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Abstract. We study those Artin groups which, modulo their cen-
ters, are finite index subgroups of the mapping class group of a
punctured sphere. In particular, we show that any injective homo-
morphism between these groups is parameterized by a homeomor-
phism of a punctured disk together with a homomorphism to the
integers. The technique, following Ivanov, is to prove that every
superinjective map of the complex of curves of a sphere with at
least 5 punctures is induced by a homeomorphism.

1. Introduction

We investigate injective homomorphisms between those Artin groups
which, modulo their center, embed with finite index in the mapping
class group of a punctured sphere. S will always denote a sphere with
m ≥ 5 punctures. The extended mapping class group of a surface F is
the group of isotopy classes of homeomorphisms of F :

Mod±(F ) = π0(Homeo(F )).

The mapping class group Mod(F ) is the subgroup of orientation pre-
serving mapping classes (elements of Mod±(F )).

Main Theorem. Suppose G is a finite index subgroup of Mod(S).
Then every injective homomorphism ρ : G → Mod(S) is of the form
ρ(g) = fgf−1 for some f ∈ Mod±(S).
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In particular, the Main Theorem applies to four infinite families of

Artin groups modulo their centers: A(An)/Z, A(Bn)/Z, A(C̃n−1), and

A(Ãn−1) (defined below) where n = m−2. Throughout, Z denotes the

center of the ambient group; the groups A(C̃n−1) and A(Ãn−1) have
trivial center.

The Main Theorem and Corollary 2 (below) were proved for the group
G = A(An)/Z in an earlier paper [2]. These results can also be viewed
as a generalization of the work of Charney and Crisp, who computed
the automorphism groups of the aforementioned Artin groups using
similar techniques [7].

To prove the Main Theorem, we translate the problem into one about
the complex of curves C(S), which is an abstract simplicial complex
with vertices corresponding to isotopy classes of curves in S and edges
corresponding to disjoint pairs of curves. To this end, we focus on
particular elements of G—powers of Dehn twists; each such element
is associated to a unique isotopy class of curves in S. We show that
the injection ρ must take a power of a Dehn twist to a power of a
Dehn twist, thus giving an action ρ⋆ on the vertices of C(S). Since
ρ⋆ is easily shown to be superinjective in the sense of Irmak (i.e. ρ⋆

preserves disjointness and nondisjointness), we will be able to derive
the Main Theorem from the following theorem.

Theorem 1. Suppose that m ≥ 5. Then every superinjective map of
C(S) is induced by an element of Mod±(S).

The proofs of both theorems are modeled on previous work of Ivanov,
who showed that the abstract commensurator of Mod(F ), for F a closed
surface of genus at least 3, is isomorphic to Mod±(F ) [21]. To do this,
he applied his theorem that Aut(C(F )) ∼= Mod±(F ) in these cases.
His method has been used to prove similar theorems by Korkmaz [27],
Ivanov and McCarthy [23], Schmutz Schaller [31], Irmak [18] [17] [16],
Margalit [28], Irmak, Ivanov, and McCarthy [19], Farb and Ivanov [12],
McCarthy and Vautaw [29], Brendle and Margalit [5], and Irmak and
Korkmaz [20]. In particular, Korkmaz proved that every element of
AutC(S) is induced by an element of Mod±(S) [27], and Irmak showed
that every superinjective map of C(F ), for higher genus F , is induced
by an element of Mod±(F ), thus obtaining the analog of the Main
Theorem for higher genus surfaces [18, 17].

Artin groups. Before we explain the applications of the Main The-
orem to Artin groups, we recall the basic definitions. An Artin group
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is any group with a finite set of generators {s1, . . . , sn} and, for each
i 6= j, a defining relation of the form

sisj · · · = sjsi · · · ,

where sisj · · · denotes an alternating string of mij = mji letters. The
value of mij must lie in the set {2, 3, . . . ,∞} with mij = ∞ signifying
that there is no defining relation between si and sj.

