Intersection Multiplicity, Chow Groups,
and the Canonical Element Conjecture

Abstract

This document was typeset by Bart Snapp. It consists of notes taken
during S.P. Dutta's lectures at the University of Utah's min i-course on
classical problems in commutative algebra. Many thanks go to Jinjia Li
for reading this document and suggesting corrections.

1 Serre's Conjecture

All local rings are assumed to be Noetherian,M;N are nitely generated
R-modules. If projdim(M) nite or projdim( N) nite and we have (M g
N) < 1, then we may de ne

xd )
(M;N):= ( 1)"(TorF(M;N));
i=0

whered is projdim(M ) or projdim( N) respectively.

1.1 Regular Rings
Conjecture 1 (Nonnegativity) If R is aregular local ring, then (M;N) O.

This is was proved by Gabber.

Theorem 2 (Serre) If R is a regular local ring and (M g N) < 1, then
dim(M)+dim(N) dim(R)

Conjecture 3 (Peskine-Szpiro) If R is any local ring, M an R-module with
projdm(M)< 1 ,and (M g N)< 1,thendim(M)+dim(N) dim(R).

This is wide open except for hypersurface case.

Conjecture 4 (Vanishing) If R is a regular local ring and
dim(M) +dim( N) < dim(R);

then (M;N)=0.



This was proved independently by Roberts and Gillet-Sauk

Conjecture 5 (Positivity) If R is a regular local ring and
dim(M ) +dim( N) =dim( R);
then (M;N)> 0.

This conjecture is still open.

1.2 The General Case

Theorem 6 (Serre)  If R is a regular local ring, then
maxfj : TorjR(M; N)60g=dim(R) depth(M) depth(N):

Lemma 1 (Hochster) Let R be Cohen-Macaulay andM and R-module with
projdim(M) < 1 . Vanishing holds if and only if it holds for every pair of
Cohen-MacaulayR-modulesM; N such that,

dim(M)+dim(N)=dim(R) 1
Sketch of Proof Write dim( M) +dim( N) < dim(R). So
dim(R) ht(Ann(M))+dim( R) ht(Ann( N)) < dim(R);

and so
ht(Ann( M)) + ht(Ann( N)) > dim(R)

or
ht(Ann( N)) > dim(M ):

If r =dim(M) and s = dim( N), we may choosexy;:::;X;+1 2 Ann(N) such
that *(M=xM) < 1 and anyr elements ofxy;:::;X;+1 IS a system of parame-
ters for M with x being R-regular.

Now we can constructT, a Cohen-Macaulay module, by taking a resolution
of N over R=xR

0! T! ! (R=xR)"! (R=xR)®! N ! O

such that (M;T)= (M;N). Note that dm(R=xR)=n r 1 wheren =
dim(R). Sodim(T)=n r 1,but (M;R=xR)=0as#(x)=r+1 > dim(M).
Hence, (M;T)=0ifand only if (M;N) = 0. In a similar manner we can
showM is a Cohen-Macaulay module.

Proposition 7 Let R be Gorenstein, M;N are Cohen-Macaulay, whereM
has nite projective dimension and ' (M g N)< 1,i=dm(R) dm(M)
dim(N),r =dim(M),s=dim(N),M =Ext 3 "(M;R),andN =Ext} *(N;R).
Now '

(M;N)=( 1) (M;N):



Sketch of Proof The crucial step is a simple spectral sequence argument.
First note
“(Torf(M;N)) = “(TorF(M;N)) :

Now write
Tor(M;N ) = Ext (Tor{(M;N );R);
=Ext §7 " O (M; Ext] S(N;R));
=Extp "D (M; Ext] S(N;R));
=Tor | (M; N):
Corollary 7.1 If dim(M)+dim( N) =dim( R) 1,then (M;N)= (M; N).

Corollary 7.2 If M' M, N "' N, anddim(R) dim(M) dim(N) is odd,
then (M;N)=0:

Corollary 7.3 If R, R=, and R= are all Gorenstein, where ; 2 SpecR),
and dim(R) dim(R=) dim(R=) is odd,then (R=;R=)=0.

Corollary 7.4 Ifi=0,then (M g N)="(M g N).

