LOCAL COMOLOGY, LOCAL DUALITY AND BASIC NOTIONS
OF TIGHT CLOSURE THEORY

Abstract. This lectures were given by Florian Enescu at the mini-cours e on
classical problems in commutative algebra held at Universi ty of Utah, June
2004. The references listed were used extensively in prepar ing these notes and
the author makes no claim of originality. Moreover, he encou rages the reader
to consult these references for more details and many more re sults that had to
be omitted due to time constraints.

This version has been typed and prepared by Bahman Engheta.

1. Injective modules, essential extensions, and local cohomo logy

Throughout, let R be a commutative Noetherian ring.

De nition.  An R-module | is called injective if given any R-module monomor-
phismf : N ! M, every homomorphismu : N ! | can be extended to a homo-
morphismg: M ! [,ie. gf = u.
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Or equivalently, if the functor Hom( _;1) is exact.
Example. and = are injective -modules.

De nition.  An R-module M is called divisible if for every m 2 M and M -regular
elementr 2 R, there is anm®2 M such that m = rm?®

Exercise. An injective R-module is divisible. The converse holds iR is a principal
ideal domain.

A note on existence: IfR ! S is a ring homomorphism and!| is an injective
R-module, then Homg (S; 1) is an injective S-module. [The S-module structure is
given by s ' () = ' (s_).] In particular, Hom (R; ) is an injective R-module
and any R-module can be embedded in an injectiveR-module.

De nition.  An injective map M " N is called anessential extensionif one of the
following equivalent conditions holds:

a) h(M)\ N°60 806 N° N:
b) 806 n2N 9r2R suchthat 08 rn 2 h(M):
c) 8N ! Q,if' hisinjective, then"' is injective.
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Example. 1) If R is a domain and Q(R) its fraction eld, then R Q(R) is

an essential extension.

2) Let M be a submodule ofN. By Zorn's lemma there is a maximal sub-
module N® N containing M such that M N?is an essential extension.

3) Let (R; ;k) be a local ring and N an R-module such that every ele-
ment of N is annihilated by some power of the maximal ideal . Let
Soc(N) := Ann y ( ) denote the socle ofN. Then Soc(N) N is an
essential extension. (See exercise below.)

Note: The socle of a moduleN over a local ring (R; ;Kk) is a k-vector space.

Exercise. An R-module N is Artinian if and only if Soc(N) is nite dimensional
(as ak-vector space) and Sod{l) N is essential.

Denition. If M N is an essential extension such thaN has no proper essential
extension, thenM N is called amaximal essential extension

Proposition. a) An R-module | is injective if and only if it has no proper
essential extension.

b) Let M be anR-module andl and injective R-module containing M . Then
any maximal essential extension oM contained in | is a maximal essential
extension. In particular, it is injective and thus a direct summand of | .

c)IfM 1 andM 1%are two maximal essential extensions, then there is
an isomorphism| = 1%that xes M.

De nition. A maximal essential extension of anR-module M is called aninjective
hull of M, denoted Er (M ).

De nition.  Let M be anR-module. Setl *:= M and|°:= Eg(M). Inductively
dene I" := Eg("" 1-_rm(|n 2y). Then the acyclic complex

or 1% 1t 1M

is called aninjective resolution of M, where the maps are given by the composition

no1 n o1
" ! ! ! TFm(1n 2) ] ER(l Fm(1n 2))Z

Conversely, an acyclic complex of injective R-modules is a minimal injective
resolution of M if

M =ker(1°1 1),
19=Er(M),
In = Eq(im(1™ 11 IM)).

S
| -torsion: Given anideall R and anR-moduleM,set ((M):= (0w I").
Then | () de nes a covariant functor and for a homomorphismf : M ! N, (f)

is given by the restriction f M)

Proposition. 1 (L) is a left exact functor.
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Proof. Let
or LY MINT O
be a short exact sequence. We want to show that

or Ly 1 ® (9)

is an exact sequence.

