
BRAID GR OUPS AND THE CO-HOPFIAN PR OPER TY

R OBER T W. BELL AND D AN MAR GALIT

July 19, 2004

Abstra ct. Let B

n

b e the braid group on n � 4 strands. W e

pro v e that B

n

mo dulo its cen ter is co-Hop�an. W e then sho w

that an y injectiv e endomorphism of B

n

is geometric in the sense

that it is induced b y a homeomorphism of a punctured disk. W e

further pro v e that an y injection from B

n

to B

n +1

is geometric for

n � 7. Additionally , w e obtain analogous results for mapping class

groups of punctured spheres. The metho ds use Th urston's theory

of surface homeomorphisms and build up on w ork of Iv ano v and

McCarth y .

1. Intr oduction

W e use Th urston's theory of surface homeomorphisms to c haracterize

certain injections of braid groups. The br aid gr oup on n str ands is the

group of isotop y classes of orien tation preserving homeomorphisms of

the n -times punctured disk D

n

whic h are the iden tit y on the b oundary:

B

n

= �

0

(Homeo

+

( D

n

; @ D

n

))

B

n

is generated b y half-twists ; eac h suc h generator is a homeomorphism

H

a

of D

n

whic h switc hes t w o punctures along an arc a (see Section 3).

A group is c o-Hop�an if ev ery injectiv e endomorphism is an isomor-

phism. W e see that B

n

is not co-Hop�an: an y map whic h tak es eac h

half-t wist H

a

to the pro duct H

a

z

t

(where z generates the cen ter Z of

B

n

and t is �xed nonzero in teger) is injectiv e, but not surjectiv e.

Main Theorem 1. B

n

= Z is c o-Hop�an for n � 4 , and any inje c-

tive endomorphism of B

n

= Z is induc e d by a home omorphism of D

n

.
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Mor e over, any inje ction � : B

n

! B

n

is induc e d by a home omorphism

h : D

n

! D

n

in the fol lowing sense: ther e is an inte ger t such that for

e ach half-twist H

a

, we have

� ( H

a

) = H

� 1

h ( a )

z

t

Note that B

3

= Z

�

=

P S L

2

( Z ) is not co-Hop�an. Crisp and P aoluzzi ha v e

recen tly established the co-Hop�an prop ert y for B

4

= Z , b y sho wing that

it has an essen tially unique CA T(0) structure [7].

Braid groups are Hop�an |ev ery surjectiv e endomorphism is an iso-

morphism: Bigelo w and Krammer sho w ed that braid groups are linear

[1 ] [20 ]; and b y w ell-kno wn results of Mal'cev, �nitely generated linear

groups are residually �nite, and residually �nite groups are Hop�an.

Lin has sho wn that for k < n 6= 4, an y homomorphism from B

n

to B

k

has cyclic image [21 ]. W e c haracterize injections of B

n

in to B

n +1

:

Main Theorem 2. F or n � 7 , any inje ction � : B

n

! B

n +1

is induc e d

by an emb e dding h : D

n

! D

n +1

in the fol lowing sense: ther e ar e

inte gers s and t such that for e ach half-twist H

a

, we have

� ( H

a

) = H

� 1

h ( a )

T

s

A

z

t

wher e T

A

denotes the Dehn twist ab out the curve A = h ( @ D

n

) .

T o pro v e this theorem, w e in tro duce the ar c triple c omplex A

3

( D

n

)

(refer to Section 8) and pro v e that this complex is connected for n � 7.

The theorem is also true in the cases of n 2 f 4 ; 5 ; 6 g (see the remark

at the end of Section 6).

In b oth theorems, the exp onen ts on H

h ( a )

re
ect whether or not h is

orien tation preserving. W e think of z

t

and T

s

A

z

t

as constan t terms.

The mapping class gr oup of a surface S is de�ned as:

Mo d( S ) = �

0

(Homeo

+

( S ))

Because of the close connection b et w een braid groups and mapping

class groups of punctured spheres, w e also ha v e:

Theorem 1.1. If S is a spher e with n � 5 punctur es, then Mo d( S )

is c o-Hop�an. If n � 7 , ther e ar e no inje ctions Mo d( S ) ! Mo d ( S

0

) ,

wher e S

0

is a spher e with n + 1 punctur es.

The results of this pap er can b e used to reco v er the classical theorems

that Out( B

n

)

�

=

Z

2

and Out(Mo d( S ))

�

=

Z

2

(for S a punctured sphere).
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Both w ere originally obtained b y Dy er and Grossman via algebraic

metho ds [8], and later pro v en b y Iv ano v using Th urston's theory [14 ].

In related w ork, Korkmaz pro v ed that the abstract commensurator

of B

n

= Z is isomorphic to Aut ( B

n

= Z ), and that an y endomorphism of

B

n

= Z with �nite-index image is an automorphism ( n � 4) [19].

The pro ofs of our main theorems follo w the basic strategy of a pap er

of Iv ano v and McCarth y [16]. They pro v e the corresp onding theorems

for mapping class groups ( S alw a ys denotes an orien table surface):

Theorem 1.2. If S has p ositive genus and is not a torus with 0 , 1 , or

2 b oundary c omp onents, then Mo d( S ) is c o-Hop�an. Mor e over ther e

ar e no inje ctions Mo d( S ) ! Mo d( S

0

) wher e S

0

is the surfac e obtaine d

fr om S by r emoving one p oint.

The reader should con trast the ab o v e theorem with Main Theorem 2,

where there do exist injections b et w een di�eren t braid groups.

The phenomenon whic h allo ws us to promote algebraic em b eddings to

top ological ones is the fact that all algebraic braid relations b et w een

half-t wists lo ok top ologically the same (Lemma 4.9).

Outline. Section 2 giv es a complete description of all injectiv e endo-

morphisms of B

n

, assuming that B

n

= Z is co-Hop�an. In Section 3 w e

giv e de�nitions and basic constructions used in the pro of of the main

theorems. Section 4 explores the in terpla y b et w een the algebra and

top ology of half-t wists in B

n

.