It is convenient to define an Artin group by a Coxeter graph, which
has a vertex for each generator si, and an edge labelled mij connecting
the vertices corresponding to si and sj if mij > 2. The label 3 is

suppressed. The Coxeter graphs An, Bn, C̃n−1, and Ãn−1 for the Artin

groups A(An), A(Bn), A(C̃n−1), and A(Ãn−1) are displayed in Figure 1.

An

Bn

C̃n−1

Ãn−1

(n > 0)

(n > 1)

(n > 3)

(n > 2)

4

4 4

Figure 1. Coxeter graphs with n vertices.

Artin groups and mapping class groups. The Artin group A(An)
is better known as the braid group on n + 1 strands. Artin’s classical
work on braids identifies A(An)/Z with the the subgroup of Mod(S)
consisting of elements which fix one particular puncture (see [3]).

The pure braid group on n+1 strands P (An) is defined as the kernel of
the map from A(An) to the symmetric group on {1, . . . , n + 1} which
sends each si to the transposition switching i and i + 1. Thus, the
group P (An)/Z can be identified with the pure mapping class group
PMod(S), which is the subgroup of Mod(S) consisting of mapping
classes which fix every puncture.

The work of Allcock, Charney, Crisp, Kent, and Peifer shows that

A(Ãn−1), A(Bn)/Z, and A(C̃n−1) are also isomorphic to finite index
subgroups of Mod(S) [1] [7] [8] [9] [24]. A complete description of these
isomorphisms appears in the recent paper of Charney and Crisp [7].
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A(Ãn−1)

PMod(S) Gm−2
. . . G4 A(C̃n−1) A(Bn)/Z A(An)/Z Mod(S)

Figure 2. The diagram for Corollary 3.

Applications. We now give some consequences of the Main Theorem
for injective maps between Artin groups. A group is co-Hopfian if each
of its injective endomorphisms is an isomorphism.

Corollary 2. For n ≥ 3, all finite index subgroups of Mod(S) are

co-Hopfian; in particular, the groups A(An)/Z, A(Bn)/Z, A(C̃n−1),

A(Ãn−1), and P (An)/Z are co-Hopfian.

For each 0 ≤ k ≤ m, let Gk be the subgroup of Mod(S) consisting
of elements which fix k given punctures. Note that G0 = Mod(S),
G1 = A(An)/Z, and Gm−1 = Gm = PMod(S). Also, G2 = A(Bn)/Z

and G3 = A(C̃n−1) (see [7]).

Corollary 3. Suppose n ≥ 3 and let G and H be any of the groups in
Figure 2. Then there exists an injection ρ : G → H if and only if there
is directed path from G to H in Figure 2. Further, any such injection
is of the form ρ(g) = fgf−1 for some fixed f ∈ Mod±(S).

We are also able to characterize injections between the groups A(An),
A(Bn), and P (An) (with their centers). There are inclusions: P (An) →
A(Bn) → A(An) (see Section 5); all other injections between these
groups are described by the following result:

Theorem 4. Suppose n ≥ 3. Let G be a finite index subgroup of A(An).
If ρ : G → A(An) is an injection, then there exists an f ∈ Mod±(S)
and a homomorphism t : G → Z such that

ρ(g) = fgf−1 zt(g)

where z generates the center of A(An).

Theorem 4 was proven for G = A(An) in the authors’ earlier work
[2]. In this case, t is an integral multiple of the length homomorphism
L : A(An) → Z, defined by si 7→ 1 for each i.

Finally, as a corollary of Theorem 4, we will prove the following:

Corollary 5. Suppose n ≥ 3 and let N =
(

n+1
2

)
. Then

Aut(P (An)) ∼= Mod±(S) n Z
N−1.
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It follows that Out(P (An)) ∼= (Σn+2 × Z2) n Z
N−1, where Σn+2 is the

symmetric group on n + 2 letters.

Outline. Section 2 contains preliminary definitions and ideas used
in the paper. Section 3 gives a proof of the Main Theorem, assuming
Theorem 1. We prove Theorem 4 in Section 4, and use Theorem 4
to give a complete classification of injections of P (An), A(Bn), and
A(An) into A(An) in Section 5. Finally, Section 6 contains a proof of
Theorem 1.