(M) ! 1 (N)

Exactness at | (L): | (f)is injective as it is the restriction of the injective map
f. Exactness at |(M): Itis clear that im( | (f)) ker( ,(g)). Conversely, let
m 2 ker( ;(g)). Then m 2 ker(g) and therefore m = f(l) for somel 2 L. It
remains to show thatl 2 | (L). Asm2 (M), we havel km = 0 for some integer
k. Then f (IXI)= 1¥f (I) = 1Xm = 0. As f is injective, IKl=0and | 2 |(L).

Exercise. | = ; if and only if p|_= pj.

De nition.  The i-th local cohomology functorH| (_) is de ned as the right derived
functor of | ().

More precisely, given anR-module M , let be an injective resolution of M :

or 10f ) 1f g f
Apply () to and obtain the complex:
() ol (19 ah (1)

ThensetH?(_):= () and H/(M) :=ker( (d"))=im( |(d" %)) fori> 0. Note
that H/(_) is a covariant functor.

Proposition. ol LY M! N! Oisa short exact sequence, then we
have an induced long exact sequence

0! HP(L)! HP(M)! HXN)!
HiL)! HIM)! HYN)!
2) Given a commutative diagram with exact rows:

0 L M N 0

0 L® MO N© 0
then we have the following commutative diagram with exact ves:

Hi (M) Hi(N) —— H/"™ (L) ——

Hi(MY —— H{(N) —— H/" (L) ——

3) P7="7 irand only if Hi(D) = H; Q).
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A note on localization: Let S R be a multiplicatively closed set. Then
S (M)= g5 (S ™M) and the same holds for the higher local cohomology
modules.

Clearly, if E is an injective R-module, then H| (E) = 0 for i> 0.

2. Local cohomology

An alternate way of constructing the local cohomology modués: Consider the
module Homg (R=I";M) = (0 :y I"). Now, if n m, then one has a natural map
R=I"! R=I™, forming an inverse system. Applying Hormk (_; M), we get a direct
system of maps:

fimn HomR(R:I”;M):[ O:mIM= [(M):

As one might guess (or hope), it is also the case that
limn Extz (R=1";M) = H{(M):
This follows from the theory of negative strongly connectedfunctors { see [R].

De nition.  Let R; R? be commutative rings. A sequence of covariant functors
fT'g o: R-modules! R%modules is said to be negative (strongly) connected if

(i) Any short exact sequence 0! L ! M ! N ! 0 induces a long exact
sequence

o ToL)! TOM)! TON)!
THL) ! THM) ! THN)!
(i) For any commutative diagram with exact rows

0 L M N 0

0 LO MO N© 0
there is a chain map between the long exact sequences given (i).

Theorem. Let °:T°! UQ be a natural equivalence, wheréTig o;fU'g o are
strongly connected. IfT'(1)= U'(1) =0 for all i > 0 and injective modulesl, then
there is a natural equivalence of functors = f 'g o:fT'g !f U'g.

The above theorem implies that,lim, ExtiR(R=I M) = HI(M).

Remark. i) One can replace the sequence dfl "g by any decreasing sequence
of ideals fJ;g which are co nal with fl"g, i.e. 8t 9n such that I" J;
and 8n 9t such that J; |".

i) Every element of H/ (M) is killed by some power ofl , as everym 2 H| (M)
is the image of some Ex (R=1"; M) which is killed by I ™.
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i) For any x 2 R, the homomorphismM !* M induces a homomorphism
Hi(M) 1™ H(M).

Proposition. Let M be a nitely generated R-module andl R an ideal. Then
M =M H/(M)=0 8i. If IM 6 M, then minfi j H/(M) 6 0g =
depth, (M).

Proof. IM = M | I'M = M 8t. Sol'+Ann(M) = R, as otherwise
1"+ Ann( M) for some 2 max-SpecR). Since |’ + Ann( M) annihilates
Extg (R=1';M), we have Extz (R=I';M) =0 and therefore H; (M) = 0.

be a maximalM -regular sequence irl . We show by induction ond that H! (M) =0
fori<d andHZ(M) 6 0.

