
LOCAL COMOLOGY, LOCAL DUALITY AND BASIC NOTIONS
OF TIGHT CLOSURE THEORY

Abstract. This lectures were given by Florian Enescu at the mini-cours e on
classical problems in commutative algebra held at Universi ty of Utah, June
2004. The references listed were used extensively in prepar ing these notes and
the author makes no claim of originality. Moreover, he encou rages the reader
to consult these references for more details and many more re sults that had to
be omitted due to time constraints.

This version has been typed and prepared by Bahman Engheta.

1. Injective modules, essential extensions, and local cohomo logy

Throughout, let R be a commutative Noetherian ring.

De�nition. An R-module I is called injective if given any R-module monomor-
phism f : N ! M , every homomorphismu : N ! I can be extended to a homo-
morphism g : M ! I , i.e. g f = u.
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Or equivalently, if the functor Hom( ; I ) is exact.

Example. Q and Q =Z are injective Z -modules.

De�nition. An R-module M is called divisible if for every m 2 M and M -regular
element r 2 R, there is an m0 2 M such that m = rm 0.

Exercise. An injective R-module is divisible. The converse holds ifR is a principal
ideal domain.

A note on existence: If R ! S is a ring homomorphism and I is an injective
R-module, then HomR (S; I ) is an injective S-module. [The S-module structure is
given by s � ' ( ) := ' (s ).] In particular, Hom

Z

(R; Q ) is an injective R-module
and any R-module can be embedded in an injectiveR-module.

De�nition. An injective map M h! N is called anessential extensionif one of the
following equivalent conditions holds:

a) h(M ) \ N 0 6= 0 8 0 6= N 0 � N:
b) 8 0 6= n 2 N 9 r 2 R such that 0 6= rn 2 h(M ):
c) 8 N

'
! Q, if ' � h is injective, then ' is injective.

1
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Example. 1) If R is a domain and Q(R) its fraction �eld, then R � Q(R) is
an essential extension.

2) Let M be a submodule ofN . By Zorn's lemma there is a maximal sub-
module N 0 � N containing M such that M � N 0 is an essential extension.

3) Let (R; m ; k) be a local ring and N an R-module such that every ele-
ment of N is annihilated by some power of the maximal ideal m . Let
Soc(N ) := Ann N ( m ) denote the socle ofN . Then Soc(N ) � N is an
essential extension. (See exercise below.)

Note: The socle of a moduleN over a local ring (R; m ; k) is a k-vector space.

Exercise. An R-module N is Artinian if and only if Soc( N ) is �nite dimensional
(as a k-vector space) and Soc(N ) � N is essential.

De�nition. If M � N is an essential extension such thatN has no proper essential
extension, then M � N is called amaximal essential extension.

Proposition. a) An R-module I is injective if and only if it has no proper
essential extension.

b) Let M be anR-module andI and injective R-module containing M . Then
any maximal essential extension ofM contained in I is a maximal essential
extension. In particular, it is injective and thus a direct summand of I .

c) If M � I and M � I 0 are two maximal essential extensions, then there is
an isomorphism I �= I 0 that �xes M .

De�nition. A maximal essential extension of anR-module M is called aninjective
hull of M , denoted ER (M ).

De�nition. Let M be anR-module. SetI � 1 := M and I 0 := ER (M ). Inductively
de�ne I n := ER (I n � 1

=im( I n � 2 ) ). Then the acyclic complex

I : 0 ! I 0 ! I 1 ! � � � ! I n ! � � �

is called aninjective resolution of M , where the maps are given by the composition

I n � 1 ! I n � 1
=im( I n � 2 ) ,! ER (I n � 1

=im( I n � 2 ) ):

Conversely, an acyclic complexI of injective R-modules is a minimal injective
resolution of M if

� M = ker( I 0 ! I 1),
� I 0 = ER (M ),
� I n = ER (im( I n � 1 ! I n )).

I -torsion: Given an ideal I � R and an R-module M , set � I (M ) :=
S

n (0 :M I n ).
Then � I ( ) de�nes a covariant functor and for a homomorphismf : M ! N , � I (f )
is given by the restriction f

�
�
� I (M ) .

