

0

j

)) ' 2 � � a

j

:

This implies that (up to exp onen tially deca ying terms, whic h are negligible) eac h unit � rotates

with angular sp eed 2 ab out the a

j

axis as it tra v erses c

j

. The total length of c

j

is n

j

= 2, so the

total rotation angle along c

j

is n

j

. Cho ose p ositiv ely orien ted frames f a

j

; b

j

; e

3

g for eac h end E

j

,

as indicated in Figure 1. Then as w e tra v erse c

j

the p ole solution P

j

rotates in a great circle of

S

2

, clo c kwise in the plane spanned b y b

j

and e

3

, and w e deduce that the distance from P

j

to P

j +1

is n

j

. Th us the edge lengths of the p olygonal lo op are exactly the nec ksizes n

1

; : : : ; n

k

of f (�).

This lo op is the b oundary of the p olygonal disc used in [GKS2] to classify coplanar k {unduloids.

Ev en in the Delauna y case ( k = 2) the � -�elds con tain useful information.

Prop osition 14 L et f (�) b e a CMC Delaunay unduloid.

� If f (�) is not a cylinder then its pr o�le curve has p erio d � when p ar ameterize d by ar clength

(se e also [GKS]).

� If f (�

+

) is non-cylindric al then the only solution to e quation (10) which satis�es h �; � i = 0

along b oth 


1

; 


2

is the zer o solution. If f (�

+

) is cylindric al, then the p ole solutions P

1

; P

2

ar e opp osites, and ar e tangential to f (�

+

) , that is h P

j

; � i � 0 . Each solution � of e quation

(10) satisfying h �; � i = 0 along b oth 


1

; 


2

is a multiple of P

1

= � P

2

.
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Pro of: Starting at the initial p oin t of c

1

, follo w the p ole solutions around the con tour in

Figure 2, whic h depicts one p erio d of an unduloid. W e see that the p ole P

1

m ust return to

the v ertical p osition after tra v ersing the second nec k c

2

. This is only p ossible if P

1

has rotated

through a total angle of 2 � k for some p ositiv e in teger k as it tra v els from c

1

to c

2

along 


2

.

Ho w ev er, P

1

rotates with sp eed 2 along 


2

, so the length of the 


2

{arc m ust b e k � . In the zero

nec ksize limit, this arc is half a great circle on a unit sphere, so it has length � . Th us, b y the

con tin uit y of the family of Delauna y unduloids, the p erio d of eac h unduloid is � .

Figure 2: Delauna y con�guration from ab o v e

F or the second part of this prop osition, supp ose � 6= 0 solv es equation (10) and h �; � i = 0

along 


1

; 


2

. If � has a nonzero horizon tal comp onen t along the b oundary curv e 


1

, then as one

tra v erses 


1

this comp onen t rotates with angular sp eed 2. Th us the horizon tal comp onen t of �

will b e p erp endicular to the axis of the unduloid at p oin ts distributed with p erio d � = 2. A t suc h

p oin ts h �; � i 6= 0. Therefore � is v ertical along 


1

, and � = cP

1

for some constan t c . Ho w ev er, w e

ha v e just seen that the p ole solution P

1

has a nonzero horizon tal comp onen t after tra v ersing the

nec k c

1

. Th us the same argumen t sho ws c = 0.

If f (�) is a cylinder then P

1

= � P

2

and the solution � = cP

1

p ersists. F urthermore, � remains

exactly parallel to the tangen t v ector as it tra v erses the radius 1 = 2 circular cross-sections of the

cylinder, so it is tangen t to f (�

+

). �

There is an in teresting consequence and generalization of the fact that the p erio d of an y

Delauna y unduloid is � . Consider a coplanar k {unduloid and let L

j

b e the length of the curv e




j

obtained b y truncating at the (asymptotically exact) nec ks c

j � 1

and c

j

. By the previous

prop osition, the length mo d � of these curv es has a w ell-de�ned limit as the truncations approac h

in�nit y . W e call this limit L

1

j

.

Prop osition 15 L et �

j

b e the interior angle at the vertex P

j

of the spheric al p olygon asso ciate d

to f (�) , and let �

j

b e the angle b etwe en the asymptotic axes a

j � 1

and a

j

(se e Figur e 1). Then

2 L

1

j

= � + �

j

+ �

j

mo d 2 � :

Remark 2 This r esult is e quivalent to the r elation found (Pr op osition 7 of [GKS0 ]) for the twist

angle of the c onjugate c ousin minimal surfac e ar ound e ach of its b oundary Hopf cir cles.

Pro of : One can see from equation (10) that after tra v ersing 


j

, the horizon tal comp onen ts of

the arc from P

j � 1

to P

j

ha v e rotated through an angle 2 L

j

. As indicated b y the angle relations

13



illustrated in Figure 3 (for j = 2 on a triunduloid), this m ust b e asymptotically equal (up to

m ultiples of 2 � ) to � + �

j

+ �

j

. �

Figure 3: The top view of the p ole solutions just b efore tra v ersing the second nec k

5 The pro of of the main theorem

W e pro v e Theorem 1 in this section.