If d =0, that is, if depth (M) = 0, then there isan 06 m 2 M killed by I.
Som 2 H(M) 6 0. Now let d 1 and setx := x;. Consider the short exact
sequence

0! MI"M! M=xM ! 0
and the induced long exact sequence
L H] Y(M=xM ) ! HI(M) ! H/(M)!

If i<d, then H|i M=xM ) =0 by induction hypothesis and x is a nonzerodivisor
onH{(M). As all elements ofH| (M) are killed by some power ofl , we conclude
that H{ (M) =0.

It remains to show that H4(M ) 6 0. This follows from the induction hypothesis
and the long exact sequence

PHS M) HE Y(M=xM ) T HA(M) 1
which yield 06 H! *(M=xM ) ! HZM).

The Koszul interpretation

Let ; be two complexes ofR-modules with dierentials d°d% respectively.
De ne the complex = via k= oy j with dierential
da B):=d% [+( 1L'a d*Y wherea 2 Ki; g 2L;.If Dy (M aren
complexes, then @) (") is de ned inductively as ( @ (m Dy (),

To any x 2 R one can associate a compleK (x;R): 0! R!* R! 0. Givena
REJUENCE& = X1;:11;Xp of elements inR, we de ne the Koszul complexK (x;R) :=
inzl K (xi;R). Foran R-moduleM we deneK (x;M):= K (x;R) M. Inco-
homological notation we write K (x;M)= K (x;R) rM = Homr(K (Xx;R);M):

Discussion: Letx 2 R and M an R-module. Consider the complex

MMM
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and setN :=ker(M ! My) and M%:= M=N. Note that N = H% (M). Then

lim(M M 1* M ! ) =
lim(M 1 M%1* MOt )=
imM©° x Im©° x MO )= MO = My:
Notation: Whenever x = x1;:::; Xy denotes a sequence of elements R, we will
denote by x' the sequence of the individual powers<};:::;x},

For x 2 R we have a chain map of complexe& (x!;R)! K (x'*!;R) via the
commutative diagram

K x:R): 0 R 2R 0
x 1)

K (x**;R): 0 R ~—R 0

id

By tensoring we getK (x';M) ! K (x'*';M). Take the direct limit and de-
note the resulting complex by K (x* ;M). We can look at H'(K (xt ;M) =
lim¢ H' (K (x';M)) for which we simply write H'(x ; M).

that K (x!;R) is a projective resolution of R=x'R. Apply Homg(_;M) and note
that on the one hand K (x';M) givesH (x'; M) while on the other hand we get
Extg (R=x';M). Now take the direct limit: H'(x! ;M) = H/(M).

The Gech complex and a detailed look atK (x! ;M)

Let x 2 R. Thgn K°(x' ;R) = R and K*(x* ;R) = Rx. (Recall diagram (1).)
SoK (x!;R)= L, (0! R! Ry ! 0), thatis,
. M
KI(x' ;R) = Ry (s)

g L
whereS f 1;:::;ng and x(S) = xi. Similarly, KI(x' ;M) = " g2 My(s)-

i2s
The map Rysy ! Ry(r), wherejTj = jSj+1, is the zero map unlessS T, in
which case it is the localization map times ( 1) wherea is the number of elements
in S preceding the element inT nS.

Exercise. Let x;y;z 2 R. Write down the maps in
0! R!' Ry Ry Rz;! Ry Ryz Rx! Ry,! O

Corollary. If I Ris an ideal which can be generated by elements up to radical,
thenH|(R)=0 fori>n.