Section 5 encompasses the three main steps of the pro of that B

n

= Z is

co-Hop�an (Main Theorem 1):

� Step 1: An y injection is almost half-t wist preserving: it tak es

some p o w er of an y half-t wist to a p o w er of a half-t wist

� Step 2: The injection is actually half-t wist preserving

� Step 3: The injection is induced b y a homeomorphism of a

punctured disk

In Section 6, w e pro v e the second main theorem using the same strategy .

W e explain ho w to translate the main theorems to mapping class groups

of punctured spheres in Section 7.
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W e then de�ne the arc k -tuple complex in Section 8 and pro v e that it

is connected (this is used in Section 6). In Section 9 w e ask questions

relating to this w ork.

Ac kno wledgemen ts. The authors wish to thank Jason Behrsto c k,

Mladen Bestvina, T ara Brendle, Martin Bridson, Ry an Budney , F red

Cohen, Benson F arb, Ed F ormanek, Stev e Gersten, Allen Hatc her,

Nik olai Iv ano v, Ric hard Ken t, Mustafa Korkmaz, Bill Th urston, Domingo

T oledo, and Kevin W ortman for helpful con v ersations and for com-

men ts on earlier drafts. W e are indebted to Joan Birman for directing

us to her pap er with Hugh Hilden, and for man y insigh tful and en th u-

siastic corresp ondences.

Near the start of this w ork, Vladimir Lin sen t us examples of injectiv e

endomorphisms of the braid group whic h are not surjectiv e. Chris

Leininger w as extremely generous with his time and energy in reading

our pap er, suggesting mo di�cations, and w orking on the sp ecial cases

of the second main theorem.

The second author is esp ecially grateful to Joan Birman, Benson F arb,

and Kevin W ortman for encouragemen t on this pro ject.

2. B

n

is almost co-Hopfian

In this section, w e assume the �rst part of Main Theorem 1|that an y

injectiv e endomorphism of B

n

= Z is induced b y a homeomorphism|

and giv e a complete description of all injectiv e endomorphisms of B

n

for n � 4 (the second part of Main Theorem 1).

F or an y c hoices of homeomorphism h : D

n

! D

n

and t 2 Z , there is

an injection of B

n

in to itself giv en b y:

H

a

7! H

� 1

h ( a )

z

t

for eac h half-t wist H

a

of B

n

. The exp onen t on H

h ( a )

is p ositiv e if h

preserv es orien tation, and negativ e otherwise. Note that this map is

not surjectiv e for t 6= 0 since nothing maps to z .

Prop osition 2.1. A ny inje ction � : B

n

! B

n

has the ab ove form.

Pr o of. Since � ( Z ) < Z (b y Lemma 2.4 b elo w) and �

� 1

( Z ) < Z (as �

is injectiv e), there is a w ell-de�ned injection � : B

n

= Z ! B

n

= Z . By
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the �rst part of Main Theorem 1, � is an isomorphism induced b y a

homeomorphism h of D

n

.

W e ha v e:

� ( H

a

) Z = � ( H

a

Z ) = H

� 1

h ( a )

Z

And so:

� ( H

a

) = H

� 1

h ( a )

z

t

a

Note that t

a

is indep enden t of a , since all half-t wists are conjugate.

�

W e will require the follo wing theorem of de Ker � ekj� art� o, Brou w er, and

Eilen b erg [18] [6] [9]:

Theorem 2.2. A ny �nite or der home omorphism of a disk or a spher e

is c onjugate (via a home omorphism) to a Euclide an isometry.

The Nielsen realization theorem sa ys that an y �nite order elemen t of

Mo d( S ) can b e realized b y a �nite order homeomorphism [17 ]. Since

z is the iden tit y as an elemen t of Mo d( D

n

), w e ha v e the follo wing

corollary to Theorem 2.2:

Corollary 2.3. A ny r o ot of a c entr al element of B

n

is c onjugate to a

p ower of one of the elements � or 
 of Figur e 1.

Figure 1. The ro ots � and 
 of z .

Lemma 2.4. If � : B

n

! B

n

is an inje ction, then � ( Z ) < Z .

Pr o of. Let G b e a free ab elian subgroup of maximal rank con taining z .

Then � ( G ) is also of maximal rank, and hence � ( G ) \ Z is non trivial.
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Since �

� 1

( Z ) < Z , w e ha v e � ( z )

k

2 Z for some k . By Corollary 2.3,

� ( 
 ) and � ( � ) are conjugate to p o w ers of � and 
 . Also observ e that �

k

only �xes a puncture of D

n

if k is a m ultiple of n , whereas ev ery p o w er

of 
 �xes at least one puncture of D

n

.

If � ( � ) is conjugate to a p o w er of � , then � ( z ) = � ( �

n

) is cen tral.

Similarly , if � ( 
 ) is conjugate to a p o w er of 
 , then � ( z ) = � ( 


n � 1

) is

cen tral. Th us, w e can assume that � ( � ) is conjugate to a p o w er of 
 ,

and vice v ersa.

Then � ( z ) is conjugate to b oth a p o w er of 
 and a p o w er of � . But b y

considering �xed punctures, the only conjugate p o w ers of 
 and � are

cen tral. Therefore, � ( z ) 2 Z .

�

Remark. The ab o v e injections exhibit a general obstruction to the

co-Hop�an prop ert y: if G is a group with a homomorphism L : G !

Z and an in�nite order cen tral elemen t z with L ( z ) 6= 0, then the

endomorphism giv en b y:

g 7! g z

2 L ( g )

is injectiv e but not surjectiv e. Finite-t yp e Artin groups are examples,

where L is the length function .

3. Ba ck gr ound

In this section w e in tro duce ideas from mapping class groups (Th urston

theory) and explain their connection to braid groups. Throughout the

pap er, w e use functional notation for w ords in B

n

(read righ t to left).

Curv es and arcs. The interior of a simple closed curv e in D

n

is the

comp onen t of its complemen t whic h do es not con tain the b oundary

circle of D

n

. A simple closed curv e in D

n

is nontrivial if it con tains

more than one puncture, but not all n punctures, in its in terior. A 2-

curve is a simple closed curv e with exactly t w o punctures in its in terior.

By an ar c in D

n

, w e alw a ys mean a simple arc connecting t w o distinct

punctures (its ends ).

When con v enien t, w e confuse curv es and arcs with their isotop y classes.