Acknowledgements. The authors would like to thank Benson Farb
for bringing the recent work of Charney and Crisp to our attention and
for his continued encouragement on this project. Both Joan Birman
and Luis Paris were generous with their time and energy; for this we
are thankful. We are also grateful to Mladen Bestvina, Tara Brendle,
Ruth Charney, and Michah Sageev for helpful conversations.

2. Background

Curves. By a curve in a surface F , we mean the isotopy class of
a simple closed curve in F which does not bound a disk or a once
punctured disk. We will often not make the distinction between a
representative curve and its isotopy class. A curve is peripheral if it is
represented by a component of ∂F .

We denote by i(a, b) the (geometric) intersection number between two
curves a and b. We say that a and b are disjoint if i(a, b) = 0. A
maximal collection of pairwise disjoint nonperipheral curves in S is
called a pants decomposition. Any pants decomposition of S or a disk
with m − 1 punctures has m − 3 curves.

Complex of curves. The complex of curves C(F ) for a surface F
(defined by Harvey [14]) is an abstract simplicial flag complex with a
vertex for each nonperipheral curve in F and an edge for each pair of
disjoint curves.

Superinjective maps. A simplicial map φ of C(F ) to itself is called
superinjective if it preserves nondisjointness: that is, if v and w are ver-
tices not connected by an edge, then φ(v) and φ(w) are not connected
(the corresponding curves intersect). It is straightforward to show that
superinjective maps are injective.
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Dehn twists. A Dehn twist about a curve a is the mapping class Ta

which has support on an annular neighborhood N of a, and is described
on N by Figure 3.

a

Figure 3. Dehn twist about a curve a.

For each f ∈ Mod±(S), let ǫ(f) = 1 if f preserves orientation and
ǫ(f) = −1 if not. We will use the following connection between the
topology and algebra of Dehn twists in Mod(S):

Fact 6. Suppose f ∈ Mod±(S). Then fTaf
−1 = T

ǫ(f)
f(a) . In particular,

[f, Ta] = 1 implies f(a) = a, and powers of Dehn twists commute if
and only if the curves are disjoint.

For a group Γ, we define its rank, rk(Γ), to be the maximal rank of a
free abelian subgroup of Γ. It follows from work of Birman, Lubotzky,
and McCarthy that for any surface F , rk Mod(F ) is realized by any
subgroup generated by powers Dehn twists about curves forming a
pants decomposition for F [4]; thus, rk Mod(S) = m−3. The following
theorem of Ivanov gives another connection between the algebra and
topology of Mod(S) [21].

Theorem 7. Let P be a finite index subgroup of PMod(S). An ele-
ment g of P is power of Dehn twist if and only if Z(CP (g)) ∼= Z and
rk CP (g) = m − 3.

Remark. Ivanov’s theorem holds more generally for any surface F
of negative Euler characteristic, with PMod(S) replaced by any finite
index subgroup of Mod(F ) consisting of “pure” mapping classes [23].
For a surface of arbitrary genus, a mapping class f is called pure if
whenever fn(c) = c, where c is a curve in F and n 6= 0, we have
f(c) = c. In the genus zero setting, though, it is a theorem of Irmak,
Ivanov, and McCarthy that the pure mapping classes of Mod(S) are
exactly the elements of PMod(S) [19].
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We now state a group theoretical lemma, due to Ivanov and McCarthy
[23], which will be used in Proposition 9.

Lemma 8. Let ρ : Γ → Γ′ be an injection, where rk Γ′ = rk Γ < ∞.
Let G < Γ be a free abelian subgroup of maximal rank, and let g ∈ G.
Then

rk Z(CΓ′(ρ(g))) ≤ rk Z(CΓ(g)).

Note that Lemma 8 applies whenever g is a power of a Dehn twist and
Γ and Γ′ are finite index subgroups of PMod(S).

3. Proof of Main Theorem

Let ρ : G → Mod(S) be an injective homomorphism, where G is a
finite index subgroup of Mod(S).