Remark. The modules occurring inK (x! ;R) are at.
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3. Propetties of local cohomology

Proposition. 1) Let R! S be a ring homomorphism of Noetherian rings,|
an ideal of R, and M an S-module. ThenH/(M) = H/s (M) as S-modules.
2) Let be a directed set andM g , a direct system ofR-modules. Then
fim H/(M )= H/(im M ).
3) IsSis atover R, thenH/(M) rS=Hs(M rS).
4) If R is a maximal ideal, thenH' (M) = H' ; (M ).
5) If (R; ) is local, thenH' (M) = H ﬁ(ﬁ r M) which is isomorphic to
H' (M) if M is nitely generated.
Proposition. Letl R be an ideal which, up to radical, is generated by a regular
sequence of lengtm. Then H/(M) = Tor, {(M;H"(R)) fori n.

Proof. If i < depth, (R) = n, then H/(R) = 0. Therefore K (x! ;R) gives a at
resolution of H"(R), numbered backwards:

I K" 11 K"l H'(R)= K"=im(d" ) ! o

On the one hand Torﬁ (M;HM"(R))= H'(K (x!;R) r M) by de nition of Tor.
On the other hand, by the preceding theoremH'(K (x! ;R) rM) = H/(M).

Corollary. Let (R; ;k) be a Cohen-Macaulay local ring of dimensiom. Then
H' (M) = TorR ,(M;H "(R)).

Proof. The maximal ideal is the radical of an ideal generated by a(ny) regular
sequence of lengtm.

Grothendieck's Theorems

1. Vanishing Theorem: Let | R be an ideal andM an R-module. Then
H/(M)=0 for i> dim(R).

2. Non-Vanishing Theorem: Let (R; ;k) be a local ring and M a nitely
generatedR-module. ThenH" (M) 6 0 for n =dim( M).

Proof of 1. We may assume thatR is local with maximal ideal . Further, as M
is the direct limit of its nitely generated submodules, we may also assume that\V
is nitely generated. Set S := R=Ann(M) so that n ;= dim( M) = dim( S). The
maximal ideal of S is generated byn elements up to radical, soH' (M) = 0 for
i>n.

We want to show that H/ (M) = 0 for i > dim(M). By induction, we assume
the theorem is true for all nitely generated modules of dimension less thann. We
leave the casen = 0 as an exercise and assuma > 0.

Note that if a module is | -torsion, then all its higher local cohomology modules
vanish. So, as | (M) is | -torsion, without loss of generality (M) 6 M. Also,
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the long exact sequence induced by
or (M)! M! M= y,! O

yields that H/ (M) = H/ (M= ,(M)) for all i> 0. Hence, by passing taVi= | (M),
we may assume thatM 6 0 is | -torsionfree. It follows that | contains anM -regular
elementr. (Otherwise | is contained in the union of the associated primes oM ,
and by prime avoidancel is contained in one of those primes which is of the form
(0 :r m) forsome 06 m 2 M. That is Im =0 | a contradiction.)

Leti>n andlett be an integer. Consider the short exact sequence
o MI'M1 Mz, 1 0
and the induced long exact sequence
L OHD YM=rtM) T H (M) I HI (M) !

Since dimM=r'M) < dim(M), H/ *(M=r‘M)=0 by induction hypothesis and r'
is a nonzerodivisor onH| (M ). But any element of H/ (M) is killed by a power of
. Asr 2 |, that implies H{ (M) =0.

Remark. If dim(R) = n and M is an R-module, then H'(M) = M g H'(R).
This follows from the fact that H"( ) is a right exact functor, a consequence of
Grothedieck's Vanishing Theorem

4. Local duality

Let (R; ;k) be a local ring and E = Eg(k) the injective hull of k and let

r(L) :=Homg(_; E) denote the Matlis duality functor. Assume R is the homo-
morphic image of a Gorenstein local ringR° of dimensionn® Then for all i and for
all nitely generated R-modulesM one has

H' (M) = Homg (Ext%, "(M;RY;E)
= g(ExtDy [(M;RY):
In particular, if R is Gorenstein, settingR°= M = R andi = nyieldsH"(R) = E.