Proposition. � I ( ) is a left exact functor.
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Proof. Let

0 ! L
f
! M

g
! N ! 0

be a short exact sequence. We want to show that

0 ! � I (L )
� I ( f )
�! � I (M )

� I (g)
�! � I (N )

is an exact sequence.

Exactness at � I (L ): � I (f ) is injective as it is the restriction of the injective map
f . Exactness at � I (M ): It is clear that im(� I (f )) � ker(� I (g)). Conversely, let
m 2 ker(� I (g)). Then m 2 ker(g) and therefore m = f (l ) for some l 2 L . It
remains to show that l 2 � I (L ). As m 2 � I (M ), we haveI k m = 0 for some integer
k. Then f (I k l ) = I k f (l ) = I k m = 0. As f is injective, I k l = 0 and l 2 � I (L ). �

Exercise. � I = � J if and only if
p

I =
p

J .

De�nition. The i -th local cohomology functorH i
I ( ) is de�ned as the right derived

functor of � I ( ).

More precisely, given anR-module M , let I be an injective resolution ofM :

I : 0 ! I 0 d0

! I 1 d1

! � � � ! I n dn

! � � �

Apply � I ( ) to I and obtain the complex:

� I ( I ) : 0 ! � I (I 0) ! � I (I 1) ! � � � ! � I (I n ) ! � � �

Then set H 0
I ( ) := � I ( ) and H i

I (M ) := ker(� I (di ))=im(� I (di � 1)) for i > 0. Note
that H i

I ( ) is a covariant functor.

Proposition. 1) If 0 ! L ! M ! N ! 0 is a short exact sequence, then we
have an induced long exact sequence

0 ! H 0
I (L ) ! H 0

I (M ) ! H 0
I (N ) !

H 1
I (L ) ! H 1

I (M ) ! H 1
I (N ) ! � � �

2) Given a commutative diagram with exact rows:

0 L M N 0

0 L 0 M 0 N 0 0

w w

u

w

u

w

u

w w w w

then we have the following commutative diagram with exact rows:

� � � H i
I (M ) H i

I (N ) H i +1
I (L ) � � �

� � � H i
I (M 0) H i

I (N 0) H i +1
I (L 0) � � �

w w

u

w

u

w

u

w w w w

3)
p

I =
p

J if and only if H i
I ( ) = H i

J ( ).



4LOCAL COMOLOGY, LOCAL DUALITY AND BASIC NOTIONS OF TIGHT CL OSURE THEORY

A note on localization: Let S � R be a multiplicatively closed set. Then
S� 1 � I (M ) = � S � 1 I (S� 1M ) and the same holds for the higher local cohomology
modules.

Clearly, if E is an injective R-module, then H i
I (E ) = 0 for i > 0.

2. Local cohomology

An alternate way of constructing the local cohomology modules: Consider the
module HomR (R=I n ; M ) �= (0 :M I n ). Now, if n > m, then one has a natural map
R=I n ! R=I m , forming an inverse system. Applying HomR ( ; M ), we get a direct
system of maps:

lim�! n HomR (R=I n ; M ) �=
[

n

(0 :M I n ) = � I (M ):

As one might guess (or hope), it is also the case that

lim�! n Ext i
R (R=I n ; M ) �= H i

I (M ):

This follows from the theory of negative strongly connectedfunctors { see [R].

De�nition. Let R; R0 be commutative rings. A sequence of covariant functors
f T i gi > 0 : R-modules! R0-modules is said to be negative (strongly) connected if

(i) Any short exact sequence 0! L ! M ! N ! 0 induces a long exact
sequence

0 ! T 0(L ) ! T 0(M ) ! T 0(N ) !

T 1(L ) ! T 1(M ) ! T 1(N ) ! � � �

(ii) For any commutative diagram with exact rows

0 L M N 0

0 L 0 M 0 N 0 0

w w

u

w

u

w

u

w w w w

there is a chain map between the long exact sequences given in(i).

Theorem. Let  0 : T 0 ! U0 be a natural equivalence, wheref T i gi > 0; f U i gi > 0 are
strongly connected. IfT i (I ) = U i (I ) = 0 for all i > 0 and injective modulesI , then
there is a natural equivalence of functors = f  i gi > 0 : f T i gi ! f U i gi .