Theorem 8 If R is Gorenstein, then vanishing holds if and only if for every
pair of Cohen-Macaulay modulesM , N whereprojdim(M) < 1 anddim(M )+
dim(N) =dim( R), we have’(M g N)= (M grN).

Sketch of Proof () ) Given M and N as above, we have by a result due to
Serre that Torf(M;N ) =0 for i> 0. So,

(M;N)="(M RrN):

Hence we have (M; N)= “(M g N). Now taking a prime ltrationon N and
using the additivity of  we have

X . X
(M;N) = (N) (M;R= )+ (M; Qi)
dim( R= )=dim( N) dim( Q; )< dim( N)

Similarly we have

X . X
(M;N) = (N) (M;R= )+ (M; Qi)
dim( R= )=dim( N) dim( Qi )< dim( N)

But by vanishing we have P (M;Q;) = 0. Since R is Gorenstein, we have
(N )= "(N). Thus (M;N)= (M;N).

Warning: One cannot use the same idea of additivity to prove & analogous
statement whenboth M and N have nite projective dimension as R= may no
longer have nite projective dimension.



(( ) Recall if M and N are Cohen-Macaulay, then dimM ) + dim( N) =
dim(R) 1. Write

or Tt —— I N!I' O

where the x%s 2 Ann(N) as earlier. So
(M;N) =t (M=xM) (M rT);

which leads us to:

This shows that
(M;N)="(M rT) t(M=xM),

So

(MiN)= (M;N):
Applying the above technique once more we see(M; N). From a previous
proposition we see that (M;N ) = (M; N). Hence, (M;N)=0. Note that

the argument for this part of the proof would work if the proje ctive dimension
of both M and N are nite.

Remark When dim(M) + dim( N) = dim( R) (as in the above theorem) we
say we have a \proper intersection."”

Sketch of Proof This is implied by the fact that for every pair of Cohen-
Macaulay modulesT and Q with nite projective dimension such that (T g
Q) <1 anddim(T)+dim( Q) =dim( R), we have (T rQ)= (T rQ).

Remark If Ris regular and is a complete intersection ring, then’ (T r Q) =
(T r Q) can be shown by local Chern characters.

Theorem 9 If R is Gorenstein and dim(R) 5, then vanishing holds for
R-modulesM; N when both M and N have nite projective dimension.

Open Problem 10 If R is Gorenstein anddim(R) > 5, does vanishing holds
for pairs of R-modulesM; N when both M and N have nite projective dimen-
sion?

Theorem 11  If R is Gorenstein, then positivity (or nonnegativity) implies
vanishing.

Proof We can assumeM to be Cohen-Macaulay with the projective dimen-
sion of M nite. We know that if dim( M) < dim(R) and "(N) < 1, then
(M;N)=0.
Suppose thatR= has the least dimension such that we do not know about
vanishing. Then



1. We have

X
(MiR= )= "(R)='R) (M;R= )+ (MiQ):
dim( Qj)<dim( R= )

However, the last term in this sum goes to zero by our choice dR= .

2. If dm(M) = r chosexy;:::;X 2  such that ‘_(M:xM) < 1. Set
R=R=x andM = M=xM, then R(M;R= )= R(M;R= )asx is also
an M -sequence and arR-sequence.

Thus we can assume that the projective dimension oM is nite, ‘(M) < 1,
and dim(R=)=dim(R) 1. So

Be V= fm _(MiR=T)
(MR=D=1 R =R)
Now look at
o ' RI R='1 0
So, (M;R=H="M) (M; '). Now we have
B Y= i (M; Y
MR=)= " m=r)

as the (M )="(R = 'R ) term goes to zero in the limit, note dim( ') = dim( R).
If positivity or nonnegativity holds, then (M; ') Oandthus (M;R=) O.

that y; 2 Ann(M). Write
0! N! (Rzy)!'! M! 0

Then ((R=y)!;R=)= (M;R= )+ (N;R=). But the left-hand side is zero
by a result due to Serre and so each term of the right-hand sidés less than or
equal to zero. Thus both (M;R= )=0and (N;R=)=0.

2 i-Conjecture

In this section we will assume thatR is local, M; N are R-modules, the projective
dimension of M is nite, (M g N) < 1, and we de ne

projdiy{( M) i ‘
((M;N) = (1) (Tor; (M;N)):
j=0

Conjecture 12 (Serre) If R is a regular local ring, then ;(M;N) O, or
i(M;N) =0 if and only if Tor]-R(M;N):O forj .