Proposition 9. For each curve a in S, there are nonzero integers k
and k′ and a curve a′ such that ρ(T k

a ) = T k′

a′ .

Proof. Let Q = PMod(S), and let P = PMod(S) ∩ ρ−1(Q). Since
P is a finite index subgroup of Mod(S), we can choose a k so that
g = T k

a belongs to P . By Theorem 7, Z(CP (g)) ∼= Z. Lemma 8
and the fact that ρ is injective imply that Z(CQ(ρ(g)) ∼= Z. Since
rk ρ(CP (g)) = rk Mod(S), Theorem 7 says that ρ(g) must be a power
of a Dehn twist.

˜

By Proposition 9, ρ induces a well-defined action ρ⋆ on curves given by

ρ(T k
a ) = T k′

ρ⋆(a).

Proposition 10. The map ρ⋆ is a superinjective map of C(S).

Proof. We make repeated use of Fact 6. First, the map ρ⋆ is simplicial
since if a and b are disjoint curves, then ρ(T k

a ) and ρ(T k
b ) commute, and

so the curves ρ⋆(a) and ρ⋆(b) are disjoint. The map ρ⋆ is superinjective
since if i(a, b) 6= 0 then T k

a and T k
b do not commute; since ρ is an

injection, [T k
a , T k

b ] 6= 1, and so ρ⋆(a) and ρ⋆(b) are not disjoint.

˜
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We are now ready to complete the proof of the Main Theorem, assum-
ing Theorem 1.

Proof. By Proposition 9 and 10, the injection ρ gives rise to a map ρ⋆

of C(S), which by Theorem 1 is induced by some f ∈ Mod±(S); that
is to say, ρ⋆(c) = f(c) for every curve c. To see that ρ(g) = fgf−1 for
every g ∈ G, we check that fg(c) = ρ(g)f(c) for any curve c:

T k′

fg(c) = ρ(T k
g(c)) = ρ(gT k

c g−1) =

ρ(g)ρ(T k
c )ρ(g)−1 = ρ(g)T k′′

f(c)ρ(g)−1 = T k′′

ρ(g)f(c)

Thus, T k′

fg(c) = T k′′

ρ(g)f(c), which immediately implies that fg(c) = ρ(g)f(c).

˜

4. Proof of Theorem 4

We now turn our attention to injections between the groups P (An),
A(Bn), and A(An) for n ≥ 3. These groups also have topological
descriptions. In particular, if Dn+1 is the disk with n + 1 punctures,
and Homeo+(Dn+1, ∂Dn+1) is the space of homeomorphisms of Dn+1

which are the identity on the boundary, then

A(An) = π0(Homeo+(Dn+1, ∂Dn+1)).

The group A(Bn) is isomorphic to the subgroup of A(An) fixing one
given puncture, and P (An) is the subgroup fixing all punctures (see [1]
or [7]). Both A(Bn) and P (An) are finite index subgroups of A(An).
The center of A(An), denoted Z, is generated by z, the Dehn twist
about a curve isotopic to ∂Dn+1. Both A(Bn) and P (An) inherit the
same center.

The interior of a curve a in Dn+1 is the component of Dn+1 − a which
does not contain ∂Dn+1. A curve in Dn+1 is a k-curve if it has exactly
k punctures in its interior.

Lemma 11. If f is a finite order element of Mod(Dn+1), where n ≥ 3,
and f fixes each curve in a pants decomposition P of Dn+1, then f is
the identity.

Proof. We can consider two cases, as any pants decomposition of Dn+1

either contains two 2-curves or a 2-curve nested inside a 3-curve.
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In the first case, since f fixes the curves of P, we can collapse the
2-curves and ∂Dn+1 to points, and f induces a finite order homeomor-
phism f̄ of this new surface S̄. By the Nielsen realization theorem,
we can choose a metric for S̄ so that f̄ has a representative, which we
also call f̄ , that is an isometry [25]. It is then a classical theorem of
Kerékjártó, Brouwer, and Eilenberg that f̄ is conjugate (via homeo-
morphism) to a Euclidean isometry [6] [11] [26]. Since f̄ fixes three
points (the collapsed curves), it follows that f̄ is the identity. Since f
is finite order, it must also be the identity.

