Calculus Challenge 2001

1. Evaluate the integral [;° 112,3

The method of partial fractions and completing the square yields
_3
I%H — 1(#1 _ IQ{;%FI) = 1(x+r1 — "2+2%) where u = 2 — 1. This leads

to

A = 5z +1) = §in(w® +3) + 3 Zstan~ 1(@) = 5(In(735=) +
\/_tan (2 ’f/— ). From this we obtain
L VBtan (5h) = (3 + 1) = 28
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2. Show that z¢ < e” for all positive real numbers z and determine all
number x for which equality holds.
The inequality is equivalent to z¥ < er. Let f(z) = 7. Then f'(z) =
r%(%@(z)) This is positive if 0 < # < e and is negative if e < x.
Therefore, f(x) has an absolute maximum at x = e and so f(x) < f(e)
for all z > 0 and equality holds if, and only if, x = e. Thus 2¢ < e” for
all z > 0 and equality holds if, and only if, x = e.

3. Let « > —1 and 8 > —1. Calculate lim,,_, nB*a%
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4. Find the sum of the following series: > °°, l"fjn)

~ "en In(2) >0 ne ™ = ln(2)f(é) where f(z) = X0 na™ =
(3w ) (=) = 7oy for |z| < 1. Thus the value of the series
e ln(2) _ eln(2)

is =

(I—em1)? — (e—1)*"



5. Find the antiderivative: [ \/e‘ij

reduces the integral to
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The substitution sinf =
e
%
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—2eos0dd . _ 965" [ cschdf) = —2e In|coth+-csch|+C = *26%&l”(L§H)+
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C=uxe? — 27 In(e? +/e" —e”) +C

6. Does the series 3.°°, ne V" converge or diverge? Justify your answer.
This converges because of the integral test. Using the substitution
u? = x together with integration by parts,

[P xeVidr = [ 2ule Mdu = 2(—uPe " — 3ule ™ — Bue " — 6e )| =
32
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