The pro of uses t w o features of the Alexandro v symmetry satis�ed b y a coplanar k {unduloid

f : � ! R3

. First, the re
ection symmetry lets us decomp ose an y Jacobi �eld u in to the sum of

an ev en part u

+

and an o dd part u

�

. W e call an ev en �eld Neumann b ecause its restriction to

�

+

satis�es

L

f

( u

+

) = 0 ;

@ u

+

@ �

�

�

�

�

@ �

+

= 0 ;

where � is the (outer) conormal to @ �

+

. Similarly , w e call an o dd �eld Diric hlet since it v anishes

on @ �

+

. Second, the graphical nature of f (�

+

) implies that v := �h � ; e

3

i is a p ositiv e Diric hlet

Jacobi �eld on f (�

+

). Using v as a comparison, w e sho w in Section 5.1 that 0 is the only L

2

Diric hlet Jacobi �eld. This analysis so far carries through for coplanar CMC surfaces of an y

gen us.

In order to analyze the Neumann Jacobi �elds in Section 5.2, w e use the conjugate v ariation

�eld ~� constructed in Section 3. This requires �

+

to b e simply connected, that is, � m ust ha v e

gen us zero.

Let V denote the space of L

2

Jacobi �elds on f (�).

5.1 Diric hlet Jacobi �elds

W e giv e t w o pro ofs of Prop osition 17 b elo w. The �rst pro of uses the strong maxim um principle

to sho w that if u 2 L

2

is a Diric hlet Jacobi �eld it m ust v anish. This pro of is analogous to the

standard pro of that the �rst eigen v alue of � on a b ounded domain 
 is simple. The second pro of

w e presen t is an in tegral v ersion of the same maxim um principle argumen t, whic h w e strengthen

to deduce the result for b ounded Diric hlet Jacobi �elds. Both pro ofs compare u to the v ertical

translation �eld v := �h � ; e

3

i = � �

3

. Notice that v > 0 on �

+

and v = 0 on @ �

+

.
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T o apply our maxim um principle argumen ts comparing u to v , w e need to kno w

v

�

:=

@ v

@ �

� � � < 0

on @ �

+

. (W e con tin ue our con v en tion that � is the outer conormal, whic h in this case is � e

3

along @ �

+

.) One can quic kly deduce this inequalit y for some p ositiv e � , b ecause it is true near

the ends (with � = 1) and since on an y compact subset of @ �

+

the Hopf b oundary p oin t lemma

giv es a (noncomputable) v alue for � . The follo wing lemma sho ws that w e ma y tak e � = 1 along

all of @ �

+

. W e include this lemma, whic h is a rein terpretation of heigh t and gradien t estimates

carried out in [KKS , KK ], for its geometric consequences.

Lemma 16 L et f (�) b e an A lexandr ov symmetric CMC surfac e with �nite top olo gy which is not

a spher e. The b oundary @ f (�

+

) is a union of princip al curves on f (�) with princip al curvatur e

�

1

< 1 . In p articular, the symmetry curves do not c ontain umbilics, and �

2

= h � ; e

3

i

�

= � v

�

> 1 .

Pro of : Because @ f (�

+

) is the �xed p oin t set of a re
ection symmetry for f (�), it is a union

of principal curv es.

By the CMC equation, w e ha v e

�

f

( z ) = 2 �

3

;

where z is the restriction of the v ertical co ordinate to the surface f (�

+

). Also, b ecause the

comp onen ts of the normal � satisfy the Jacobi equation, w e ha v e

�

f

( �

3

) = �j A j

2

�

3

� � 2 �

3

;

Here w e ha v e used that j A j

2

� 2 and �

3

< 0. Th us w e ha v e

�

f

( z + �

3

) = (2 � j A j

2

) �

3

� 0 ;

and so z + �

3

is a subharmonic function on �

+

. On @ �

+

, eac h function v anishes, so z + �

3

= 0.

By explicit computation, z + �

3

� 0 on the unduloid ends of

�

�

+

. Th us in (the in terior of ) �

+

,

z + �

3

< 0

b y the strong maxim um principle. (Equalit y can only hold when f parameterizes a unit hemi-

sphere.)