In the latter case, if we collapse the 2-curve and ∂Dn+1 to points, then,
as above, f induces a finite order homeomorphism f̄ fixing three points
(one of which is the puncture in the interior of the 3-curve but not the
2-curve). By the same argument, f is the identity.

˜

As with the Main Theorem, the proof of Theorem 4 requires the exis-
tence of a superinjective map ρ⋆ of C(Dn+1) which is induced by ρ in
the sense that for any curve a we have

ρ(T k
a ) = T k′

ρ⋆(a)z
k′′

for some integers k, k′, and k′′ (k and k′ nonzero). The argument is
exactly the same as in Proposition 9, with Theorem 7 replaced by the
following theorem, which has the same proof as Theorem 7.

Theorem 12. Let P be a finite index subgroup of P (An). An element
g of P is the product of a central element and a nontrivial power of a
noncentral Dehn twist if and only if Z(CP (g)) ∼= Z

2 and rk CP (g) = n.

We now prove Theorem 4.

Proof. As in the statement of the theorem, let G be a finite index
subgroup of A(An). We know that G has nontrivial center Z(G) since
it is finite index in A(An). Further we have Z(G) ∼= Z. Indeed, if y is
an element of Z(G), then y must fix every curve in Dn+1 by Fact 6 and
the fact that G is finite index; hence y is a power of z.

Let ζ denote a generator of Z(G). We now show that ρ(Z(G)) < Z by
showing ρ(ζ) ∈ Z. Since rk G = rk A(An), we have that ρ(ζk) ∈ Z for
some nonzero k. Thus, ρ(ζ) is a root of a central element of A(An).
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Choose a pants decomposition P of Dn+1. As in Section 3, we know
that ρ⋆(P) is also a pants decomposition. Further, since ζ is central and
ρ is injective, it follows that ρ(ζ) fixes each element of ρ⋆(P). Let π be
the quotient map A(An) → A(An)/Z. Since π(ρ(ζ)) is finite order in
A(An)/Z, it follows from Lemma 11 that π(ρ(ζ)) = 1, and so ρ(ζ) ∈ Z.

Moreover, we have that ρ−1(Z) < Z(G), by the injectivity of ρ. Thus,
ρ induces a well-defined injection ρ̄ : G/Z(G) → A(An)/Z. Since
G/Z(G) is finite index in A(An)/Z, we may apply the Main Theorem.
Interpreted appropriately, this means that there is an f ∈ Mod±(Dn+1)
so that

ρ̄(g) = fgf−1

for all g ∈ G/Z(G). It follows that for any g ∈ G, there is an integer
t(g) so that ρ(g) = fgf−1zt(g). That t is a well-defined homomorphism
follows from the fact that ρ is a homomorphism.

˜

5. Catalogue of injections

We now use Theorem 4 to list all injections of the groups P (An), A(Bn),
and A(An) into A(An). As in the previous section, we denote the
generator of Z by z.

A(An) and A(Bn) are defined via the presentations given by Figure 1;
here we denote the generators for A(An) by σ1, . . . , σn, and the gener-
ators for A(Bn), from left to right, by s1, . . . , sn. The usual inclusion
A(Bn) → A(An) is given by s1 7→ σ2

1 and si 7→ σi for i > 1. The
standard generators of P (An) are

ai,j = (σj−1 · · ·σi+1)σ
2
i (σj−1 · · ·σi+1)

−1

where 1 ≤ i < j ≤ n + 1. The defining relations of P (An) are of the
form xai,jx

−1 = yai,jy
−1 (see [3]).

In what follows, t is the integral homomorphism defined by the state-
ment of Theorem 4.

