Calculus Challenge 2002 Solutions
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. Find lim,_,o[(2® 4 2°)s — (28 — 2°)3].

(z° + 2°)3 =x(1i%)%

Now, by the binomial theorem (1 + h)% =1+
(2% + 2°)8 — (z° — 2°)6 = z(1 + L)% —z(l-1
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. The horizontal line y = ¢,c¢ > 0 intersects the curve y = 2z — 322 in

the first quadrant as shown. Find c so that the areas of the two shaded
regions are equal.

Let x1, 75 be the points where the curve y = 2z — 32 intersects the
line y = c¢. Then the left-hand shaded region has area

Ay = [JHe — (22 — 32%)]dx

and the right-hand shaded region has area A, = [;?[(2z — 32°) — c|dx
Ay = (cx — 2 + 22|51, Ay = (2® — 22 — cx) |22

So for equal areas we have

cxy — x} + 321 = (25 — 325 — cxo) — (2% — 321 — cxq)

So we must have 23 — 323 — czy = 0, or 425 — 323 — 4cxy = 0, and for
x9 > 0,323 — 4zo + 4c = 0(F)

But (9, ¢) is on the curve, so ¢ = 2xo — 323, i.e. 3x3 = 229 — c(#)



Substitution in (*) gives 229 — ¢ — 4xy + 4c =0, s0 T3 = %
Putting this into (#) we get: 3(3)% =2(%) — ¢

88—103 =3c—c

81c® — 16c =0
c(81c* —16) =0
c(9c—4)9c+4)=0

4
c>0,s0c=3
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. Find [ where m is a positive integer.

z(z+1) (;U—|—2)+ +(z+m)?

1
z(z+1)-(z+m) Zk 0 :c—|—k
Get a common denominator on right-hand side:

1= Az +0)---(x+k)---(xr+m)

Evaluate Ay - let x = —k
1:Ak(—k—i-O)---(—k—f—(k—l))-(—k+(k+1)---(—k—|—m)
= (1) (k(k — 1) D20 (m = k) Ay

Therefore, Ay, = Lt ),, 0<k<m

SO f m ZO ki(m k),ln(x + k)(+0)

. Let C be the curve z3 + y§ where x > 0 and y > 0. Find the length of
the longest line segment that lies in the first quadrant and is tangent
to C.

Let (a, b) be the point of tangency. We can find the slope of the tangent

. . .. . . . o2 =1 2 =1 ,
using 1m1?11c1t differentiation: 273 + Zy=y = 0.
/ z3
Yy =——7=— 3 %
y 3




Once we have the slope, we can find the equation of the tangent line:

y=b _ _ 3/b
r—a a
y—b=—2(z—a)

and the intercepts:
x=0—>y=b+a\3/§=b+a b
y=0—>x=a+b\3/%=a+asb
So the (square of the) distance between the intercepts is (b+ a
(a + asb3)?

= b3(b3 +a3)? + a3 (af +b3)2 = b3 +a
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