The above theorem implies that lim�! n Ext i
R (R=I n ; M ) �= H i

I (M ).

Remark. i) One can replace the sequence off I n g by any decreasing sequence
of ideals f Jt g which are co�nal with f I n g, i.e. 8 t 9 n such that I n � Jt

and 8 n 9 t such that Jt � I n .
ii) Every element of H i

I (M ) is killed by some power ofI , as everym 2 H i
I (M )

is the image of some ExtiR (R=I n ; M ) which is killed by I n .
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iii) For any x 2 R, the homomorphism M �x�! M induces a homomorphism
H i

I (M ) �x�! H i
I (M ).

Proposition. Let M be a �nitely generated R-module and I � R an ideal. Then
IM = M () H i

I (M ) = 0 8 i . If IM 6= M , then minf i j H i
I (M ) 6= 0 g =

depthI (M ).

Proof. IM = M () I t M = M 8 t. So I t + Ann( M ) = R, as otherwise
I t + Ann( M ) � m for some m 2 max-Spec(R). Since I t + Ann( M ) annihilates
Ext i

R (R=I t ; M ), we have ExtiR (R=I t ; M ) = 0 and therefore H i
I (M ) = 0.

It su�ces to assume now that IM 6= M . Set d := depth I (M ) and let x1; : : : ; xd

be a maximalM -regular sequence inI . We show by induction ond that H i
I (M ) = 0

for i < d and H d
I (M ) 6= 0.

If d = 0, that is, if depth I (M ) = 0, then there is an 0 6= m 2 M killed by I .
So m 2 H 0

I (M ) 6= 0. Now let d > 1 and set x := x1. Consider the short exact
sequence

0 ! M �x! M ! M=xM ! 0

and the induced long exact sequence

� � � ! H i � 1
I (M=xM ) ! H i

I (M ) �x! H i
I (M ) ! � � �

If i < d , then H i � 1
I (M=xM ) = 0 by induction hypothesis and x is a nonzerodivisor

on H i
I (M ). As all elements of H i

I (M ) are killed by some power ofI , we conclude
that H i

I (M ) = 0.

It remains to show that H d
I (M ) 6= 0. This follows from the induction hypothesis

and the long exact sequence

� � �
�x
! H d� 1

I (M ) ! H d� 1
I (M=xM ) ! H d

I (M )
�x
! � � �

which yield 0 6= H d� 1
I (M=xM ) ,! H d

I (M ). �

The Koszul interpretation

Let K ; L be two complexes ofR-modules with di�erentials d0; d00, respectively.
De�ne the complex M := K 
 L via M k :=

L
i + j = k K i 
 L j with di�erential

d(ai 
 bj ) := d0ai 
 bj +( � 1)i ai 
 d00bj whereai 2 K i ; bj 2 L j . If K

(1) ; : : : ; K

(n ) aren
complexes, thenK

(1) 
� � �
 K

(n ) is de�ned inductively as ( K

(1) 
� � �
 K

(n � 1) ) 
 K

(n ) .

To any x 2 R one can associate a complexK � (x; R) : 0 ! R �x! R ! 0. Given a
sequencex = x1; : : : ; xn of elements inR, we de�ne the Koszul complexK � (x; R) :=N n

i =1 K � (x i ; R). For an R-module M we de�ne K � (x; M ) := K � (x; R) 
 M . In co-
homological notation we write K � (x; M ) = K � (x; R) 
 R M �= HomR (K � (x; R); M ):

Discussion: Letx 2 R and M an R-module. Consider the complex

M �x! M �x! M ! � � �
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and set N := ker( M ! M x ) and M 0 := M=N . Note that N = H 0
xR (M ). Then

lim � (M
�x
! M

�x
! M ! � � � ) �=

lim � (M 0 �x! M 0 �x! M 0 ! � � � ) =

lim � (M 0 � x � 1M 0 � � � � � x � t M 0 � � � � ) �= M 0
x

�= M x :

Notation: Whenever x = x1; : : : ; xn denotes a sequence of elements inR, we will
denote by x t the sequence of the individual powersx t

1; : : : ; x t
n

For x 2 R we have a chain map of complexesK � (x t ; R) ! K � (x t +1 ; R) via the
commutative diagram

K � (x t ; R) : 0 R R 0

K � (x t +1 ; R) : 0 R R 0

w w

�x t

u

id

w

u

�x

w w

�x t +1

w

(1)

By tensoring we get K � (x t ; M ) ! K � (x t +1 ; M ). Take the direct limit and de-
note the resulting complex by K � (x1 ; M ). We can look at H i (K � (x1 ; M )) =
lim�! t H i (K � (x t ; M )) for which we simply write H i (x1 ; M ).