The Cohen-Macaulay case

Let (R; ;k)be aCohen-Macaulay local ring of dimensiom. Recall that the type
of M is de ned as dimx Soc(M=xM ) = dim x Homg (k; M=xM ) = dim « Extg (k;M)
where x is a system of parameters forM . The type of M is independent of the
choice of the system of parameters chosen fovl .

De nition. A canonical module for R, denoted here by! r, is a maximal Cohen-
Macaulay module of type 1.

Proposition. A ring admits a canonical module if and only if it is the
homomorphic image of a Gorenstein local ring.
Any two canonical modules are (non-canonically) isomorpht.
EndR(! R) = R.



LOCAL COMOLOGY, LOCAL DUALITY AND BASIC NOTIONS OF TIGHT CLO SURE THEORY

Theorem. Let R be a Cohen-Macaulay local ring of dimensionn which is the
hom(o)morphic image of a Gorenstein local ringR® of dimension n® Then ! g =
Extgo "(R;R9Y. In particular, if R is Gorenstein, then! g = R.

In general, if R is a domain, then rank(! r) =1 and ! g can be embedded iR

as an idealJ such that ht(J)=21or J = R.

Theorem. Let R be a Cohen-Macaulay local ring which admits a canonical mode
I R. Then for all i and for all nitely generated R-modulesM one has

HT I(M) = r(Exth(M;! R)):
Proof. First case isi = 0. In this case we use the local duality theorem stated for
images of Gorenstein rings:
Let R® Gorenstein surjects onR. Using the notations introduced above

H" (M) = Homg (Ext?’ "1 (M;RY;E):

Now take M = R, i =0 and see that we get

H"(M) = Homg (Ext} "(R;R9;E)=Homg(! g;E):

But, H"( )= rH"(R) = r HOMg (! gr; E).

We can then apply the following canonical isomorphism:

M  Homg(l;J) = Homg (Homg (M;1);J);

where M is nitely generated and J is injective over R. Use this forM, | = I g
and J = E and therefore obtain the case =0

The casei > 0 follows through from homological algebra considerationsy in-
terpreting both sides as positively strongly connected fuitors on the category of
nitely generated R-modules.

Lemma. Let (R; ;Kk) be a local ring of dimensionn and | an ideal of R. Then |
is generated byn elements up to radical.

S
Proof. SetAo = fP 2 Min(R) j P 6 Ig. By prime avoidance,l 6 ,, P. Let
X1 2 | such that x; 2 P for any P 2 Ag. Assume we have a sequence of elements
X1;::1; Xk 2 | such that all primes of height k 1 that contain (X1;:::;Xg) also
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over (X1;:::;Xx). As ht(P) k, we must have ht(Q) k 1. Then, by the above

A= fP 2 SpecR) j ht(P) k; P (X1;:::;%k); P 6 1g Min(xqg;:::;Xk)
and therefore Ay is a nite set of primes. So we can choose&y+; 2 | such that
Xk+142 P for any P % ék. This process has to terminate atk = n with A, =
and  (Xg;:::5;Xn) = |I.

Remark. This lemma allows us to give an alternate proof of the Vanishing Theorem
of Grothendieck:

Up to radical | is generated byn elements. So, we can assume that we are in the
case wherd is generated by exactlyn elements. Using the Koszul interpretation of
the local cohomology we can see now that if > n , the Koszul cocomplex is trivial
and hence all local cohomology modulesi| (M) must vanish.

5. Basic notions of tight closure theory

Let R be a Noetherian ring of characteristicp and let q denote a power ofp,
i.e. q= p°® for some integere. We use tge notation R for the complement of

the minimal primes of R, ie. R = Rn p,ynr)P. Foranideall R, we
denote by I [9 the ideal (r9jr 2 I). Itis easily seen that if | = (rq;:::;ry), then
el =(rf;ooo;r9).

Let F : R! R denote the Frobenius homomorphism sending 7! r? and denote
by F€ : R! R its eth iteration sending r 7! r9. This gives R a new R-algebra
structure which we denote by R(®). One can think of R(®) as a right R-algebra.