There is a bijection of isotop y classes:

f 2-curv es g  ! f arcs g
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W e use i ( a; b ) to denote the ge ometric interse ction numb er of curv es a

and b .

Dehn t wists. A Dehn twist ab out a curv e a is the mapping class

(elemen t of Mo d( S )) T

a

whose supp ort is an ann ular neigh b orho o d of a

and whose action on the ann ular neigh b orho o d is describ ed b y Figure 2.

The cen ter of B

n

is generated b y z , the Dehn t wist ab out @ D

n

.

a

Figure 2. Dehn t wist ab out a curv e a .

A multitwist is a pro duct of p o w ers of Dehn t wists ab out disjoin t curv es.

Braid group mo dulo its cen ter. The group B

n

= Z is a mapping

class group in its o wn righ t:

B

n

= Z

�

=

Mo d( D

n

)

Half-t wists. By a half-t wist H

a

along an arc a , w e mean the mapping

class with supp ort the in terior of a 2-curv e, as describ ed in Figure 3.

a a

Figure 3. Half-t wist ab out an arc a .

In ligh t of the bijection b et w een 2-curv es and arcs, w e ma y refer to a

half-t wist with resp ect to either an arc or a 2-curv e. Note that H

2

a

= T

a

for a 2-curv e a .

Adjacency . Tw o disjoin t arcs in D

n

are said to b e adjac ent if they

share exactly one end. This is equiv alen t to the condition that the

corresp onding 2-curv es ha v e geometric in tersection n um b er 2 (w e also

call suc h 2-curv es adjacen t).
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Conjugation. If f 2 Mo d( S ), then f H

j

a

f

� 1

= H

j

f ( a )

. It follo ws that:

F act 3.1. F or j 6= 0 , [ f ; H

j

a

] = 1 ( ) f ( a ) = a .

Pseudo-Anoso v. By Th urston's classi�cation, a mapping class f is

pseudo-A nosov if and only if f

k

( a ) 6= a for ev ery simple closed curv e

a and an y nonzero in teger k . This is our w orking de�nition of pseudo-

Anoso v. By w ork of Iv ano v, the cen tralizer of a pseudo-Anoso v elemen t

f consists only of �nite order elemen ts and p o w ers and ro ots of f itself

[15 ].

Reductions. If an elemen t f of Mo d( S ) �xes a collection C of disjoin t

curv es in S , then there is a represen tativ e homeomorphism for f whic h

�xes a set of represen tativ es for C . This giv es rise to a w ell-de�ned

elemen t f

C

of Mo d( S

C

), called the r e duction of f along C , where S

C

is

the surface obtained b y cutting S along the represen tativ es for C . Note

that an y t wist ab out a curv e of C b ecomes trivial in the reduction.

Pure mapping classes. An elemen t f of Mo d( S ) is called pur e if it

has a reduction f

C

whic h induces the trivial p erm utation on the com-

p onen ts of S

C

, acts as the iden tit y on the b oundary (�xing punctures

as w ell), and restricts to either the iden tit y or a pseudo-Anoso v map

on eac h suc h comp onen t (see [15 ]). In the case of a punctured disk,

the set of pure mapping classes coincides with the classical pur e br aid

gr oup P B

n

(see e.g. [2 ]):

Theorem 3.2 (Irmak-Iv ano v-McCarth y [12]) . The elements of P B

n

= Z

ar e pur e in the ab ove sense.

Canonical reduction systems. A curv e a is in the c anonic al r e-

duction system for a pure mapping class f if f ( a ) = a , and f ( b ) 6= b

whenev er i ( a; b ) > 0. This notion is due to Birman, Lub otzky , and

McCarth y [5].

W e ha v e a generalization of F act 3.1 whic h follo ws from the de�nition

ab o v e:

Lemma 3.3. If [ f ; g ] = 1 , and C is the c anonic al r e duction system for

g , then f ( C ) = C .

Finally , w e giv e a mo di�cation of Lemma 10.2 of the pap er of Iv ano v

and McCarth y ([16 ]). This will b e used in the pro ofs of the main

theorems. By the r ank of a group �, denoted rk(�), w e mean the

maximal rank of a free ab elian subgroup.
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Lemma 3.4. L et � : � ! �

0

b e an inje ction. Supp ose that rk �

0

=

rk � + R < 1 for some non-ne gative inte ger R . L et G < � b e an

ab elian sub gr oup of maximal r ank, and let f 2 G . Then

rk Z ( C

�

0

( � ( f ))) � rk Z ( C

�

( f )) + R

Pr o of. Let A = � ( G ) \ Z ( C

�

0

( � ( f ))), and let B = h � ( G ) ; Z ( C

�

0

( � ( f ))) i .

B

� ( G ) Z ( C

�

0

( � ( f )))

A

Note that all of the groups in the ab o v e diagram are ab elian. W e ha v e:

� ( G ) � C

�

0

( � ( f ))

Th us, w e ha v e:

rk � ( G ) + rk Z ( C

�

0

( � ( f ))) = rk A + rk B

� rk A + rk �

0

= rk A + rk � + R

= rk A + rk G + R

= rk A + rk � ( G ) + R

Therefore, rk Z ( C

�

0

( � ( f ))) � rk A + R .

Observ e that A � Z ( C

� (�)

( � ( f ))). But this latter group is isomorphic

to Z ( C

�

( f )). Com bined with the previous inequalit y , this completes

the pro of.

�

4. Rela tions

W e use a double co v er argumen t of Birman and Hilden to dra w an

analogy b et w een braid groups and mapping class groups of higher gen us

surfaces.
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Mark ed p oin ts. Let D

P

b e a disk with a set P of n mark ed p oin ts.

There is a natural isomorphism:

Mo d( D

n

)

�

=

Mo d( D

P

)

where homeomorphisms of D

P

are required to �x P as a set.

Double co v er. If n is o dd, then there is a 2-sheeted branc hed co v er

o v er D

P

b y a surface

f

D

P

with gen us

n � 1

2

and one b oundary circle (the

mark ed p oin ts are the branc h p oin ts). The co v ering transformation is

an in v olution � switc hing the t w o sheets. If n is ev en, then w e tak e

f

D

P

to b e a surface with gen us

n � 2

2

and t w o b oundary circles. See Figure 4.