Theorem. If I = ( x1; : : : ; xn ) and M is an R-module, then there is a canonical
isomorphism H i (x1 ; M ) �= H i

I (M ).

Observation: Say x = x1; : : : ; xn is an R-regular sequence. Then it is known
that K � (x t ; R) is a projective resolution of R=xt R. Apply Hom R ( ; M ) and note
that on the one hand K � (x t ; M ) gives H � (x t ; M ) while on the other hand we get
Ext �

R (R=xt ; M ). Now take the direct limit: H i (x1 ; M ) �= H i
I (M ).

The C�ech complex and a detailed look atK � (x1 ; M )

Let x 2 R. Then K 0(x1 ; R) = R and K 1(x1 ; R) = Rx . (Recall diagram (1).)
So K � (x1 ; R) =

N n
i =1 (0 ! R ! Rx i ! 0), that is,

K j (x1 ; R) =
M

jSj= j

Rx (S)

where S � f 1; : : : ; ng and x(S) =
Q

i 2 S
x i . Similarly, K j (x1 ; M ) =

L
jSj= j M x (S) .

The map Rx (S) ! Rx (T ) , where jT j = jSj + 1, is the zero map unlessS � T , in
which case it is the localization map times (� 1)a wherea is the number of elements
in S preceding the element inT n S.

Exercise. Let x; y; z 2 R. Write down the maps in

0 ! R ! Rx � Ry � Rz ! Rxy � Ryz � Rzx ! Rxyz ! 0:

Corollary. If I � R is an ideal which can be generated byn elements up to radical,
then H i

I (R) = 0 for i > n .

Remark. The modules occurring inK � (x1 ; R) are 
at.
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3. Properties of local cohomology

Proposition. 1) Let R ! S be a ring homomorphism of Noetherian rings,I
an ideal of R, and M an S-module. Then H i

I (M ) �= H i
IS (M ) as S-modules.

2) Let � be a directed set andf M � g� 2 � a direct system ofR-modules. Then
lim�! � H i

I (M � ) �= H i
I (lim�! � M � ).

3) Is S is 
at over R, then H i
I (M ) 
 R S = H i

IS (M 
 R S).
4) If m � R is a maximal ideal, then H i

m

(M ) �= H i
m R

m

(M
m

).
5) If (R; m ) is local, then H i

m

(M ) �= H i
m R̂

(R̂ 
 R M ) which is isomorphic to

H i
m R̂

(M̂ ) if M is �nitely generated.

Proposition. Let I � R be an ideal which, up to radical, is generated by a regular
sequence of lengthn. Then H i

I (M ) �= Torn � i (M; H n
I (R)) for i 6 n.

Proof. If i < depthI (R) = n, then H i
I (R) = 0. Therefore K � (x1 ; R) gives a 
at

resolution of H n
I (R), numbered backwards:

� � � ! K n � 1 ! K n ! H n
I (R) = K n =im(dn � 1) ! 0:

On the one hand TorRn � i (M; H n
I (R)) = H i (K � (x1 ; R) 
 R M ) by de�nition of Tor.

On the other hand, by the preceding theorem,H i (K � (x1 ; R) 
 R M ) �= H i
I (M ). �

Corollary. Let (R; m ; k) be a Cohen-Macaulay local ring of dimensionn. Then
H i

m

(M ) �= TorR
n � i (M; H n

m

(R)) .

Proof. The maximal ideal m is the radical of an ideal generated by a(ny) regular
sequence of lengthn. �

Grothendieck's Theorems

1. Vanishing Theorem: Let I � R be an ideal and M an R-module. Then
H i

I (M ) = 0 for i > dim(R).

2. Non-Vanishing Theorem: Let (R; m ; k) be a local ring and M a �nitely
generatedR-module. Then H n

m

(M ) 6= 0 for n = dim( M ).