Remark in the above conjecture, the conclusion TOF(M; N) =0 for j [
implies rigidity.



Theorem 13 (Serre-Auslander)  The above conjecture is true whenR is of
equal characteristic.

Theorem 14 (Lichtenbaum) The above conjecture is true whenR is unram-
ied forall ; except possiblyi =1.

Theorem 15 (Hochster) The above conjecture is true whenR is unrami ed
for 1.

Remark Gabber also claims to have independently proven the above cgec-
ture when R is unrami ed for 1.

Open Problem 16  The above conjecture is open ifR is rami ed. To clarify,
it is still open when

where

In this case,S = Rby R is no longer regular.

Theorem 17  If R is a regular local ring where the »-conjecture is valid, then
(M;N) > 0whenM is Cohen-Macaulay anddim(M ) + dim( N) = dim( R).

Remark The above conjectures make sense wheR is not regular and the
projective dimension ofM or the projective dimension of N is nite.

2.1 Counterexamples
Example (Dutta-Hochster-Mclaughlin)  Let

k[X;Y;U; V]

R = :
Xy uv) (X;Y;UV )

Now there exists anR-module M such that (M) < 1, projdim(M) < 1,
(M;R= )= 160,dim(M)=0,dim(R=)=1where =(X;U), and hence
positivity is false, which implies ; is false.

Example (Levine) Let

XiYi (X1
This was done using non-constructiveK -theoretic techniques.

Example (Roberts-Srinivas)



1. R = k[X;Y;Z;W ]=f, where f has degree three and is separable and
algebraically closed - the coordinate ring of a cubic surfagin 3.

2. R the coordinate ring " n,

Theorem 18 (Roberts, Gillet-Soug) Vanishing holds over complete inter-
section rings when bothM and N have nite projective dimension.

Theorem 19 (Dutta) There exist complete intersection ringsR along with
R-modulesM and N both with nite projective dimension suchthat (M;N) =
Obut ,(M;N) < 0. In fact, one can produce examples where all the ;'s are
negative fori 2!

In light of the above theorem, we are not sure whether we shodl believe the
positivity conjecture when both M and N have nite projective dimension over
complete intersection rings.

To prove the above theorem, we need the following special ca®f a theorem
by Auslander and Bridger.

Theorem 20 (Auslander-Bridger) Let R be Gorenstein andN any nitely
generatedR-module, then there exists an exact sequence

o/ T!' N R'! Q! O
where projdim(Q) < 1 and T is a maximal Cohen-Macaulay module.

Theorem 21 (Auslander-Buchweitz) Let R be Gorenstein andN any nitely
generatedR-module, then there exists an exact sequence

o! N! Q! Tt 0
where projdim(Q) < 1 and T is a maximal Cohen-Macaulay module.

De nition Given a pair M, N such that projdm(M)< 1, (M grN)< 1,
and dim(M ) +dim( N) = dim( R), we say a nitely generated R-module Nis a
companion module of N with respect to M if the following hold:

1. dim(N9 =dim( N).

2. depth(N9Y =dim( N9 1.

3.’ M rN9Y<1 and (M;N9Y= (M;N).
Proposition 22 With the above setup, if R is Gorenstein,N has a companion

module.

Proof If dim(M)=r we can nd Xi;:::;Xn 2 Ann(N) a system of param-
eters that is an R-sequence. SeR = R=xR, soM is an R-module. Applying
Auslander-Bridger over R,

0ol T!' N R! Q! o



where Q and T are R-modules and projdim(@Q) < 1 and T is a maximal
Cohen-Macaulay module. Now we have two cases. Case a: difd( = dim( R);
and case b: dimQ) < dim(R). We want to reduce case a to case b. By the
lectures of Paul Roberts in this mini-course, we have that din(Q) = dim( R)
and projdim(Q) < 1 implies that Supp(Q) = Supp(R). If S is the set of non-
zero-divisors ofR, then S 1Q is S R-free of rank s. Therefore we have the
exact sequence

ol R°! Q! Q% o
where dim(Q% < dim(R) and the projdim(Q% < 1 . So we have a diagram
that looks like:

O+A o
o

o+«
o

From this we obtain the exact sequence:
or' T R°'' N R'! Q% o

So dim(Q9 < dim(R).
Now we may assume case b. Write

ol TI!' N R'! Q! 0
with dim( Q) < dim(R). So we have
RIM;N)+t R(M; Ry = Ry )+ R(M;Q)

but X
RMiQ)=" (1) (TorR(M;R=x);Q):

Since Torf(M; R=x) has nite length, we are left with
(M;N)= (M;T) t (M;R):
Since dim@Q) < dim(R),
o/ R! T! N% o
is an exact sequence. So
(MiN9Y= (M;T) t (M;R)= (M;N):
So depthN9 =dim( N9 1 by depth counting, dim(N 9 = dim( N).



2.1.1 Discussion of Proof

Step 1 R is Gorenstein, so suppose vanishing does not hold. So we cand
M Cohen-Macaulay with nite projective dimension, a prime ideal such that
(M;R=)> 0,dim(M) +dim( R=) < dim(R), and (M;R= )=0f

Step 2 From the previous section, we may assume that(M) < 1 and so we

have
(M;R=Y (M, )|

‘R="R) "(R='R)
So (M;R=)> 0 which implies (M; ') < 0, note that dim( ') = dim( R).

(M;R= )=

Step 3 By an easy spectral sequence argument (which reduces to a lgrexact
sequence) we nd

(M;N) > (Tor}(M; Extk(N;R)) (M g Exti(N;R))
dim(Ext & (N;R)) < dim(R) sinceR is Gorenstein. Suppose that
(M; Ext(N;R))=0:

Then 0 > (M;N) > »(M;Extk(N;R)). Letting x 2 Ann(Ext ;(N;R)) a
non-zero-divisor onR, apply Auslander-Buchweitz to Exté—(N; R). Write

0! Ext:(N;R)! Q°! T! 0

with the projective dimension of QO nite and T a maximal Cohen-Macaulay
module overR. We have

(M:T)="(Torg(M;T)) “(Tor{(M;T)):

So »(M; Ext}(N;R)= »(M;Q%< 0,but (M;Q9=0.
The condition (M; Exty(N;R)) = 0 happens:
1. For all counterexamples to vanishing listed above,

2. When R is Gorenstein of dimension 3.

3 Some on Positivity

In this section we will assume that R is local and Noetherian, dimR) = d,
char(R) = pwherepis a prime, and that R= is perfect (Cohen-Macaulay with
nite projective dimension) for convenience. M and N will be R-modules with
‘(M grN)< 1 anddim(M)+dim( N)=dim( R). Finally, f will denote the
Frobenius endomorphism, speci cally:

f:R! R fP:R! R

n
r7rP r7rP



The notation f"R represents theR-algebra structure de ned by

r x:=rPx and X I =X

wherex 2 '"R. The notation f "N represents the leftR-module structure de ned

by
r x:=rPx

wherex 2 '"N. We de ne the Frobenius functor F via
F'( ):= r 'R
where the R-module structure is the normal one on the right.

Theorem 23 (Peskine-Szpiro)  If projdim(M) < 1 , then projdim(F"(M)) <
1. Also Supp(F"(M))=Supp(M),so°(M g N)= (F"(M) grN)<1.

3.1 Some Facts
Supposing projdim(M ) < 1 and we haveMg In rN, we have
TorR(M; T"N) = Tor R(F"(M);N):
This is because given a resolutior of M,
F r''N"F ™R gN' F"(F) rN:

Now supposingR is a complete local domain, where&k = R= , we have the
following diagram:

R R

module nite J\ J\

Now we have a question: When projdimM) < 1, how are (F"(M);N)
and (M;N ) related?

When attacking this question we may assume thatN = R= = R as is
additive. So we have

0! R! 'Rl Q! 0

0! "R "R "0 o

10



and so . . -
(M;"'R) = P(l\/l{;Z R; + (M7 Q)

repeat for this term, etc.

We obtain:

(F"M);R)= p" (M;R)+ ¢, (M;R= j)+
By recalling: (F"(M);N)= (M;""N).