By the Hopf b oundary p oin t lemma,

0 <

@

@ �

( z + �

3

) = � 1 +

@ �

3

@ �

= � 1 +

@

@ �

h � ; e

3

i :

W e can rearrange this to obtain the curv ature p erp endicular to the b oundary

�

2

=

@

@ �

h � ; e

3

i = � v

�

> 1 ; (13)

and so the principal curv ature along the b oundary is

�

1

= 2 � �

2

< 1 :

�

Prop osition 17 L et f (�) b e an A lexandr ov symmetric CMC surfac e (se e Se ction 4.2) of �nite

genus and with a �nite numb er of ends. Every b ounde d o dd (Dirichlet) Jac obi �eld u on f (�) is

a c onstant multiple of the vertic al tr anslation �eld v = �h � ; e

3

i = � �

3

. In p articular, if u 2 V

then u is an even (Neumann) Jac obi �eld (unless f (�) is a unit spher e).
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First pro of : After p ossibly replacing u with � u , w e can assume u > 0 somewhere. No w let

� > 0 b e a p ositiv e parameter. W e assume for this �rst pro of that u 2 V , so b y [KMP ] u and its

deriv ativ es deca y exp onen tially . Com bining this exp onen tial deca y with inequalit y (13), w e see

that for � su�cien tly large

�v > u

ev erywhere in the in terior of �

+

, with equalit y on @ �

+

. W e de�ne

�

�

= inf f � > 0 j �v ( p ) > u ( p ) ; p 2 �

+

g :

There is some �nite q whic h is a critical p oin t of �

�

v � u with critical v alue 0. The p oin t q lies

in either the in terior or the b oundary of �

+

. In b oth cases

u ( q ) = �

�

v ( q ) ; r u ( q ) = �

�

r v ( q ) ;

and u � �

�

v on �

+

. In either case, the strong maxim um principle (the Hopf b oundary p oin t

lemma if q 2 @ �

+

) implies u � �

�

v . Because u 2 L

2

, this implies �

�

= 0 and th us u � 0. �
Second pro of : W e initially assume u 2 V , rather than the more general h yp othesis that u

is a b ounded Diric hlet Jacobi �eld. F or this pro of it is tec hnically simpler to consider the en tire

surface f (�). Recall that b oth u and v are o dd with resp ect to re
ection through the Alexandro v

plane of symmetry , and b y inequalit y (13) u=v is uniformly b ounded on the complemen t of the

symmetry curv es, whic h is f v 6= 0 g . Also, b oth u and v are real analytic functions whic h v anish

on the symmetry curv es. These facts imply that u=v extends to an ev en, real analytic function

on the en tire surface f (�). T o v erify analyticit y on f v = 0 g , use conformal curv ature co ordinates

in whic h the x {axis is a symmetry curv e; the fact that u and v b oth v anish on the x {axis means

w e can write

u ( x; y ) = y U ( x; y ) ; v ( x; y ) = y V ( x; y ) ;

u ( x; y )

v ( x; y )

=

y U ( x; y )

y V ( x; y )

=

U ( x; y )

V ( x; y )

;

where U and V are also real analytic and V 6= 0 near the x {axis b y Lemma 16.

Con tin uing with the second pro of, assume that u=v > 0 somewhere. Since u=v is nonconstan t,

w e can pic k a regular v alue � > 0 for u=v with nonempt y in v erse image. The domain




�

:= f u=v > � g

is b ounded (b ecause u 2 L

2

) and has smo oth b oundary in �. Since ( u=v )

�

< 0 p oin t wise along

@ 


�

,

Z

@ 


�

v

@ u

@ �

� u

@ v

@ �

=

Z

@ 


�

v

2

@ ( u=v )

@ �

< 0 : (14)

Ho w ev er, w e also ha v e

0 =

Z




�

v L

f

u � u L

f

v =

Z




�

v �

f

u � u �

f

v (15)

=

Z

@ 


�

v

@ u

@ �

� u

@ v

@ �

=

Z

@ 


�

v

2

@ ( u=v )

@ �

:

This last equation (15) con tradicts the previous inequalit y (14), pro ving u � 0.

W e no w explain ho w to extend this argumen t to pro v e that an y b ounded Diric hlet Jacobi

�eld u is a constan t m ultiple of v . W e assume u=v is nonconstan t and p ositiv e somewhere, pic k

a regular v alue � > 0, and de�ne the nonempt y set 


�

as b efore. In this case the inequalt y (14)

still holds, but w e cannot immediately deduce equation (15) b ecause 


�

ma y b e un b ounded. W e

o v ercome this di�cult y b y app ealing to the linear decomp osition lemma of [KMP], whic h implies

that on eac h end E

j

, w e ha v e exp onen tial con v ergence

u '

3

X

i =1

a

ij

�

i

;
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where �

i

are the comp onen ts of the normal v ector to the asymptotic unduloid. (In the case when

the end E

j

is cylidrical, one m ust also include Jacobi �elds arising from c hanging the nec ksize,

whic h are ev en.) Because u is o dd, w e m ust ha v e u ' a

j

�

3

:= a

3 j

�

3

on the end E

j

, and so u=v

con v erges smo othly to a constan t � a

j

on the end E

j

. ( A priori , these constan ts ma y di�er from

end to end.)