Injections of A(An). For A(An) the solution was given in the
previous paper of the authors [2]. In that case, since all standard
generators are conjugate, we have that t(σi) is the same for all i. Thus,
any choice of t = t(σ1) determines a homomorphism. This map can
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alternately be described as

g 7→ fgf−1zL(g)t

for some f ∈ Mod±(Dn+1), where L is the length homomorphism.
Further, any such choice of t does lead to an injection. Indeed, if
fgf−1zL(g)t = 1, it follows that g ∈ Z, and that L(g)t + 1 = 0. Since
z = (σ1 · · ·σn)n+1, we have L(z) = n(n + 1), so there is no choice of t
which satisfies the last equation. Thus, we have an injection for any t;
moreover, the map is not surjective when t 6= 0: the preimage of Z is
Z, yet z 7→ z1+n(n+1), so nothing maps to z.

It follows that Aut(A(An)) ∼= Mod±(Dn+1). This was first proven by
Dyer and Grossman [10]. Ivanov was the first to compute Aut(A(An))
from the perspective of mapping class groups [22].

Injections of A(Bn). For A(Bn), since the si are conjugate for i > 1,
we have that t(si) is the same for these i. If u = t(s1) and v = t(s2),
then we have a well-defined homomorphism from A(Bn) to A(An) given
on generators by

s1 7→ fs1f
−1 zu si 7→ fsif

−1 zv for i > 1

for any f ∈ Mod±(Dn+1). If g 7→ 1, we again have that g ∈ Z. Since
z = (s1 · · · sn)n, we have z 7→ z1+nu+n(n−1)v . But there are no u and
v which make the latter trivial (as n and n(n − 1) are not relatively
prime), so every choice of u and v leads to an injection.

It follows immediately from Theorem 4 that all injections A(Bn) →
A(Bn) are of the same form, where f is required to fix the puncture
fixed by all of A(Bn). We now answer the question of which u and v give
automorphisms of A(Bn). Again we note that the preimage of z must
be central, say zq. But we have zq 7→ zq(1+nu+n(n−1)v). So for z to be in
the image, we need to choose u and v so that nu + n(n− 1)v = 0. For
such u and v, the map is an isomorphism, as the elements (f−1s1f)z−u

and (f−1sif)z−v (for i > 1) map to the standard generators.

The above analysis appears in the work of Charney and Crisp; they
prove that Aut(A(Bn)) ∼= (G1 × Z) o (Z2 × Z2) [7].

Injections of P (An). Since all of the defining relations of P (An) are
of the form xai,jx

−1 = yai,jy
−1, it follows that even if the t(ai,j) are all

different, we have a well-defined homomorphism from P (An) to A(An)
given by

ai,j 7→ fai,jf
−1zt(ai,j )
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for any f ∈ Mod±(Dn+1). Again, the kernel must be contained in Z.
In the generators of P (An), z can be written as

(a1,2 a1,3 · · · a1,n+1) · · · (an−1,n an−1,n+1) (an,n+1).

Thus, we see that

z 7→ z1+
P

t(ai,j ).

Hence, there is an affine hyperplane in Z
N , where N =

(
n+1

2

)
, corre-

sponding to noninjective homomorphisms of P (An) into A(An).

Again, we have that injections of P (An) into itself are also of the above
form. We now decide when these injections are automorphisms. As be-
fore, for z to lie in the image, we need z 7→ z, that is,

∑
t(ai,j) = 0. Now

we need to check if, under this condition, the other generators of P (An)
are in the image. As before, this is no problem: (f−1ai,jf)z−t(ai,j ) 7→
ai,j.

Proof of Corollary 5. Charney and Crisp define the transvection
subgroup T (P (An)) of Aut(P (An)) as the collection of automorphisms
of the form x 7→ xzt(x). Above, we have shown that T (P (An)) ∼= Z

N−1.

There is an exact sequence

1 → T (P (An)) → Aut(P (An)) → Aut(P (An)/Z) → 1.

Using Korkmaz’s theorem that Aut(P (An)/Z) is isomorphic to Mod±(S)
[27], we define a splitting by sending f ∈ Mod±(S) to the automor-
phism of P (An) mapping x to fxf−1. It immediately follows that
Aut(P (An)) ∼= Mod±(S) n Z

N−1. We note that the action of Mod±(S)
on T (P (An)) is given by

f · (x 7→ xzt(x)) = (x 7→ xzt(f−1xf)).