Proof of 1. We may assume thatR is local with maximal ideal m . Further, as M
is the direct limit of its �nitely generated submodules, we may also assume thatM
is �nitely generated. Set S := R=Ann(M ) so that n := dim( M ) = dim( S). The
maximal ideal of S is generated byn elements up to radical, soH i

m S (M ) = 0 for
i > n .

We want to show that H i
I (M ) = 0 for i > dim(M ). By induction, we assume

the theorem is true for all �nitely generated modules of dimension less thann. We
leave the casen = 0 as an exercise and assumen > 0.

Note that if a module is I -torsion, then all its higher local cohomology modules
vanish. So, as �I (M ) is I -torsion, without loss of generality � I (M ) 6= M . Also,
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the long exact sequence induced by

0 ! � I (M ) ! M ! M =� I (M ) ! 0

yields that H i
I (M ) �= H i

I (M=� I (M )) for all i > 0. Hence, by passing toM=� I (M ),
we may assume thatM 6= 0 is I -torsionfree. It follows that I contains anM -regular
element r . (Otherwise I is contained in the union of the associated primes ofM ,
and by prime avoidanceI is contained in one of those primes which is of the form
(0 :R m) for some 06= m 2 M . That is Im = 0 | a contradiction.)

Let i > n and let t be an integer. Consider the short exact sequence

0 ! M � r t

! M ! M =r t M ! 0

and the induced long exact sequence

� � � ! H i � 1
I (M=r t M ) ! H i

I (M ) � r t

! H i
I (M ) ! � � �

Since dim(M=r t M ) < dim(M ), H i � 1
I (M=r t M ) = 0 by induction hypothesis and r t

is a nonzerodivisor onH i
I (M ). But any element of H i

I (M ) is killed by a power of
I . As r 2 I , that implies H i

I (M ) = 0. �

Remark. If dim( R) = n and M is an R-module, then H n
I (M ) �= M 
 R H n

I (R).
This follows from the fact that H n

m

(� ) is a right exact functor, a consequence of
Grothedieck's Vanishing Theorem

4. Local duality

Let (R; m ; k) be a local ring and E = ER (k) the injective hull of k and let
� R ( ) := Hom R ( ; E ) denote the Matlis duality functor. Assume R is the homo-
morphic image of a Gorenstein local ringR0 of dimensionn0. Then for all i and for
all �nitely generated R-modulesM one has

H i
m

(M ) �= HomR (Ext n 0� i
R 0 (M; R 0); E )

= � R (Ext n 0� i
R 0 (M; R 0)) :

In particular, if R is Gorenstein, settingR0 = M = R and i = n yields H n
m

(R) �= E .

The Cohen-Macaulay case

Let (R; m ; k) be a Cohen-Macaulay local ring of dimensionn. Recall that the type
of M is de�ned as dimk Soc(M=xM ) = dim k HomR (k; M=x M ) = dim k Ext n

R (k; M )
where x is a system of parameters forM . The type of M is independent of the
choice of the system of parameters chosen forM .

De�nition. A canonical module for R, denoted here by! R , is a maximal Cohen-
Macaulay module of type 1.

Proposition. � A ring admits a canonical module if and only if it is the
homomorphic image of a Gorenstein local ring.

� Any two canonical modules are (non-canonically) isomorphic.
� EndR (! R ) �= R.
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Theorem. Let R be a Cohen-Macaulay local ring of dimensionn which is the
homomorphic image of a Gorenstein local ringR0 of dimension n0. Then ! R

�=
Ext n 0� n

R 0 (R; R0). In particular, if R is Gorenstein, then ! R
�= R.

In general, if R is a domain, then rank(! R ) = 1 and ! R can be embedded inR
as an idealJ such that ht( J ) = 1 or J = R.

Theorem. Let R be a Cohen-Macaulay local ring which admits a canonical module
! R . Then for all i and for all �nitely generated R-modulesM one has

H n � i
m

(M ) �= � R (Ext i
R (M; ! R )) :

Proof. First case is i = 0. In this case we use the local duality theorem stated for
images of Gorenstein rings:

Let R0 Gorenstein surjects onR. Using the notations introduced above

H n � i
m

(M ) �= HomR (Ext n 0� n + i
R (M; R 0); E ):

Now take M = R, i = 0 and see that we get

H n
m

(M ) �= HomR (Ext n 0� n
R (R; R0); E ) = Hom R (! R ; E ):

But, H n
m

(� ) �= � 
 R H n
m

(R) �= � 
 R HomR (! R ; E ).