W e note that since w e only consider B

n

for n � 4, w e ha v e that

f

D

P

is

either a torus with t w o b oundary circles or it has gen us greater than

one.

Figure 4. The co v ering

f

D

P

! D

P

for n o dd and n ev en.

Symmetric mapping class group. The cen tralizer in Mo d(

f

D

P

) of �

is called the symmetric mapping class gr oup of

f

D

P

, and is denoted b y

SMo d(

f

D

P

).

This co v ering construction is due to Birman and Hilden [4], who pro v ed

the follo wing:

Theorem 4.1. Mo d( D

P

)

�

=

SMo d (

f

D

P

) = h � i .

Birman and Hilden state this theorem for a co v ering of a closed surface

of gen us g o v er a sphere with 2 g + 2 mark ed p oin ts. But their pro of

holds v erbatim in our case (see also [3]).

The isomorphism of Theorem 4.1 can b e describ ed explicitly on gen-

erators. An y half-t wist in Mo d( D

P

) ab out an arc a corresp onds to a

Dehn t wist ab out the simple closed curv e ~a whic h is the lift of a to

f

D

P

.
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F rom Dehn t wists... W e no w use Theorem 4.1 to translate relev an t

facts ab out Dehn t wists in surface mapping class groups to facts ab out

half-t wists in braid groups. Here are the statemen ts ab out Dehn t wists

( j and k are nonzero in tegers):

Lemma 4.2. T

j

a

= T

k

b

, a = b and j = k .

Lemma 4.3. [ T

j

a

; T

k

b

] = 1 , i ( a; b ) = 0 .

Lemma 4.4 (Iv ano v{McCarth y [16]) . Distinct Dehn twists T

a

and T

b

satisfy

T

j

a

T

k

b

T

j

a

= T

k

b

T

j

a

T

k

b

if and only if i ( a; b ) = 1 and j = k = � 1 .

In the next theorem, F

2

denotes the free group on t w o letters.

Theorem 4.5 (Ishida [13 ], Hamidi-T ehrani [10]) . h T

j

a

; T

k

b

i � F

2

,

i ( a; b ) = 0 or i ( a; b ) = 1 and f j; k g 2 ff 1 g ; f 1 ; 2 g ; f 1 ; 3 gg .

...to half-t wists. The follo wing lemma is the desired corresp ondence

b et w een t wist relations in surface mapping class groups and half-t wist

relations in braid groups.

Lemma 4.6. Powers of half-twists H

j

a

and H

k

b

satisfy a r elation in

Mo d( D

P

) if and only if the c orr esp onding p owers of twists T

j

~a

and T

k

~

b

satisfy the same r elation in Mo d(

f

D

P

) .

Pr o of. Supp ose some w ord W ( H

j

a

; H

k

b

) in H

j

a

and H

k

b

equals the iden-

tit y in Mo d( D

P

). By Theorem 4.1, w e ha v e W ( T

j

~a

; T

k

~

b

) = �

�

, so

W ( T

j

~a

; T

k

~

b

)

2

= 1 in SMo d(

f

D

P

) (and hence in Mo d(

f

D

P

)). Then Theo-

rem 4.5 implies that i ( ~ a;

~

b ) � 1. So there is a homeomorphism repre-

sen ting W ( T

j

~a

; T

k

~

b

) whose supp ort is either a pair of ann uli or a torus

with one b oundary circle. On the con trary , � has no suc h represen ta-

tiv e (recall that

f

D

P

is \at least" a torus with t w o b oundary circles), so

� = 0, and W ( T

j

~a

; T

k

~

b

) = 1. The other direction is trivial.

�

Com bining Lemma 4.6 with Lemmas 4.2-4.4, w e ha v e, for j and k

nonzero:

Lemma 4.7. H

j

a

= H

k

b

, a = b and j = k .

Lemma 4.8. [ H

j

a

; H

k

b

] = 1 , i ( a; b ) = 0 .
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Lemma 4.9. Distinct half-twists H

a

and H

b

satisfy H

j

a

H

k

b

H

j

a

= H

k

b

H

j

a

H

k

b

if and only if a and b ar e adjac ent and j = k = � 1 .

F or this lemma, it su�ces to note that the condition of adjacency of

arcs in D

P

is equiv alen t to the lifts of the arcs ha ving in tersection

n um b er 1.

Remark. Lemmas 4.6 through 4.9 hold not only for B

n

= Z , but also

in the con texts of B

n

and Mo d( S ) for S a punctured sphere:

Br aid gr oups. If n � 4, t w o half-t wists satisfy a relation in B

n

if and

only if they satisfy the same relation in B

n

= Z .

Punctur e d spher es. If W ( H

a

; H

b

) is a w ord in the half-t wists ab out a

and b whic h represen ts the iden tit y in Mo d( S ), then w e can c ho ose a

puncture p whic h is not an end of a or b (if n � 5). Then, W ( H

a

; H

b

) is

also the iden tit y in the subgroup of Mo d( S ) consisting of maps whic h

�x p . But this subgroup is isomorphic to B

n � 1

= Z .

Remark. Lemma 4.9 is an algebraic c haracterization of geometric

in tersection n um b er 2 (for 2-curv es). Another approac h is to apply

a theorem of Hamidi-T ehrani and the second author whic h sa ys, in

the case of nondisjoin t curv es a and b in D

n

, that T

j

a

T

k

b

is equal to a

m ultit wist for j; k 6= 0 if and only if i ( a; b ) = 2 and j = k = � 1 [10 ]

[22 ].

5. B

n

= Z is co-Hopfian

In this section w e pro v e the �rst part of Main Theorem 1, namely , that

B

n

= Z is co-Hop�an. Throughout, w e assume n � 4.

5.1. Almost half-t wist preserving. Let � b e an injectiv e endomor-

phism of B

n

= Z . Our �rst goal is to sho w that � is almost half-t wist

preserving; that is, for eac h half-t wist, some p o w er of it is mapp ed to

a p o w er of a half-t wist.

The follo wing result of Iv ano v and McCarth y will b e used.

Theorem 5.1 (Iv ano v) . L et � < Mo d( S ) b e a �nite index sub gr oup

c onsisting of pur e elements. If f 2 � has c anonic al r e duction system

C , then

Z ( C

�

( f ))

�

=

Z

c + p
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wher e c is the numb er of curves in C and p is the numb er of pseudo-

A nosov c omp onents of f

C

.