De nition.  The tight closure of anideall R, written | , is the set of all elements
x 2 R for which 9¢2 R such that cx@ 2 119 for g > 0.

Some basic properties] is an ideal which itself is tightly clcbsgd, ie. () =1.
Furthermore, the following inclusions hold: 1 I I I. (I denotes the
integral closure of I which will be de ned later in the text.)

Some motivation for the notion of tight closure:

It captures the essence of some arguments that appear in therpofs of some
homological conjectures and delivers it in a uni ed way.

It naturally leads to new classes of rings in characteristiqp > 0 (or in character-
istic 0) that are important, for instance, in view of biratio nal geometry: F -regular,
F -rational, F-pure, F-injective.

De nition. A Noetherian ring R is said to be weakly F -regular if every ideal of

R is tightly closed. If for every multiplicatively closed set W, the ring W 'R is
weakly F -regular, then R is said to be F -regular.

Proposition. 1.If1 J,thenl J .
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2. The mtersectloa? of t|ghtly-rclosed ideals is again tightly tosed:
I =1 =) ) =

3.(\ ) I \ J .

4. (1 +3) =(1 +J3)

Furthermore, 0 = p@ andl = [(IRq) ] where is the natural projection
R! Ry = R= 0. Also, if | is tightly closed, then the quotient | : J is as
well, for all ideals J.

Proposition. 1. If R is reduced, or if ht(l) > 0, thenx 21 i 9c2R
such thatcxd 2 119 8,
2.x21 i x2 '""Px 8P 2 Min(R).

S
Proof of 1. Let ht(1) > 0. We havel xjx21 VR)[ pomin P-Asl 6P
for any minimal prime P, prime avoidance yields thatl =(xjx21 \ R).

We can assume thatx 21 \ R . S09c2 R such that cx92 1[99 8q . Set
c®:= cx%, that is, ¢X9 = cx®*9. If q @, then ¢%9 2 119, And if g < qo, then
cx@+td 2 el |ld,

If R is reduced, then setS := (R ) 'R = Q” 1 Ki whereK; are elds. SolS
is generated by an idempotent andIS = |ldS 8q We havex 2 1 ,s09c2 R
such that cx9 2 119 8q  gy. Mapping this element to S we getx9 2 | [CS 8q .
As S is a product of elds, F®is at. So x 2 IS = I[qu and for every q there
eths acy 2 R such that cgx 2 114, Setting c° := qo<qo Coo We getcxd =

C  goeqo Co X3 2 114 8.

Theorem. If R is regular, then| = | for all ideals | R. In particular, R is
F -regular.

Proof. Note that since R is regular, F is at. Assume | 6 | for somel and let
x2 1 nl. Note that (I : x) 6 R, so ( :x) 2 max-SpecR). After localizing
at we may assume thatR is Ioc'al There exq_ts ac2 R such thatcxd 2 |9 8¢

Butthen c2 = (119 :x9) aness - x)ldl 9 =0 | a contradiction.
If R! Sis at, | Risanideal, andx 2 R, then (I g X)S = (IS :s x). To
see this, consider the following short exact sequence
06 R 1" R51 Rgip! O

and tensor it with S:

0! S:(I:X)S " S:rs S:(l;X)S! 0:

Apply the above to R T R, i.e. S= R via Fe. Then (I r X)S = (1 r X)l4R
and

(IS:sx)=fc2Sjx c21Sg
=fc2Rjcxd 2 ldg= . xa
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Some additional properties of tight closure and its connedbns to integral closure:

De nition.  An element x 2 R is said to be in the integral closure of an ideal
|  R,written x21,if9a 21" " suchthatx" + a, 1x" '+ +a;=0.