We can then apply the following canonical isomorphism:

M 
 HomR (I; J ) �= HomR (HomR (M; I ); J );

where M is �nitely generated and J is injective over R. Use this for M , I = ! R

and J = E and therefore obtain the casei = 0

The casei > 0 follows through from homological algebra considerationsby in-
terpreting both sides as positively strongly connected functors on the category of
�nitely generated R-modules.

�

Lemma. Let (R; m ; k) be a local ring of dimensionn and I an ideal of R. Then I
is generated byn elements up to radical.

Proof. Set A0 := f P 2 Min( R) j P 6� I g. By prime avoidance, I 6�
S

P 2 A 0
P. Let

x1 2 I such that x1 =2 P for any P 2 A0. Assume we have a sequence of elements
x1; : : : ; xk 2 I such that all primes of height 6 k � 1 that contain ( x1; : : : ; xk ) also
contain I .

If P is a prime of height at most k containing (x1; : : : ; xk ), but not containing I ,
then P is minimal over (x1; : : : ; xk ). If not, then there is a prime Q ( P minimal
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over (x1; : : : ; xk ). As ht( P) 6 k, we must have ht(Q) 6 k � 1. Then, by the above
assumption, Q contains I and therefore so doesP. That is,

Ak := f P 2 Spec(R) j ht( P) 6 k; P � (x1; : : : ; xk ); P 6� I g � Min( x1; : : : ; xk )

and therefore Ak is a �nite set of primes. So we can choosexk+1 2 I such that
xk+1 =2 P for any P 2 Ak . This process has to terminate atk = n with An = ?

and
p

(x1; : : : ; xn ) =
p

I . �

Remark. This lemma allows us to give an alternate proof of the Vanishing Theorem
of Grothendieck:

Up to radical I is generated byn elements. So, we can assume that we are in the
case whereI is generated by exactlyn elements. Using the Koszul interpretation of
the local cohomology we can see now that ifi > n , the Koszul cocomplex is trivial
and hence all local cohomology modulesH i

I (M ) must vanish.

5. Basic notions of tight closure theory

Let R be a Noetherian ring of characteristicp and let q denote a power ofp,
i.e. q = pe for some integere. We use the notation R� for the complement of
the minimal primes of R, i.e. R� := R n

S
P 2 Min( R ) P. For an ideal I � R, we

denote by I [q] the ideal (r q j r 2 I ). It is easily seen that if I = ( r1; : : : ; rn ), then
I [q] = ( r q

1; : : : ; r q
n ).

Let F : R ! R denote the Frobenius homomorphism sendingr 7! r p and denote
by F e : R ! R its e-th iteration sending r 7! r q. This gives R a new R-algebra
structure which we denote by R(e) . One can think of R(e) as a right R-algebra.

De�nition. The tight closure of an idealI � R, written I � , is the set of all elements
x 2 R for which 9 c 2 R� such that cxq 2 I [q] for q >> 0.

Some basic properties:I � is an ideal which itself is tightly closed, i.e. (I � )� = I � .
Furthermore, the following inclusions hold: I � I � � �I �

p
I . ( �I denotes the

integral closure of I which will be de�ned later in the text.)

Some motivation for the notion of tight closure:

� It captures the essence of some arguments that appear in the proofs of some
homological conjectures and delivers it in a uni�ed way.

� It naturally leads to new classes of rings in characteristicp > 0 (or in character-
istic 0) that are important, for instance, in view of biratio nal geometry: F -regular,
F -rational, F -pure, F -injective.

De�nition. A Noetherian ring R is said to be weakly F -regular if every ideal of
R is tightly closed. If for every multiplicatively closed set W , the ring W � 1R is
weakly F -regular, then R is said to beF -regular.