No w w e truncate the domain 


�

b y in tersecting f (�) with a sequence of balls, de�ning




� ;N

:= f p 2 


�

: j f ( p ) j � N g = 


�

\

�

B

N

(0) ;

where N = 1 ; 2 ; 3 ; : : : . Then equation (15) b ecomes

0 =

Z




� ;N

u L

f

v � v L

f

u =

Z

@ 


�

\ B

N

uv

�

� v u

�

+

Z




�

\ @ B

N

uv

�

� v u

�

: (16)

But as so on as N is large enough so that @ 


�

\ B

N

has p ositiv e length, inequalit y (14) implies the

�rst term is negativ e, and in fact it is decreasing in N ; also, the second terms con v erge uniformly

to zero b y our previous discussion of the asymptotics. This con tradiction sho ws u is a constan t

m ultiple of v . �

5.2 Neumann Jacobi �elds

Giv en a Jacobi �eld u on the coplanar k {unduloid f (�), the conjugate �eld ~� de�ned b y equa-

tion (7) yields a conjugate Jacobi �eld ~u := h ~�; ~� i on the surfaces

~

f (�

+

) and f (�

+

). By the

corresp ondence ~� =

~

f � relating solutions of equations (7) and (9), w e see

~u = h ~�; ~� i = h

~

f �;

~

f � i = h �; � i :

Our plan is to con v ert ev en (Neumann) Jacobi �elds u 2 V in to L

2

Diric hlet Jacobi �elds

~u , use Prop osition 17 to deduce ~u � 0, and use this to sho w u � 0. In order to carry out this

pro cedure, u m ust satisfy a �nite n um b er of linear conditions, whic h is wh y Theorem 1 only

b ounds the dimension of V , rather than asserting V = f 0 g .

Since eac h u 2 V deca ys exp onen tially on all ends, the corresp onding conjugate �elds � are

asymptotic to solutions of the homogeneous equation (10). By [GKS2 ], f (�) has at least t w o

non-cylindrical ends, one of whic h w e lab el E

k

(see Figure 1). F rom Prop osition 14 in Section 4.2,

a necessary condition for attaining zero Diric hlet data on the end E

k

is that � m ust con v erge to 0,

and so w e sp ecify a unique conjugate �eld � asso ciated to u b y setting � = 0 on this non-cylindrical

end E

k

. Starting at E

k

, w e compute ho w � c hanges along the con tours 


j

, and along the ends

E

j

.

By Lemma 16, the 


j

are principal curv es, with curv ature �

1

< 1 and constan t conormal � e

3

.

W e ha v e seen b y Prop osition 17 that u 2 V is ev en. Th us w e ha v e

d� ( 


0

j

) = 2 � � d f � J

0

( 


0

j

) + d f � J

1

( 


0

j

) + d ( u� ) � J

0

( 


0

j

)

= � 2 � � e

3

+ u ( �

2

� �

1

) f

�

+ u

�

� + u�

�

= � 2 � � e

3

+ u ( �

1

� �

2

+ �

2

) e

3

+ u

�

�

= � 2 � � e

3

+ u�

1

e

3

along 


j

. The geometric in terpretation of this equation is that the horizon tal part of � rotates

ab out e

3

, coun terclo c kwise with sp eed 2, and the v ertical part of � c hanges at a rate of u�

1

. No w

set

h

j

( u ) :=

Z




j

d ( h �; e

3

i ) =

Z




j

u�

1

ds; (17)

where s is the arc-length parameter along 


j

. These heights h

j

( u ) measure the c hange in the

v ertical comp onen ts of � as one tra v erses 


j

. They pla y a k ey role in our analysis.
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The in tegration de�ning the heigh ts h

j

( u ) asso ciates a real n um b er to eac h symmetry curv e




j

. W e enco de this b y de�ning the linear transformation T : V ! Rk

b y

T ( u ) = ( h

1

( u ) ; : : : ; h

k

( u )) : (18)

Prop osition 18 L et f (�) b e a c oplanar k {unduloid, and let V b e the sp ac e of L

2

Jac obi �elds

on f (�) . Then the line ar tr ansformation T : V ! Rk

de�ne d by expr ession (18) is inje ctive. In

p articular, the dimension of V is at most k .

Pro of : W e pro v e this prop osition in t w o steps. First, sho w that T ( u ) = 0 implies the

conjugate Jacobi �eld ~u , whic h is uniquely de�ned b y our c hoice that � = 0 on the non-cylindrical

end E

k

, m ust b e iden tically zero. The second step is to sho w that whenev er ~u � 0 then u � 0.