In terms of valuations, an elementx is in the integral closure of an ideall if and
only if h(x) 2 IV for all homomorphismsh : R! V whereV is a DVR and ker(h)
is contained in a minimal prime of R. Yet another characterization: x 2 | if and
only if 9c2 R such that cx" 2 I" for n> 0. In particular, | l.

Theorem (Briarcon-Skoda). Let R be a Noetherian ring of characteristic p and
I R an n-generated ideal. Thenl™ | . In particular, of R is regular, then

Proof. If x 2 1", then there exists ac 2 R such that cx™ 2 |™ for all m > 0.
gayl = (X1;::7;Xn). Then an element in ™ is a sum of termsx§*  x3 where
iz1 & mn and so at least onea; m. Now if m = g, then cx% 2 19 and

Example. Let R = KDWiz k5,5, 5, .5y wherek is a eld of characteristic p 6 3 and
let | be the ideal generated by the system of parametersy(z). Claim: x2? 2 |

If I 6 | ,then!| =I\ SocR=l) 6 0. Note that Soc(R=I) = Soc(k[x]=(x?)) is
generated byx?. We want to nd an element ¢2 R such that cx?3 2 (y;z)[9 for
all g > 0. In the following we show that ¢ can be taken to bex?. As p 6 3, the
remainder of 23 modulo 3 is either 1 or 2. Write 290 = 3k+ i with i =1 or 2. Adding
2 to both sides we can write +2=3k+3+ with =0 or 1. So we have

x2x20 = x x3Kk+3

=X (X3)k+1 = x ( y3 23)k+1:
After expansion of the last term, a general monomial will cortain the factor y3'z°

with i+j =k+1. If3i g 1and3 g 1,then3k+1) 29 2|a
contradiction to the factthat 2q 2 3k. Sox ( y® z3)%1  (y%:z9R.

We observe that in the above examplex 2 | . Namely, y3+ z3 2 13 and x satis es
the integral dependency relationx® + (y2 + z%) = 0 (in R). By the same token, it
is easily seen thatx? 2 12. Indeed, (x2)3 (y3+ z3)2=0and (y3+ z3)22 (13)2=
(12)3. So, asl is 2-generated, the Briarcon-Skoda Theorem deliversx?2 12 |

Contractions: If R S is a module nite extension of domains, then for an ideal
I R,(S) \R I .Inparticular, IS\ R |

Persistence:Let R ! S be a homomorphism of Noetherian rings] R an ideal,
andx 2 | . If R ig a localization of a nitely generated algebra over an exchent
rng, or Reg = R= RisF-nite (i.,e. F :Rpg! Rreq is nite),then (x) 2 (1S) .
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Colon-Capturing:

Theorem. Let (R; ) be a local equidimensional ring which is the homomorphic
image of a Cohen-Macaulay local ring. Then

(@ (Xa;:rmxe 1) 1 xe  (Xa5iiXe 1)

() (xT;:i5xf) i(xa x)™ P (Xaiiinixe)
Theorem (Monomial Conjecture). Let (R; ) be a local ring containing a eld.
Let x1;:::;Xq be a system of parameters irR. Then (x;  xq)" 12 (x];:::;x5)
for all n.

Sketch of proof. First reduce to the case whereR is complete. Then, by part (b)
of the previous theorem, 12 (x1;:::;Xq) . Write this out explicitly to obtain a
contradiction.

Let us look at the Frobenius action the highest local cohomabgy of R. Let
X1;:::;Xg be a system of parameters foR. We can compute theH" (R) as the
direct limit of R=(xJ;:::; ng where the transition maps are given by multplication
by (x1  xq)? .

The Frobenius action is then simply F( ) =[aP + x{°;:::;xP)]:

Using local cohomology, one can show that the monomial con@gure holds in
general if and only if the image of 1 under the composition

R! R=(x1;:::;xq)! HY(R)

is non-zero. However, in characteristicp > 0, any element of the local cohomology
module is a multiple of a Frobenius iteration of this element

So, in characteristic p, the monomial conjecture is equivalent toH 9 (R) 6 0.
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