This theorem is implicit in lecture notes of Iv ano v [14]. F or a more

recen t exp osition, refer to the pap er of Iv ano v and McCarth y [16].

Setup. F or the remainder of the section, � : B

n

= Z ! B

n

= Z is an

injection. W e also de�ne:

�

0

= P B

n

= Z and � = �

� 1

(�

0

) \ P B

n

= Z

Both of these subgroups consist en tirely of pure elemen ts of B

n

= Z b y

Theorem 3.2. Let k = [ B

n

= Z : �]!; note then g

k

2 � for all g 2 B

n

= Z .

Prop osition 5.2. The inje ction � : B

n

= Z ! B

n

= Z is almost half-twist

pr eserving.

Pr o of. Let a b e a 2-curv e in D

n

. Then f = H

k

a

is an elemen t of �, and

b elongs to a maximal rank free ab elian subgroup of B

n

= Z .

By Lemma 3.4 and Theorem 5.1, Z ( C

�

0

( � ( f ))) has rank at most 1.

According to Theorem 5.1, a canonical reduction system for � ( f ) has

c circles and p pseudo-Anoso v comp onen ts, where c + p � 1. If p =

1, then � ( f ) is pseudo-Anoso v, whic h con tradicts the fact that the

cen tralizer of f (and hence of � ( f )) con tains in�nite order elemen ts

whic h are not p o w ers of itself. W e can't ha v e c = p = 0, for then � ( f )

is a �nite order pure mapping class, and is hence the iden tit y .

Th us, c = 1 and p = 0. So there is non trivial simple closed curv e

a

0

in D

n

suc h that � ( f ) = T

k

0

a

0

for some k

0

. W e no w sho w that a

0

is

a 2-curv e. Consider a maximal collection of disjoin t 2-curv es in D

n

,

f a = a

1

; : : : ; a

b n= 2 c

g . The t wists f H

a

i

g de�ne a basis for a free ab elian

group of rank b n= 2 c , all of whose generators are conjugate in B

n

= Z . As

� is an injection, f � ( H

k

a

i

) g is a set of b n= 2 c t wists ab out disjoin t curv es

surrounding the same n um b er of punctures. Th us, all the curv es are

2-curv es.

�

Action on curv es. By the ab o v e prop osition and Lemma 4.7, � has

a w ell-de�ned action �

?

on 2-curv es de�ned b y:

� ( H

k

a

) = T

k

0

�

?

( a )
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5.2. Half-t wist preserving. W e no w pro v e that an y injectiv e endo-

morphism of B

n

= Z m ust b e half-t wist preserving, that is � ( H

a

) = H

� 1

a

0

for an y half-t wist H

a

.

Prop osition 5.3. The inje ction � is half-twist pr eserving.

Pr o of. Let a b e a 2-curv e in D

n

, and let �

?

( a ) = a

0

. By Prop osi-

tion 5.2, w e ha v e � ( H

k

a

) = T

k

0

a

0

. Since [ H

a

; H

k

a

] = 1 it follo ws that

[ � ( H

a

) ; � ( H

k

a

)] = [ � ( H

a

) ; T

k

0

a

0

] = 1, and so � ( H

a

)( a

0

) = a

0

(F act 3.1).

Let S

1

and S

2

b e the surfaces obtained b y cutting D

n

along the 2-curv e

a

0

. If S

1

is the t wice-punctured disk (the in terior of a

0

), then S

2

is an

ann ulus with n � 2 punctures.

Since � ( H

a

) �xes a

0

, there are w ell-de�ned reductions f

1

and f

2

of � ( H

a

)

to S

1

and S

2

. These reductions m ust b e �nite order mapping classes

since � ( H

a

)

k

= T

k

0

a

0

.

Since S

1

is a t wice-punctured disk, f

1

m ust b e a p o w er of a half-t wist.

T o sho w that f

2

is the iden tit y , w e consider a 2-curv e b disjoin t from a .

W e ha v e that �

?

( b ) = b

0

is a 2-curv e on S

2

. F urther, b y comm utativit y ,

� ( H

a

) (and hence f

2

) �xes b

0

. If S

0

2

is the complemen t of the in terior

of b

0

in S

2

, then w e see that f

2

restricted to S

0

2

is the iden tit y (apply

Theorem 2.2). It follo ws that f

2

is the iden tit y . Th us, w e ha v e: � ( H

a

) =

H

m

a

0

.

W e observ e that Lemma 4.7 implies that m = 2 k

0

=k .

Let b b e a 2-curv e whic h is adjacen t to a . Since H

b

is conjugate to H

a

,

it follo ws that � ( H

b

) = H

m

b

0

, and then:

H

m

a

0

H

m

b

0

H

m

a

0

= H

m

b

0

H

m

a

0

H

m

b

0

By Lemma 4.9, m = � 1, and w e are done.

�

5.3. Homeomorphism. In this section w e complete the last step in

the pro of of the �rst part of Main Theorem 1:

Prop osition 5.4. The inje ction � : B

n

= Z ! B

n

= Z is induc e d by a

home omorphism. In p articular, � is an automorphism.
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Pr o of. Let f a

1

; : : : ; a

n � 1

g b e a sequence of arcs in D

n

with the prop ert y

that a

i

is adjacen t to a

i +1

for 1 � i � n � 2 and the arcs are disjoin t

and do not share ends otherwise.

By Prop osition 5.3 and Lemmas 4.8 and 4.9, the arcs f �

?

( a

i

) g ha v e the

same prop erties. Since D

n

� f a

1

; : : : ; a

n � 1

g is a punctured disk, there

are exactly t w o mapping classes, sa y h

+

(orien tation preserving) and

h

�

(orien tation rev ersing), whose actions on the f a

i

g agree with that

of �

?

. Here w e are using the Alexander Lemma: the extended mapping

class group of a disk with �xed b oundary (and at most one puncture)

is Z

2

. Cho ose h to b e h

+

if � ( H

a

1

) is a p ositiv e half-t wist, and h = h

�

otherwise. Since half t wists ab out the a

i

generate B

n

= Z , it follo ws that

� is induced b y h .