As w e tra v erse 


1

from the end E

k

to the end E

1

only the v ertical part of � c hanges, and the

total c hange in this comp onen t is h

1

( u ) = 0. Th us � ( p ) con v erges exp onen tially to 0 on 


1

as

p approac hes in�nit y on the end E

1

. Since � also con v erges to a homogeneous solution on E

1

,

w e see that � con v erges to 0 on the en tire end E

1

. Rep eat this argumen t successiv ely , tra v ersing




j

from E

j � 1

to E

j

, using the h yp othesis that eac h h

j

( u ) = 0. W e deduce that � con v erges

to 0 exp onen tially along eac h end and that it remains v ertical along eac h 


j

. Th us ~u = h �; � i

deca ys exp onen tially to zero along eac h end and is a Diric hlet �eld, b ecause � is v ertical and � is

horizon tal along eac h 


j

. Therefore, after extending ~u to all of f (�) b y o dd re
ection, Prop osition

17 implies ~u � 0.

W e pro ceed to the second step, whic h w e set aside as a lemma.

Lemma 19 If the c onjugate Jac obi �eld ~u is identic al ly zer o, then so is u .

Pro of : W e assume ~u = h ~�; ~� i � 0, that is, the v ector �eld ~� is tangen t to

~

f (�

+

). W e

pull ~� bac k to �

+

and denote its 
o w b y X

~�

( t ). F or small v alues of t , this is a di�eomorphism

X

~�

( t ) : �

+

! �

+

, b ecause � is parallel to the conormal, and so ~� is tangen t along @

~

f (�

+

). No w

de�ne the one-parameter family of immersions

~

f ( t ) =

~

f � X

~�

( t ) : �

+

! S

3

:

This pro vides a family of reparameterizations of the minimal surface

~

f (�

+

) � S

3

.

W e pro duce a family of CMC surfaces f ( t ) in R3

b y taking the conjugate cousin of this family

of reparameterization of

~

f (�

+

). Rearrange the conjugate family equation (6) to read

d f ( t ) = �

~

f ( t )

� 1

d

~

f ( t ) � J ( t ) : (19)

Using the inhomogeneous equation (7) for � and

~

f ( t ) =

~

f + t ~� + O ( t

2

) =

~

f (1 + t� + O ( t

2

)), expand

equation (19) in p o w ers of t . One reco v ers d ( u� ) as the O ( t ) term in the expansion of d f ( t ):

d f ( t ) = � (

~

f (1 + t� ))

� 1

[( d

~

f )(1 + t� ) + t

~

f d� ] � ( J

0

+ tJ

1

) + O ( t

2

)

= � (1 � t� )

~

f

� 1

[ d

~

f � J

0

+ t (( d

~

f � J

0

) � + d

~

f � J

1

+

~

f d� � J

0

)] + O ( t

2

)

= �

~

f

� 1

d

~

f � J

0

+ t [ �

~

f

� 1

d

~

f � J

0

�

~

f

� 1

( d

~

f � J

0

) � �

~

f

� 1

d

~

f � J

1

� d� � J

0

] + O ( t

2

)

= d f + t [ � �d f + d f � � d f � J

0

� J

1

� ( � �d f + d f � � d ( u� ) + d f � J

1

� J

0

)] + O ( t

2

)

= d f + td ( u� ) + O ( t

2

) :

W e used the facts that J

2

0

= � I and J

0

� J

1

= � J

1

� J

0

in the last steps.

In tegrate the one-form d f ( t ) = d f + td ( u� ) + O ( t

2

) to reco v er the immersion f ( t ). In this

in tegration w e are free to c ho ose the v alue of f ( t ) at a basep oin t p 2 �

+

, and c ho ose f ( t )( p ) =

f ( p ) + tu� ( p ). Then for an y compact set K � �

+

and q 2 K , w e ha v e

f ( t )( q ) = f ( p ) + tu� ( p ) +

Z

q

p

d f ( t )

= f ( p ) + tu� ( p ) +

Z

q

p

d ( f + tu� ) + O ( t

2

)) = f ( q ) + tu� ( q ) + O ( t

2

) :
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Ho w ev er, this one-parameter family f ( t ) is a conjugate cousin family for the �xed surface

~

f (�

+

),

so b y Theorem 1.1 of [GKS], the surfaces f ( t ) can only v ary b y a family of translations. T aking

the deriv ativ e at t = 0, this implies u is the normal part of an R3

translation, whic h implies

u 62 L

2

. Th us ~u � 0 implies u � 0, completing the pro of that T is injectiv e. �

Prop osition 20 Supp ose f (�) is a c oplanar k {unduloid. L et u 2 V , and let P

1

; : : : ; P

k

b e the

p ole solutions to the homo gene ous e quation (10) asso ciate d to the symmetry curves 


1

; : : : ; 


k

.

Then for the c onstants h

j

:= h

j

( u ) , we have the line ar r elation

k

X

j =1

h

j

P

j

� 0 (20)

on f (�

+

) . Thus, if the vertic es of the classifying p olygon for f (�) sp an an l -dimensional subsp ac e

of R3

, then V is at most ( k � l ) {dimensional.