Proposition. 1. If I � J , then I � � J � .
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2. The intersection of tightly closed ideals is again tightly closed:
I � = I �

� =) (
T

� I � )� =
T

� I � .
3. (I \ J ) � � I � \ J � .
4. (I + J ) � = ( I � + J � )�

Furthermore, 0� =
p

0 and I � = � � 1 [(IR red )� ] where � is the natural projection
� : R ! Rred = R=

p
0. Also, if I is tightly closed, then the quotient I : J is as

well, for all ideals J .

Proposition. 1. If R is reduced, or if ht( I ) > 0, then x 2 I � i� 9 c 2 R�

such that cxq 2 I [q] 8 q.
2. x 2 I � i� �x 2

�
I + P=P

� �
8 P 2 Min( R).

Proof of 1. Let ht( I ) > 0. We haveI � � (x j x 2 I � \ R� ) [
S

P 2 Min P. As I 6� P
for any minimal prime P, prime avoidance yields that I � = ( x j x 2 I � \ R� ).

We can assume thatx 2 I � \ R� . So 9 c 2 R� such that cxq 2 I [q] 8q > q0. Set
c0 := cxq0 , that is, c0xq = cxq0 + q. If q > q0, then c0xq 2 I [q]. And if q < q0, then
cxq0 + q 2 I [q0 ] � I [q].

If R is reduced, then setS := ( R� )� 1R =
Q n

i =1 K i where K i are �elds. So IS
is generated by an idempotent andIS = I [q]S 8 q. We have x 2 I � , so 9 c 2 R�

such that cxq 2 I [q] 8q > q0. Mapping this element to S we getxq 2 I [q]S 8 q > q0.
As S is a product of �elds, F e is 
at. So x 2 IS = I [q]S and for every q there
exists a cq 2 R� such that cqx 2 I [q]. Setting c0 := c �

Q
q0<q 0

cq0 we get c0xq =
c �

Q
q0<q 0

cq0 xq 2 I [q] 8 q. �

Theorem. If R is regular, then I = I � for all ideals I � R. In particular, R is
F -regular.

Proof. Note that since R is regular, F is 
at. Assume I 6= I � for someI and let
x 2 I � n I . Note that ( I : x) 6= R, so (I : x) � m 2 max-Spec(R). After localizing
at m we may assume thatR is local. There exists ac 2 R� such that cxq 2 I [q] 8 q.

But then c 2
T

q(I [q] : xq) 
atness=
T

q(I : x)[q] �
T

q m

q = 0 | a contradiction. �

If R ! S is 
at, I � R is an ideal, andx 2 R, then (I :R x)S = ( IS :S x). To
see this, consider the following short exact sequence

0 ! R=I :x
�x! R=I ! R=( I;x )R ! 0;

and tensor it with S:

0 ! S=( I :x )S
�x! S=IS ! S=( I;x )S ! 0:

Apply the above to R F e

! R, i.e. S = R via F e. Then (I :R x)S = ( I :R x)[q]R
and

(IS :S x) = f c 2 S j x � c 2 IS g

= f c 2 R j cxq 2 I [q]g = I [q] :R xq:
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Some additional properties of tight closure and its connections to integral closure:

De�nition. An element x 2 R is said to be in the integral closure of an ideal
I � R, written x 2 �I , if 9 ai 2 I n � i such that xn + an � 1xn � 1 + � � � + a0 = 0.

In terms of valuations, an elementx is in the integral closure of an idealI if and
only if h(x) 2 IV for all homomorphismsh : R ! V whereV is a DVR and ker(h)
is contained in a minimal prime of R. Yet another characterization: x 2 �I if and
only if 9 c 2 R� such that cxn 2 I n for n >> 0. In particular, I � � �I .

Theorem (Brian�con-Skoda). Let R be a Noetherian ring of characteristic p and
I � R an n-generated ideal. ThenI n � I � . In particular, of R is regular, then
I n � I .

Proof. If x 2 I n , then there exists ac 2 R� such that cxm 2 I mn for all m >> 0.
Say I = ( x1; : : : ; xn ). Then an element in I mn is a sum of termsxa1

1 � � � xan
n whereP n

i =1 ai > mn and so at least oneai > m. Now if m = q, then cxq 2 I [q] and
x 2 I � . �

Example. Let R = k [[x;y;z ]]=(x 3 + y 3 + z3 ) where k is a �eld of characteristic p 6= 3 and
let I be the ideal generated by the system of parameters (y; z). Claim: x2 2 I � .