�

6. Injections B

n

! B

n +1

Let � : B

n

! B

n +1

b e an injection. W e no w pro v e Main Theorem 2|

that � is geometric. By this w e mean that there is an em b edding

h : D

n

! D

n +1

suc h that

� ( H

a

) = H

� 1

h ( a )

T

s

A

z

t

where A = h ( @ D

n

), z generates the cen ter of B

n +1

, and s; t 2 Z . W e

assume n � 7 throughout.

6.1. Almost half-t wist preserving. The follo wing c hanges are made

to Section 5.1: �

0

is no w P B

n +1

, � = P B

n

\ �

� 1

(�

0

), and k = [ B

n

: �]!.

Theorem 5.1 is c hanged as follo ws: all ranks of cen ters of cen tralizers

increase b y 1 since P B

n

has in�nite cyclic cen ter (replace c + p with

c + p + 1).

No w, if f 2 � is a p o w er of a Dehn t wist, then Z ( C

�

0

( � ( f ))

�

=

Z

c + p +1

,

where 1 � c + p + 1 � 3 b y Lemma 3.4, Theorem 5.1, and the fact

B

n +1

has an in�nite cyclic cen ter. So in the curren t situation, there

are more p ossibilities for c and p .

F or the follo wing lemma, w e sa y that pure mapping classes ha v e over-

lapping pseudo-A nosov c omp onents if their reductions ha v e pseudo-

Anoso v comp onen ts whic h are not p o w ers of the same elemen t and

whose supp orts ha v e nonempt y in tersection. By w ork of Iv ano v [15 ],

w e ha v e:
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Lemma 6.1. Maps with overlapping pseudo-A nosov c omp onents do

not c ommute.

W e sa y that m ultit wists overlap if an y of the curv es in tersect.

Lemma 6.2. Overlapping multitwists do not c ommute.

The previous lemma follo ws from Lemma 3.3, the de�nition of canonical

reduction system, and the fact that the canonical reduction system for

a m ultit wist is the set of curv es in the m ultit wist (the last fact is due

to Birman, Lub otzky , and McCarth y [5]).

Prop osition 6.3. If f = H

k

a

2 � , then � ( f ) is the pr o duct of a multi-

twist (ab out at most two curves) and a c entr al element of B

n +1

.

Pr o of. As in Section 5.1, w e ha v e:

1 � c + p + 1 � 3

where c is the n um b er of comp onen ts in the canonical reduction system

for � ( f ), and p is the n um b er of its pseudo-Anoso v comp onen ts. Th us,

w e ha v e the follo wing p ossibilities for ( c; p ):

(0 ; 2) (0 ; 1) (0 ; 0) (1 ; 1) (2 ; 0) (1 ; 0)

The �rst p ossibilit y is absurd. The second and third p ossibilities are

ruled out for the same reasons as b efore. The goal is to sho w that only

the last t w o p ossibilities o ccur, so it remains to rule out the fourth.

Assume c = p = 1. Pic k a maximal collection of disjoin t 2-curv es f a =

a

1

; : : : ; a

b n= 2 c

g . The � ( H

k

a

i

) are all conjugate, so they eac h ha v e one

curv e a

0

i

in their canonical reduction system, and one pseudo-Anoso v

comp onen t. Since they all comm ute, the a

0

i

are disjoin t b y Lemma 3.3.

So the a

0

i

m ust all b e 2-curv es (using conjugacy). But the pseudo-

Anoso v pieces cannot b e in the in terior of the a

0

i

(there are no pseudo-

Anoso v maps), and they cannot b e in the exterior of the a

0

i

, b ecause

then they all o v erlap, violating Lemma 6.1.

�

Action on curv es. By Prop osition 6.3, there is a function:

�

?

: f 2-curv es g ! f m ulticurv es g

By multicurve , w e mean a collection of m utually disjoin t non trivial

curv es.
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W e note that since � is an injectiv e homomorphism, Lemma 6.2 im-

plies that �

?

preserv es disjoin tness and non-disjoin tness of collections of

curv es. W e are no w ready to sho w that injections are almost half-t wist

preserving in the sense of Section 5.1.

Prop osition 6.4. If f = H

k

a

2 � , then � ( f ) = H

k

0

a

0

H

s

A

z

t

for some ar c

a

0

and curve A , wher e H

s

A

z

t

is indep endent of a .

Pr o of. If �

?

( a ) is a single curv e a

0

, then � ( f ) = H

k

0

a

0

z

t

, for some t . By

conjugacy , A , s , and t are indep enden t of a ( s = 0). No w assume

�

?

( a ) = f a

0

; A g . By conjugacy then, ev ery half-t wist then maps to a

m ultit wist ab out t w o curv es (mo dulo cen tral elemen ts).

First, b y com bining Theorem 5.1 and Lemma 3.4, w e see that if i( a; b ) =

0 for 2-curv es a and b , then �

?

( a ) and �

?

( b ) m ust share a curv e, sa y

�

?

( b ) = f b

0

; A g .

No w w e sho w that if a , b , and c are m utually disjoin t 2-curv es, then

the m ulticurv es �

?

( a ), �

?

( b ), and �

?

( c ) share a common curv e (namely ,

A ). Supp ose not. Then �

?

( c ) = f a

0

; b

0

g . This con�guration con tradicts

the fact that there are elemen ts whic h comm ute with � ( H

k

a

) and � ( H

k

b

)

but not � ( H

k

c

) (apply F act 3.1).

No w w e w an t to sho w that if x is an y 2-curv e, w e ha v e �

?

( x ) = f x

0

; A g .

W e will see that this is implied b y the connectedness of the follo wing

graph, whic h w e call the ar c triple c omplex A

3

( D

n

):

V ertices. T riples of disjoin t 2-curv es (though t of as arcs)

Edges. Tw o triples whic h ha v e t w o curv es in common

As ab o v e, asso ciated to eac h v ertex v of A

3

( D

n

) is a unique curv e A

v

(the one common to the images under �

?

of the three arcs). If v is

connected to w b y an edge, w e see that A

w

= A

v

. Since A

3

( D

n

) is

connected for n � 7 (see Section 8), there is a unique curv e A so that

A 2 �

?

( x ) for all x .