Pro of : Let � b e the conjugate v ariation �eld whic h solv es equation (9) for the giv en u 2 V ,

with � = 0 on the end E

k

. T ra v ersing 


1

from E

k

to E

1

, as in the previous prop osition, w e

conclude that � con v erges exp onen tially to the homogeneous solution h

1

P

1

on the end E

1

. Th us

�

1

= � � h

1

P

1

solv es equation (9) with inital v alue 0 on E

1

, and ev olv es along 


2

with a v ertical

c hange of h

2

. Th us �

1

con v erges to the homogeneous solution h

2

P

2

along the end E

2

, so � con v erges

to h

1

P

1

+ h

2

P

2

along this end. Con tin uing this reasoning and tra v ersing the remaining 


j

in order,

one returns to the end E

k

, with � con v erging to the homogeneous solution h

1

P

1

+ � � � + h

k

P

k

.

Since � is w ell-de�ned, this sum m ust b e the initial asymptotic homogeneous solution 0. This

sho ws the linear dep endence (20).

Ev aluating the p ole solutions at a p oin t q 2 �

+

yields v ertices for a represen tativ e classifying

p olygon for f (�). The linear relation (20) implies that ( h

1

; : : : ; h

k

) solv es a homogeneous system

of rank l = dim span f P

1

( q ) ; : : : ; P

k

( q ) g � 3. Since the solution space of this system is ( k � l ){

dimensional, and the linear transformation T de�ned b y equation (18) is injectiv e, w e conclude

that dim V � k � l . �
Using the fact that the v ertices of the classifying p olygon of a coplanar k {unduloid span a

t w o- or three-dimensional subspace of R3

[GKS2 ], this completes the pro of of Theorem 1, and, as

explained in the in tro duction, Corollary 2.

6 Extensions, applications and op en questions

One can sharp en the pro ofs of Theorem 1 and Corollary 2 to sho w that triunduloids with a

cylindrical end are also nondegenerate. The theorem b elo w includes these triunduloids as a

sp ecial case, and applies to a more general class of k {unduloids. By Theorem 1 : 5 of [GKS2 ], a

coplanar k {unduloid has at least t w o non-cylindrical ends.

Theorem 21 L et f (�) b e a c oplanar k {unduloid. If f (�) has d non-cylindric al ends and the

vertic es of the classifying p olygon sp an an l {dimensional subsp ac e of R3

, then the sp ac e V of L

2

Jac obi �elds has dimension at most d � l . In p articular, if f (�) has exactly two non-cylindric al

ends, or thr e e non-cylindric al ends and classifying p olygon with vertic es sp anning R3

, then it is

nonde gener ate.

Pro of : By Prop osition 17, an y u 2 V is ev en, so w e pro ceed as in Section 5.2. The k ey

idea in the pro of is the observ ation (see Prop osition 14) that if E

j

is a cylindrical end, then the

p ole solutions P

j

and P

j +1

are opp osites, and are asymptotically tangen t along E

j

. In other

w ords, giv en u 2 V and a corresp onding conjugate v ariation �eld � , if � is v ertical along 


j

then it is asymptotically tangen t on E

j

and con tin ues to b e v ertical on 


j +1

. Therefore, the

conjugate Jacobi �eld ~u = h �; � i v anishes on 


j

[ 


j +1

and deca ys along E

j

. More generally , if
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( E

r

; : : : ; E

s � 1

) is a string of adjacen t cylindrical ends and � is v ertical on 


r

, then it is v ertical on

all the symmetry curv es 


r

[ � � � [ 


s

, implying ~u v anishes on these symmetry curv es and deca ys

on the ends E

r

; : : : ; E

s � 1

.

W e no w dev elop the com binatorial to ols needed to complete the pro of. The distribution of non-

cylindrical ends on f (�) leads to a partitioning of the cyclically ordered set of symmetry curv es

( 


1

; : : : ; 


k

) and their corresp onding p ole solutions ( P

1

; : : : ; P

k

) in to substrings. Our substrings

ha v e the form C := ( 


r

; 


r +1

; : : : ; 


s

), where the ends E

r

; E

r +1

; : : : ; E

s � 1

are cylindrical while

E

r � 1

and E

s

are not. In other w ords, 


r

[ � � � [ 


s

connects the non-cylindrical end E

r � 1

to the

next non-cylindrical end E

s

, through adjacen t cylindrical ends. Notice that the singleton C = ( 


j

)

is a substring if neither E

j � 1

nor E

j

are cylindrical ends. Because eac h substring corresp onds to

a path joining one non-cylindrical end to the next non-cylindrical end in the cyclic ordering, the

total n um b er of elemen ts of the partition equals the n um b er of non-cylindrical ends d on f (�).

If C = ( 


r

; : : : ; 


s

) is a substring then, b y the previous discussion, the corresp onding p ole

solutions ( P

r

; : : : ; P

s

) are all parallel; in fact, for r � j � s , w e ha v e P

j

= ( � 1)

j � r

P

r

= ( � 1)

s � j

P

s

.