If I 6= I � , then I � =I \ Soc(R=I ) 6= 0. Note that Soc(R=I ) = Soc(k[[x]]=(x3)) is
generated byx2. We want to �nd an element c 2 R� such that cx2q 2 (y; z)[q] for
all q >> 0. In the following we show that c can be taken to bex2. As p 6= 3, the
remainder of 2q modulo 3 is either 1 or 2. Write 2q = 3 k+ i with i = 1 or 2. Adding
2 to both sides we can write 2q + 2 = 3 k + 3 + � with � = 0 or 1. So we have

x2x2q = x � x3k+3

= x � (x3)k+1 = x � (� y3 � z3)k+1 :

After expansion of the last term, a general monomial will contain the factor y3i z3j

with i + j = k + 1. If 3 i 6 q � 1 and 3j 6 q � 1, then 3(k + 1) 6 2q � 2 | a
contradiction to the fact that 2 q � 2 6 3k. So x � (� y3 � z3)k+1 � (yq; zq)R. X

We observe that in the above examplex 2 �I . Namely, y3 + z3 2 I 3 and x satis�es
the integral dependency relationx3 + ( y3 + z3) = 0 (in R). By the same token, it
is easily seen thatx2 2 I 2. Indeed, (x2)3 � (y3 + z3)2 = 0 and (y3 + z3)2 2 (I 3)2 =
(I 2)3. So, asI is 2-generated, the Brian�con-Skoda Theorem deliversx2 2 I 2 � I � .

Contractions: If R � S is a module �nite extension of domains, then for an ideal
I � R, (IS ) � \ R � I � . In particular, IS \ R � I � .

Persistence:Let R
�
! S be a homomorphism of Noetherian rings,I � R an ideal,

and x 2 I � . If R is a localization of a �nitely generated algebra over an excellent
ring, or Rred = R=

p
R is F -�nite (i.e. F : Rred ! Rred is �nite), then � (x) 2 (IS ) � .

Recall that elements x1; : : : ; x t of a Noetherian ring R are called parameters if
they are part of a system of parameters inRP for any prime P � (x1; : : : ; x t ).
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Exercise. x1; : : : ; x t are parameters if and only if ht(x1; : : : ; x t ) = t or 1 .

Colon-Capturing:

Theorem. Let (R; m ) be a local equidimensional ring which is the homomorphic
image of a Cohen-Macaulay local ring. Then

(a) (x1; : : : ; x t � 1) : x t � (x1; : : : ; x t � 1)�

(b) ( xn
1 ; : : : ; xn

t ) : (x1 � � � x t )n � 1 � (x1; : : : ; x t )�

Theorem (Monomial Conjecture). Let (R; m ) be a local ring containing a �eld.
Let x1; : : : ; xd be a system of parameters inR. Then (x1 � � � xd)n � 1 =2 (xn

1 ; : : : ; xn
d )

for all n.

Sketch of proof. First reduce to the case whereR is complete. Then, by part (b)
of the previous theorem, 12 (x1; : : : ; xd)� . Write this out explicitly to obtain a
contradiction. �

Let us look at the Frobenius action the highest local cohomology of R. Let
x1; : : : ; xd be a system of parameters forR. We can compute theH n

m (R) as the
direct limit of R=(xq

1; : : : ; xq
d0 where the transition maps are given by multplication

by (x1 � � � xd)q� 1.

Hence, each element ofH n
m

(R) can be seen as the class� = [ a + ( xq
1; : : : ; xq

d)].
The Frobenius action is then simply F (� ) = [ ap + xqp

1 ; : : : ; xqp
d )]:

Using local cohomology, one can show that the monomial conjecture holds in
general if and only if the image of 1 under the composition

R ! R=(x1; : : : ; xd) ! H d
m

(R)

is non-zero. However, in characteristicp > 0, any element of the local cohomology
module is a multiple of a Frobenius iteration of this element:

indeed, � = [ a + ( xq
1; : : : ; xq

d)] = a[1 + ( xq
1; : : : ; xq

d)] = aF e([1 + ( xq
1; : : : ; xq

d)]).

So, in characteristic p, the monomial conjecture is equivalent toH d
m

(R) 6= 0.
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