As in Section 5.1, a

0

m ust b e a 2-curv e: an y maximal collection f a =

a

1

; : : : ; a

b n= 2 c

g of disjoin t 2-curv es m ust go to a set of b n= 2 c 2-curv es

(plus p ossibly A ), since the corresp onding ab elian subgroup with con-

jugate generators is preserv ed.

�
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6.2. Half-t wist preserving. W e no w sho w that � is half-t wist pre-

serving in the sense of Section 5.2.

Prop osition 6.5. If H

a

2 B

n

is a half-twist, then � ( H

a

) = H

� 1

a

0

H

s

A

z

t

for a 2-curve a

0

2 �

?

( a ) , wher e H

s

A

z

t

is indep endent of a .

Pr o of. Let H

a

b e a half-t wist. If �

?

( a ) is a single curv e (in this case

s = 0), then the argumen t in Section 5.2 applies. Th us, w e assume

�

?

( a ) = f a

0

; A g , where a

0

and A are as in Prop osition 6.4.

As in Section 5.2, w e see that � ( H

a

) �xes f a

0

; A g b y comm utativit y

(F act 3.1). If b is an y 2-curv e in D

n

disjoin t from a , w e ha v e �

?

( b ) =

f b

0

; A g , and it follo ws from the comm utativit y of H

a

and H

b

that � ( H

a

)

also �xes f b

0

; A g , and hence �xes a

0

and A individually .

Th us, w e can consider the reductions of � ( H

a

) to the surfaces obtained

b y cutting D

n +1

along a

0

and A . Let S

1

b e the in terior of a

0

, let S

2

b e the comp onen t con taining b

0

, and let S

3

b e the last comp onen t. By

conjugacy of H

a

and H

b

, w e ha v e that a

0

is a b oundary comp onen t of

S

2

. Again, these reductions are �nite order homeomorphisms f

i

.

As b efore, f

1

m ust b e a p o w er of a half-t wist. By comm utativit y , f

2

�xes b

0

. Since it also �xes a

0

and A , then as in Section 5.2 it is the

iden tit y .

Hence � ( H

a

) = H

m

a

0

f

a

H

s

A

z

t

, where f

a

is some mapping class supp orted

on S

3

.

F or an arc b adjacen t to the arc a , w e ha v e that H

a

and H

b

satisfy the

braid relation, and � ( H

b

) = H

m

b

0

f

b

H

s

A

z

t

. By considering the reductions

of � ( H

a

) and � ( H

b

) to the surface S

1

[ S

2

, w e ha v e:

H

m

a

0

H

m

b

0

H

m

a

0

= H

m

b

0

H

m

a

0

H

m

b

0

as elemen ts of Mo d( S

1

[ S

2

). Lemma 4.9 implies that m = � 1.

�

6.3. Em b edding. The follo wing is the last step of the pro of of Main

Theorem 2:

Prop osition 6.6. The inje ction � is induc e d by an emb e dding h :

D

n

! D

n +1

.
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Pr o of. Consider a c hain of arcs f a

1

; : : : ; a

n � 1

g connecting successiv e

punctures in D

n

. By Prop osition 6.5 and Lemmas 4.8 and 4.9, w e

ha v e that the f a

0

i

g (where �

?

( a

i

) = f a

0

i

g or f a

0

i

; A g ) is a similar c hain

of arcs connecting n of the punctures in D

n +1

. Cho ose an em b edding

h : D

n

! D

n +1

taking the �rst c hain to the second c hain, and taking

@ D

n

to the b oundary of a regular neigh b orho o d of the second c hain

(as in Section 5.3, there are t w o c hoices). First note that if A 2 �

?

( a

i

),

then A = h ( @ D

n

), for otherwise it w ould in tersect one of the a

0

i

or b e

isotopic to @ D

n +1

(it follo ws that eac h f

a

i

is trivial).

W e see that h induces � since � ( H

a

) = H

� 1

h ( a )

T

s

A

z

t

and the f H

a

i

g gen-

erate B

n

. Note that H

s

A

m ust actually b e a p o w er of a full Dehn t wist

since it comm utes with the images of the generators.

�

Remark. Using ideas of Chris Leininger, w e ha v e completed pro ofs

of Main Theorem 2 for n 2 f 4 ; 5 ; 6 g . F or n = 5 and n = 6, w e use the

connectedness of A

2

( D

n

); the k ey is to consider elemen ts of B

n

whic h

\realize" the edges of the complex. The case of n = 4 requires more

w ork, since A

2

( D

4

) is not connected (one can sho w that it has in�nitely

man y comp onen ts).

7. Mapping class gr oups of spheres

W e no w explain wh y the pro ofs of the main theorems also apply to the

case of mapping class groups of spheres (as p er Theorem 1.1).

Let S b e a sphere with n � 5 punctures. W e �rst note that B

n � 1

= Z

is a �nite-index subgroup of Mo d( S ) (the subgroup �xing one of the

punctures). Let S

0

b e either S or a sphere with n + 1 punctures.

T o get that an y injection � : Mo d( S ) ! Mo d( S

0

) is almost half-t wist

preserving, w e study �nite index subgroups � < Mo d( S ) and �

0

<

Mo d( S

0

), whic h are the same groups as in the braid case.

If S = S

0

, the pro ofs that � is half-t wist preserving and that � induced

b y a homeomorphism are the same as for the braid case.

F or S 6= S

0

and n � 7, w e m ust note that the arc k-tuple complex for

a sphere with n > 2 k punctures is connected. Then, as in the braid

case, w e �nd that � ( H

a

) = H

m

a

0

H

s

A

for an y half-t wist H

a

, where a

0

is
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a 2-curv e and H

s

A

is indep enden t of a . If b is adjacen t to a , then an

application of Lemma 4.9 yields that m = � 1, and if � ( H

b

) = H

m

b

0

H

s

A

,

that a

0

is adjacen t to b

0

. Also, an y c hain f a

i

g of n � 1 arcs in S gets

mapp ed to a c hain f a

0

i

g of n � 1 arcs in S

0

. Since A is disjoin t from

this c hain in S

0

, it follo ws that A is trivial, that is, � ( H

a

) = H

� 1

a

0

.