Moreo v er, if ~u deca ys on E

r � 1

and if

s

X

j = r

h

j

( u ) P

j

= (

s

X

j = r

( � 1)

s � j

h

j

( u )) P

s

= 0 ;

then ~u v anishes on 


r

[ 


r +1

[ � � � [ 


s

and ~u also deca ys on the ends E

r

; : : : ; E

s

. W e no w de�ne

the linear transformation

^

T : V ! Rd

b y

^

T ( u ) := (

^

h

1

( u ) ; : : : ;

^

h

d

( u )) := (

s

1

X

j = r

1

( � 1)

s

1

� j

h

j

( u ) ; : : : ;

s

d

X

j = r

d

( � 1)

s

d

� j

h

j

( u )) ;

where the m

th

string of the cyclic partition is ( 


r

m

; : : : ; 


s

m

). If

^

T ( u ) = 0, then eac h alternating

sum

^

h

m

( u ) is zero, and so ~u is an L

2

Diric hlet Jacobi �eld. Lemma 19 then implies u � 0.

Therefore,

^

T is injectiv e.

The linear relation (20) no w reads

0 �

k

X

m =1

h

m

P

m

=

d

X

m =1

(

s

m

X

j = r

m

( � 1)

s

m

� j

h

j

) P

s

m

=

d

X

m =1

^

h

m

P

s

m

:

As in the pro of of Lemma 19, this linear system has rank l = dim f span f P

s

1

; : : : ; P

s

d

g � 3, so the

solution space is ( d � l ){dimensional. Since

^

T : V ! Rd

is injectiv e, w e deduce that dim V � d � l .

�

Using Prop osition 21, w e can sho w:

Corollary 22 The set of nonde gener ate triunduloids is c onne cte d.

Pro of : The triunduloids satisfying the strict spherical triangle inequalities comprise a disjoin t

union of t w o op en three-balls, corresp onding to small or large classifying triangles. The mo duli

space of triunduloids is the union of the closure of these balls. Th us, to sho w connectedness,

it su�ces to �nd a nondegenerate triunduloid satisfying the w eak spherical triangle inequalities,

whic h lies in the closure of b oth these balls. An y triunduloid with a cylindrical end is suc h a

surface. �

6.1 Regularit y of mo duli space and applications to gluing

W e ha v e already noted in the in tro duction that a basic application of nondegeneracy is sho wing

that the CMC mo duli space is a smo oth manifold.
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Another application is to gluing constructions, where one often needs to assume that the

summands are nondegenerate. One particular gluing construction is end-to-end gluing (Theorem

1 of [R]), whic h pro ceeds as follo ws. Supp ose f

1

(�

1

) and f

2

(�

2

) are t w o nondegenerate CMC

surfaces with ends E

j

� f

j

(�

j

), suc h that E

1

and E

2

are asymptotic to congruen t Delauna y

unduloids whic h is not a cylinder. W e m ust also assume that f

1

b elongs to a one-parameter

family of CMC surfaces whic h c hanges the nec ksize of E

1

to �rst order. Under these assumptions,

one can truncate f

1

(�

1

) and f

2

(�

2

) at nec ks of E

1

and E

2

and, after p erturbation, glue together

the resulting surfaces with b oundary to obtain a new CMC surface. The resulting CMC surface

is nondegenerate and has asymptotics whic h are close to the asymptotics of the remaining ends

of f

1

and f

2

. One particular instance of the end-to-end gluing construction, doubling along an

end, o ccurs when one glues f (�) to a cop y of itself after truncating a particular end.

By Corollary 2, one can use most triunduloids in end-to-end gluing, and in man y other gluing

constructions. In particular, if f (�) is an y triunduloid with nec ksizes n

1

; n

2

; n

3

suc h that n

1

+

n

2

+ n

3

< 2 � and n

i

+ n

j

> n

k

, then Corollary 2 and Theorem 11 of [R] imply one can double

the surface f (�) along an y end. This gluing construction yields examples of nondegenerate k {

unduloids with k > 3 and no small nec ks (that is, no short closed geo desics). In addition, one

can use end-to-end gluing to create nondegenerate CMC surfaces with an y �nite top ology and no

small nec ks.

6.2 Comparison of the CMC and minimal cases

W e no w relate the presen t pap er to the classi�cation results for coplanar k {unduloid (CMC) and

k {noid (minimal) surfaces [GKS, GKS2, CR ]. A complete description of the CMC mo duli space

in v olv es not only the p olygonal lo op describ ed in Section 4.2, but also the p olygonal classifying

disc, whic h arises from the Hopf pro jection of

~

f (�

+

) to S

2

. Similarly , [CR] uses the orthogonal

pro jection of the conjugate minimal surface

~

f to the symmetry plane of f , to create the classifying

p olygon for the minimal surface f .