Remark. The abstract commensurator Comm(G) of a group G is
the collection of isomorphisms of finite index subgroups of G, where
two such isomorphisms are equivalent if they agree on some common
finite index subgroup. We note for a given group A(An), A(Bn), or
P (An), different choices of homomorphism t give rise to a distinct ele-
ments of Comm(A(An)). In particular, the elements of T (P (An)) give
interesting examples of elements of Comm(A(An)).
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6. Proof of Theorem 1

Let S be a sphere with m ≥ 5 punctures, and let φ be a superinjective
map of C(S). We will prove Theorem 1, i.e. that φ is induced by an
element of Mod±(S). The proof is broken up into a series of lemmas,
all of which have direct analogues in the work of Ivanov, Korkmaz,
Irmak, and Brendle and Margalit.

A side of a curve a in S is a connected component of S−a. In this set-
ting, a is called a k-curve if the minimum of the numbers of punctures
on each side is k. Two curves a and b in S are said to be adjacent if
i(a, b) = 2.

Lemma 13 (Sides). If a and b are curves which lie on the same side
of a curve w, then φ(a) and φ(b) lie on the same side of φ(w).

Proof. Choose a curve d which intersects a and b, but not w. Since φ
is superinjective, φ(d) intersects φ(a) and φ(b), but not φ(w), and so
the lemma follows.

˜

Lemma 14 (2-curves). If a is a 2-curve, then φ(a) is a 2-curve.

Proof. Choose a pants decomposition {a = a1, a2, . . . , am−3}. Applying
Lemma 13, we see that φ(a2), . . . , φ(am−3) must all lie on the same side
of φ(a1). It follows that φ(a1) is a 2-curve.

˜

Lemma 15 (k-curves). If w is a k-curve, then φ(w) is a k-curve. Fur-
ther, if a is a curve on a side of w with k punctures, then φ(a) is a
curve on a side of φ(w) with k punctures.

Proof. First, we assume that w has an even number of punctures on at
least one of its sides. In this case, we can choose a pants decomposition
P = {a1, . . . , ak−2, w, b1, . . . , bm−2−k} so that the ai are on one side of w
and the bi are on the other side, and P contains the maximal number
of disjoint 2-curves on S (namely, ⌊m

2
⌋ 2-curves). By the superinjec-

tivity of φ and Lemma 14, φ(P) is also a pants decomposition of S
containing a maximal number of 2-curves. By Lemma 13, the φ(ai) lie
on a common side of φ(w) and the φ(bi) lie on a common side of φ(w).
Thus, there are two possibilities: either φ(w) is a 2-curve, or φ(w) is a
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k-curve. By Lemma 14 and the fact that a pants decomposition con-
tains at most ⌊m

2
⌋ disjoint 2-curves, it follows that φ(w) can only be a

2-curve if w is a 2-curve.

In the case that w has an odd number of punctures on both of its
sides, we again choose a pants decomposition P which contains w and
the greatest number of 2-curves disjoint from w. In this case, P has
1
2
(m − 2) 2-curves c1, . . . , cm−2

2

, which is not a maximal collection of

2-curves on S. As above, φ(w) must be either a k-curve or a 2-curve.
However, since P does not contain a maximal collection of disjoint
2-curves, we need a new argument that φ(w) is not a 2-curve.

To this end, we choose a 2-curve x in S which is adjacent to one of
the 2-curves of the ci, say c1, but is disjoint from the other ci. Set
c0 = w. If φ(w) is a 2-curve, then {φ(c0), . . . , φ(cm

2
)} is a maximal

collection of disjoint 2-curves on S. Applying superinjectivity of φ
and Lemma 14, we see that since φ(x) can only intersect φ(ci) for
i = 1, φ(x) and φ(c1) must have the same punctures on each of their
twice-punctured sides. It follows that φ(x) ∪ φ(c1) separates the set
{φ(c0), φ(c2), . . . , φ(cm

2
)} into at least two nonempty disjoint subsets,

by which we mean that there exists a j and a k (both not 1) so that
every curve which intersects φ(cj) and φ(ck) must intersect at least
one of φ(x) and φ(c1) (otherwise, φ(x) and φ(c1) would be isotopic).
However, since there is always a curve which intersects cj and ck but
not x or c1, this contradicts superinjectivity.