The elemen t ( H

a

1

� � � H

a

n � 2

)

n � 1

is trivial in Mo d( S ). But this gets

mapp ed to ( H

a

0

1

� � � H

a

0

n � 2

)

n � 1

, whic h is a non trivial t wist. This is a

con tradiction, so there are no injections Mo d( S ) ! Mo d( S

0

).

8. Ar c k-tuple complex

W e de�ne the follo wing complex A

k

( D

n

) for k � 2 and n � 2 k :

V ertices. k -tuples of disjoin t arcs in D

n

(all 2 k ends distinct)

Edges. P airs of k -tuples sharing a ( k � 1)-tuple

In Section 6, w e use the fact that the ar c triple c omplex ( k = 3) is

connected for n � 7. It is not hard to see that A

k

( D

n

) is not connected

for n = 2 k .

W e think of D

n

as a disk in R

2

with n p oin ts remo v ed along a line.

This allo ws us to sp eak of the closest puncture(s) to a giv en puncture.

A str aight ar c is a linear arc (whose ends are necessarily neigh b oring

punctures).

b

a

a'

p b pq b'

Figure 5. Left: a basic mo v e; Righ t: sh u�ing.

Basic mo v es. W e will mak e frequen t use of the follo wing mo v e whic h

reduces the in tersection b et w een a v ertex A and an arc b . Refer to the

left diagram in Figure 5. Supp ose p is an end of b , but not the end

of an y arc of A , and that a is the arc of A closest to p along b . The

replacemen t of a b y a

0

, obtained b y pushing a o� b , is an edge from A

to A

0

= ( A � f a g ) [ f a

0

g in A

k

( D

n

). W e call this a b asic move along b

at p .
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Theorem 8.1. A

k

( D

n

) is c onne cte d for n > 2 k .

Pr o of. Cho ose a base v ertex V of A

k

( D

n

), all of whose arcs are straigh t,

and let A b e an y other v ertex. Assuming A has at least one non-straigh t

arc, w e will sho w there is a path from A to a v ertex whic h has one more

straigh t arc than A . By induction, this implies that A is connected to

a v ertex consisting only of straigh t arcs, and it is clear that an y suc h

arc is connected to V .

Because n > 2 k , w e can c ho ose a puncture p whic h is not an end of

an y arc in A and whic h is closest to the set of ends of the non-straigh t

arcs of A ; let q b e one of these ends closest to p . P oten tially , there are

straigh t arcs of A b et w een p and q . W e sh u�e these straigh t arcs as

follo ws (refer to the righ t side of Figure 5):

Supp ose that b 2 A is the straigh t arc closest to p . Let b

0

b e the

straigh t arc joining p and the end of b whic h is closest to p . P erform

basic mo v es along b

0

at p un til the new arcs do not in tersect b

0

. No w

replace b with b

0

. The end of b furthest from p is not the end of an y arc

in the new v ertex and is closer to q than p . Rep eating this pro cess if

necessary , w e can assume that p neigh b ors the end q of a non-straigh t

arc, sa y a , of A .

Let c b e the straigh t arc joining p and q . P erform basic mo v es along c

at p un til the new arcs do not in tersect c . Replacing a with c completes

the inductiv e step.

�

9. Questions

The results of this pap er suggest a v ariet y of directions for further

study .

Question 1. Is every inje ction of B

n

into B

m

ge ometric?

In general, injections are more complicated than in our main theorems.

F or example, consider the follo wing t w o injections of B

n

in to B

2 n

:

� cabling: half t wists are sen t to elemen ts switc hing p airs of

punctures (see Figure 6)
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� doubling: half t wists are sen t to pro ducts of t w o half-t wists

(one in eac h \half " of D

2 n

)

h(a)

hi(Dn)

Figure 6. Generalized half-t wist, k = 2.

W e no w giv e a de�nition of ge ometric inje ction :

Let f h

i

g b e a �nite collection of em b eddings D

n

! D

m

with:

� h

i

( D

n

) are m utually disjoin t (p ossibly nested)

� for a giv en i , an y circle with a single puncture in its in terior

is sen t b y h

i

to a circle with k punctures in its in terior, where

k do es not dep end on the circle

Then, a strictly ge ometric injection is one de�ned as follo ws on gener-

ators:

� ( H

a

) = H

h ( a )

Here, a is an y 2-curv e and H

h ( a )

=

Q

H

h

i

( a )

. Note that in general h

i

( a )

is not a 2-curv e, but a 2 k -curv e ( k as ab o v e). In this case, H

h

i

( a )

is a

generalized half-t wist, as in Figure 6.

Note that b oth of the ab o v e examples of injections (cabling and dou-

bling) are strictly geometric in this sense.

Actually , a strictly geometric injection can b e augmen ted to an injec-

tion (still deserving of the name geometric) b y adding appropriately

de�ned \constan t terms", as in our main theorems. An example of a

constan t term is a pro duct of t wists ab out disjoin t curv es whic h are

themselv es disjoin t from the h

i

( D

n

).

Braiding braids. Nested em b eddings of disks giv e rise to ev en more

in teresting strictly geometric injections. F or instance, an injection of

B

n

in to B

n

2

is giv en b y including n copies of B

n

in to B

n

2

, and also

braiding the n copies.

F or an appropriate de�nition of geometric injection, w e ha v e:
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Question 2 (F arb{Margalit) . Is every inje ction of mapping class gr oups

ge ometric?

The co-Hop�an prop ert y has not b een established for certain related

groups:

Question 3. A r e A rtin gr oups mo dulo their c enters c o-Hop�an?

Question 4. A r e surfac e br aid gr oups c o-Hop�an?

Irmak, Iv ano v, and McCarth y ha v e recen tly sho wn that the automor-

phism group of a higher-gen us surface braid group is the extended

mapping class group of the corresp onding punctured surface [12 ].

Sup erinjectiv e maps of curv e complexes w ere in tro duced b y Irmak in

order to study injections of �nite-index subgroups of mapping class

groups (for higher gen us surfaces) [11].

Question 5. Is every sup erinje ctive map of the c omplex of curves of a

punctur e d spher e induc e d by a home omorphism of the spher e?

An a�rmativ e answ er to Question 5 w ould extend the results of this

pap er to �nite index subgroups, in particular pure braid groups. Along

the same lines, w e ha v e:

Question 6. What is the abstr act c ommensur ator of B

n

?
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