In analogy with our construction in Section 3, giv en a simply connected minimal surface

f : 
 ! R3

and a Jacobi �eld u , one can construct a conjugate v ariation �eld � using the

conjugate minimal surface

~

f : 
 ! R3

. In this case, � satis�es

d� = d f � J

1

+ d ( u� ) � J

0

: (21)

Homogeneous solutions are constan t and con tain no information ab out the classifying p olygonal

disc. Ho w ev er, one can use � to repro v e the follo wing result of [CR]: all b ounded Jacobi �elds on

a gen us zero, coplanar, minimal k {noid ha v e the form u = h � ; b i , for some b 2 R3

.

W e compare the [CR] pro of to our metho d, b oth of whic h w e sk etc h b elo w. Let W b e the

space of b ounded Jacobi �elds on the gen us zero, coplanar k {noid f : � ! R3

. As in the CMC

case, f is Alexandro v symmetric, so w e decomp ose u 2 W in to its Diric hlet and Neumann parts.

With some mo di�cation, our pro of of Prop osition 17 carries o v er. The salien t feature one m ust

recall is that an y b ounded Jacobi �eld u has a decomp osition on eac h end E as

u = a

0

u

0

+ a

1

u

1

+ a

� 1

u

� 1

+ O ( r

� 2

) ;

where r is the Euclidean distance from the axis of the catenoid asymptote of E , u

0

= O (1)

arises from translation along the asymptotic axis, and u

� 1

= O ( r

� 1

) arise from translations

p erp endicular to the asymptotic axis. In particular, if u 2 W is Diric hlet, then u = a

0

h � ; e

3

i +

O ( r

� 2

), and so the b oundary terms in equation (16) caused b y spherical truncation approac h

zero. Th us ev ery b ounded Diric hlet Jacobi �eld is a constan t m ultiple of h � ; e

3

i .

The approac h in [CR] is to pull bac k the round metric on S

2

to �

+

using the Gauss map. This

accomplishes t w o things: it compacti�es �

+

, iden tifying the ends as p oin ts, and it transforms the

Jacobi op erator in to �

1

+ 2, where �

1

is the Laplacian in the round metric. The uniqueness of

the Diric hlet Jacobi �elds (up to scaling) no w follo ws from the fact that v = �h � ; e

3

i is p ositiv e

on �

+

.
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Cos � �n and Ros transform Neumann Jacobi �elds to Diric hlet Jacobi �elds using the conjugate

surface of an asso ciated branc hed minimal surface with planar ends. Their Diric hlet Jacobi �eld

is the supp ort function (inner pro duct of the p osition v ector and unit normal v ector) of this

conjugate surface. One can also argue as in Section 5.2, using the heigh ts h

j

( u ) de�ned b y

equation (17), whic h still measure the v ertical c hange in � ev olving b y equation (21) along 


j

.

Because equation (21) con tains no rotation term and d� = O ( r

� 2

) on the ends, � remains v ertical

along all the symmetry curv es and at in�nit y . Th us ~u = h �; � i is a b ounded Diric hlet Jacobi �eld,

and w e apply the pro of of Prop osition 18 to conclude u = h � ; b i for some b 2 R3

. This completes

our comparison of the t w o pro ofs.

6.3 Op en questions

W e conclude b y men tioning sev eral naturally related op en problems concerning Jacobi �elds on

CMC surfaces and the mo duli space theory of CMC surfaces. Theorems 1 and 21 giv e upp er

b ounds for the dimension of the space of L

2

Jacobi �elds on coplanar k {unduloids. Is this b ound

sharp? In particular, up to scaling, there is at most one nonzero L

2

Jacobi �eld on an y triunduloid

satisfying n

1

+ n

2

+ n

3

= 2 � or n

i

+ n

j

= n

k

. Do es this Jacobi �eld ev er exist?

Is it p ossible to extend our tec hnique to a wider class of CMC surfaces? F or instance, there

are man y CMC surfaces whic h are not Alexandro v symmetric but do ha v e some symmetry ( e.g.

tetrahedral symmetry). Can one use our metho ds to b ound either the nec ksizes or the dimension

of the space V of L

2

Jacobi �elds on suc h surfaces? Migh t the analysis of Section 5.2 also b ound

the dimension of the space V on Alexandro v-symmetric CMC surfaces with p ositiv e gen us?

It w ould b e v ery in teresting to pro duce an example of a degenerate CMC surface. The question

of in tegrabilit y of a Jacobi �eld is also op en. According to [KMP ], an y temp ered (sub-exp onen tial

gro wth) Jacobi �eld on a nondegenerate CMC surface is in tegrable, in the sense that it is the

v elo cit y v ector �eld of a one-parameter family of CMC surfaces. It w ould b e useful to decide

whether temp ered Jacobi �elds are alw a ys in tegrable in this sense.
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