De nition De ne:

_ o (F"(M);N)

- rll!lin pn codim( M)

and (F"(M);N)
Y

Note that since dim(M) +dim( N) dim(R), we have dmM) codim(N)
and that we have equality in the positivity case.

Theorem 24  We have that x
1 (M;R=)= (M;R= )+ ¢ (M;R= )
dim( R= ;)< dim(R= )

where eachc 2

So when dimM ) +dim( N) < dim(R), 1 (M;N) =0 and when dim(M )+
dim(N)=dim(R), 1 (M;N)= 1 (M;N).

Theorem 25 If R is local, projdim(M) < 1, M is Cohen-Macaulay, and
dim(M) +dim( N) =dim( R), then ; (M;N) > 0.

Remark If M is not assumed to be Cohen-Macaulay, then the theorem is stil
open!

Proof of the above statement can be made much simpler by the fa:

(
. (TorF(F"(M);N) 0 fori> 0.
lim . = .
nil pn codim( M) 860 fori=0.

The rst proof of this fact needed R to be Gorenstein. Now we know it for all
R. Also note that this is really a special case of the New Intersction Theorem.

Theorem 26 (Seibert)

1. If F is a nite complex of nitely generated free R-modules,N a nitely
generatedR-module of dimensionr such that for eachi 0,

“(Hi(F rN))<1;

de ne X _
(FiN)= ( D"(Hi(F rN)):

Then (F"(F );N)=cp™ +¢ 1p"0 D+  + cg, whereg 2

11



2. Given an exact sequence
0! N° N1t N o
we have for some constanK

“(Hi(F rN)) “(Hi(F sN9Y “(Hi(F rN%) Kp"( D

Applications

Theorem 27  If R is a regular local ring, p a non-zero-divisor onM , where M
is a Cohen-Macaulay module, andp'N =0 for somet> 0, then (M;N)> 0.

Proof Write
N pN pb IN 0
P ) )
(M;N) = (M; p'N=p'** N). So we can assume thapN = 0. Sincepis a
non-zero-divisor onR and on M we have

RM;N) = FPR(M=pM;N)

but M = M=pM is Cohen-Macaulay. So by vanishing,

R (

TN g TOTN) = RN
>0

by vanishing

So we see that R(M;N) > 0.

Remark This theorem was extended by Kurano and Roberts.

Theorem 28 (Foxby) If RislocalandM is anR-module with nite projective
dimension and the dimension ofN is one, then (M;N) > 0.

Theorem 29 (Tennison) If R is regular, M and N are R-modules, and sup-
pose that
(G M) G (N)<1:

Then (M;N)=-¢e (M)e (N).

More generally, if M = R=, N = R=,Y = Spec(M), Z = Spec(N), and
¥, Z are the blow-ups ofY and Z, then

(G (M) G (N)<1, €\ EB=

Theorem 30 (Dutta) If ¥\ 2 is a nite set of points, then (M;N)
e (M)e (N).

The proof of this last theorem uses nonnegativity results byGabber and
Intersection Theory as introduced in Fulton's book.

12



3.2 Chow Groups
Let ;(R) denote the ith Chow Group of R.

Theorem 31 (Claborn-Fossum)

1. Fora eld k, if R = k[Xq1;:::;Xp],then j(R)=0 fori<n and ,'
ForaDVR V,if R= V[Xy;:::;Xp], then j(R)=0 fori<n +1.

2. Fora eld k,if R= k[Xy1;:::;Xn],then ;(R)=0 fori<n and ,'
ForaDVR V,if R= V[[Xy;:::; Xp], then j(R)=0 fori<n +1.

Conjecture 32 (Gersten)  If R is any regular local ring, of dimensionn, then
i(Ry=0 fori<n.

Theorem 33 (Quillen) If R is a regular local ring smooth overk, then
i(Ry=0 fori<n,

His proof was geometric, looking at the tangent cone and tangnt space.

Theorem 34 (Gillet-Levine) If R is regular local and smooth over an excellent
DVR V, then j(R)=0 fori<n.

This proof is an extension of Quillen's arguments.

Remark Cannot assumeR is complete for the Chow group problem.