Both statements of the lemma follow.

˜

Lemma 16 (Adjacency). If a and b are adjacent 2-curves, then φ(a)
and φ(b) are adjacent 2-curves.

Proof. First assume m > 5. We claim that 2-curves a and b are adjacent
if and only if there exists a 3-curve w and curves x and y so that: a and
b lie on a thrice-punctured side of w, x intersects a and w but not b and
not y, and y intersects b and w but not a and not x. By Lemma 15 and
the definition of superinjectivity, all of these properties are preserved
by φ, and thus the lemma will follow.

One direction is easy: if a and b are adjacent, then we can find curves
w, x, and y which satisfy the given properties. Now suppose that there
exist curves w, x, and y which satisfy the given properties. We restrict
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our attention to the side of w containing a and b. On this subsurface
S ′, x and y are collections of disjoint arcs. Note that on a thrice-
punctured disk, there can be at most three families of disjoint parallel
arcs. However, since a is a curve disjoint from y, arcs of y can only
appear in one of these families. The same is true for x, and we see that
the arcs of x are not parallel to the arcs of y. Thus, a must lie in the
component of S ′−y which is a twice punctured disk. There is only one
such curve. Likewise, there is only one choice for b, and we see that a
and b are adjacent.

For m = 5, the proof is exactly the same, except w is chosen to be a
2-curve.

˜

There is a natural bijection between 2-curves in S and (isotopy classes
of) arcs in S joining two punctures. A collection of three pairwise
adjacent arcs joining three punctures is an ideal triangle if each arc lies
in a regular neighborhood of the other two. An ideal triangulation of S
is a maximal collection of disjoint arcs in S. Two ideal triangulations
are related by a basic move if they differ by one arc.

The following theorem was first proven by Harer [13]. Later, Hatcher
and Mosher gave more elementary proofs [15] [30].

Theorem 17. Any two ideal triangulations of S are related by a finite
sequence of basic moves.

Lemma 18 (Triangles). If a, b, and c form an ideal triangle, then
φ(a), φ(b), and φ(c) form an ideal triangle.

Proof. The condition that a, b, and c form an ideal triangle is equivalent
to the conditions that a, b, and c are pairwise adjacent and that they
lie on a thrice-punctured side of a 3-curve (2-curve in the case m = 5).
By Lemmas 15 and 16, these properties are preserved by φ, and the
lemma follows.

˜

We are now ready to prove the Theorem 1. In the proof, a chain of
curves in S is a collection {a1, . . . , ak} such that each ai is adjacent to
ai+1 and i(ai, aj) = 0 otherwise.
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Proof. Let T be an ideal triangulation of S. By Lemma 18, φ(T ) is also
an ideal triangulation of S. Since T and φ(T ) are abstractly isomorphic
as simplicial complexes, it follows that there is an f ∈ Mod±(S) so that
f(T ) = φ(T ). If T ′ differs from T by a basic move, then it follows from
Lemma 18 that f(T ′) = φ(T ′). Since any 2-curve belongs to some ideal
triangulation, Theorem 17 implies that f agrees with φ on all 2-curves.

Now let x be a curve in S which is not a 2-curve. We wish to show
that f(x) = φ(x). Choose maximal chains C1 and C2 of 2-curves on the
two sides of x. By Lemma 16 and the superinjectivity of φ, φ(C1) and
φ(C2) are disjoint chains in S. By maximality of the chains, we see that
there is a unique curve x′ which is disjoint from both φ(C1) and φ(C2).
Thus, φ(x) = x′. Also, we see that f(x) = x′, since f also preserves
disjointness.

˜
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