Question For R! R, can we say
R (R

While this is not true in general, (Hochster gave a countereample in the non-
normal case) we do have this:

Theorem 35 (Kamoi-Kurano) If R is an excellent regular local ring, then
(R i (R):

Gersten's Conjecture is still open whenR is rami ed regular local. We have
the following result:

Theorem 36 (Dutta) If R is a rami ed regular local ring, then ;(R).
For V X ..... X
R - [[ 1, P -)1(2 n]],

the result that {(R) = 0 when i < n was rst proved by Levine using
K -theoretic techniques. Dutta gives an algebraic proof whibh does not work
for when the ring R is not so nice.

13



Conjecture 37 (Bass-Quillen) If R is a regular local ring and P a nitely
generated projective module overR[X 1;:::;Xp], then P = Py r R[X] where
Py is a nitely generated projective module over R.

The case whereR is a eld, conjectured by Serre, was proved independently
by Quillen and Suslin.

Theorem 38 (Lindel) Proved the above conjecture whernR is geometrically
regular local ring. That is, when R is a local ring which is smooth overk.

Lindel had a special proposition, which we will call a theoren:

Theorem 39 (Lindel) If A is an ane domain over k of dimension d with
maximal ideal  such that A is a regular local ring, and A= is a nite

2. B =K[x1;::5;%gq]l, =B\ =(f(X1);Xz;::i;%q) and B ! A isetale
(atwith 5 =g =0).

Using Zariski's Main Theorem we obtain an extension of this esult:

Theorem 40 If (R; ;k) is a regular local ring which is smooth overk, or an
excellent DVR V, and R= is separably generated ovek or V=, then there
exists (B; ;k) another regular local ring contained in R such that

1. B = W[Xq; 00 Xaler (x1)ix 25mx o) WhereW is a eld or an excellent DVR

contained in R and f (X 1) is a monic irreducible polynomial in W[X].

2. If we take anya 2 2 (a 6 0), then we can choose(B; ;k) such that
B! Risetale, B\ aR =(h) and B=hb' R=aR.

This theorem helps us to give an alternate proof of Serre's Thorem on
Intersection-Multiplicities without using \complete-To r." This also provides an
alternate proof of Quillen's Theorem on Chow groups. Takea 2 Ann(M)\
Ann(N)\ 2 and apply the above theorem. This pulls back our problem to tre
polynomial case. Thus, it brings the Intersection-Multiplicities and the Chow
group problems back to the polynomial case. Hence, only theami ed case is
left.

4 Canonical Element Conjecture

Let (A; ;k) be a local ring of dimensionn and x = X3;:::;X, a system of
parameters for A. If we consider the Koszul complexK (x;A) we can nd a
chain-map from the Koszul complex to a minimal free resoluton F of k:

0 A A" A" A— A=x —0
" "n o1

| | |
I id=" 9 J
N2 N2 <+

— Al —— Al —— Al 1 AL 5 A—— k——0

1

14



Conjecture 41  In the situation above, ' , 6 0 for any system of parameters
X.

4.1 Supposing ', =0

Suppose' , = 0. Applying Hom o( ;A), and denoting this with a ( ) , to the
diagram above, we obtain;

0—A—(A") —  — (A 1) — (Al") —

’ l l Jo

0—A A" A" A 0

Letting G = Coker(A(2) 1AM} and @ = Coker((Atr 2) | (At 1))

0— Ext} 1(k;A)*j@*”m(@,' (At) ) —0

| )

O*>H1(X;A) G XA 0

So, we have the complexes:

0—A—((AY) — — (A1) —e—0

N

0—A A" A" G—0

and
Hi(x;A)

0O—A—A" — — AN G 0

Though K (x;A) is not necessarily exact, we still can prove the following:

Proposition 42  There exists a free complex. of nitely generated free mod-
ulesand maps :L ! K (x;A)+1 such that

1. L is minimal and
2. induces an isomorphismH;(L )" Hj(K (x;A))+ fori> 0.
Then the mapping cone of  gives a free resolution ofxA.

This forces , 1 : A * 1 A to be onto. Actually, ' , 6 0 if and only if
n 1 IS not onto, which is the case if and only ifK (x;A) embeds into the free
minimal resolution of A=xA. This seems to be Robert's way of looking at the
Canonical Element Conjecture.

15



Consider the diagram

AT AT 1 DA 2 T AT s H (X A)

0 A A" A" G 0

and suppose that , 1 is onto. Then we can break it up into:

L
LA™ 1=Ae; ([5° TAe).

L n 1
2. n(A) i=2 Ae|

Coker( n)= A S? ; so the cokernelis a free summand. So if the Canonical
Element Conjecture is true, this cannot happen.

From this with some work we get the following theorem:

Theorem 43 If (A; k) is local, take a minimal resolution ofk and let S; =

SyZ (k). Then A is regular if and only if S; has a free summand for some> 0.

Applying Homa ( ;A) to the diagram above, we obtain

0 A A" AN A A=Xx —0
P : 00— (A) —  —(A™ 2) — (A" 1) — M —0
where M = Coker( , ;) and (1) = , a minimal generator of M . such that

x =0. So we have that P is a complex of nitely generated free A-modules
suchthat "(Hij(P )) < 1 fori> 0andHg(P ) has a minimal generator killed by
X, and hence is killed by a power of . Thus the Canonical Element Conjecture
is true if and only if the Improved New Intersection Theorem is true. It is
enough to prove the Improved New Intersection Conjecture wien M is locally
free on Specd) f g.

Suppose that depth(d) = dim( A) 1 and A is the homomorphic image of
a Gorenstein ring R such that dim(R) = dim( A). Then the Canonical Element

Conjecture holds in the following cases:
1. Extk(A;R) is decomposable.
2. Extk(A;R) is cyclic.

Now if : Exti(k;) ! H"() where = Hom g(A;R), the Canonical
Element Conjecture says that 6 0. Write

I : 0! I L O T R A L T O 0|
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where E is the injective hull of A= A. By the same kind of argument as used
before, but now using injective complexes we get a complex afjective modules
J with® :I ! J suchthat' induces an isomorphism on cohomology,

o— —0—|1— —nl—fE—0

N

0—J0— —Jn 2—gn 1 —Jn—9gQ

thus the mapping cone of* gives an injective resolution of .

Following the same line of arguments, we can show that 6 0 if and only if
' n 1 is not injective. Not injective means that the socle must getkilled! See
Shamash's article.

Using these ideas we get that

1. If x 2 Ann(Ext ;(A;R)), then A=xA satis es the Canonical Element
Conjecture.

2. IFExt(A;R) =0, then A satis es the Canonical Element Conjecture. In
particular

(@) If is Sz, A satis es the Canonical Element Conjecture.

(b) 0! I R! R= ! 0, R= satises the Canonical Element
Conjecture.

(c) If A is an almost complete intersection ring andp is a non-zero-divisor
on A, then A satis es the Canonical Element Conjecture.

(d) If A is almost a complete intersection ring, with A = R=R . Take

Remark For Canonical Element Conjecture, we may assumeA is almost a
complete intersection ring and that p is a parameter onA.

4.2 The Intersection Theorem in Characteristic p

Let us consider the Intersection Theorem in characteristicp which is due inde-
pendently to both Roberts and Peskine-Szpiro.

The statement is as follows: Consider a complex of nitely geerated free
modules of lengths

F: 0! Fg! ! Fi! Fo! O
where "(H;(F )) < 1 and not all are zero for everyi, thens d=dim(A).

Theorem 44  Let A be local with dimensiond and of non-zero characteristic
p. And consider the complex of freeA-modules F with “(H;(F )) < 1 for
i> 0andH?(Ho(F )) 6 0. AssumeM = Hq(F ) is locally free onSpec@)

and take any nitely generated A-module N. De ne

X )
(FiN)="(H°(M AN)+ ( 1)(Hi(F aN)):
>0
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Similarly de ne
(F"(F );N).

1 (FiN):= rI]i!rln pha

Then we have the following:
1. If dim(N) <d, then ; (F ;N)=0.

2. (@ Ifdm(N)=dands<d, then 1 (F;N)=0.
(b) If dm(N)= dands=d,then ; (F;N)> 0.
Corollary 44.1  The Improved New Intersection Theorem is true is character-
istic p.
Proof M has a minimal generator which is killed by . So,
M A=

where the minimal generator maps ontol in A=l. Hence we get an onto map
FP(M) ! A=I[P"], This implies that

h = [p"]
lim M > 0:
nil pnd

But higher homologies go to zero in the limit, hence by the preious theorem,
s d
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