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The Where and the Who

Where I was:
University of Utrecht
Utrecht, The Netherlands

Who I was working with:
Rob de Boer
Vitaly Ganusov
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The Origin of the Problem

Data from Davenport, Ribeiro, and Perelson. Kinetics of Virus-Speci�c CD8 + T Cells and
the Control of Human Immunode�ciency Virus Infection . 2004.
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The Problem: Biologically

� What is the quantitative relationship between virus load and immune
level?

� Why does virus not grow uncontrollably at low immune levels?

� How can the multiple viral steady states at low immune levels be
explained?
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The Problem: Mathematically

� What is the quantitative relationship between virus load and immune
level?

� Why does virus not grow uncontrollably at low immune levels?

� How can the multiple viral steady states at low immune levels be
explained?

Create a model incorporating:

� Inversely-related viral load and immune levels

� Lack of viral `escape' at low immune levels

� Quantitatively-accurate `jumps' between unvaccinated and vaccinated
animals
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Background: On/Off Models of Proliferation

For T

on

� t < T

of f

:

dA

dt

= �A

dM

dt

= 0

For t < T

on

or t � T

of f

:

dA

dt

= � ( r + � ) A

dM

dt

= r A

where

T

on

= time when proliferation begins

T

of f

= time when proliferation ends

A = number of activated immune cells

M = number of immune memory cells

� = proliferation rate of activated immune cells

r = rate of generation of memory

� = natural death rate of activated immune cells
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Approaches: Lack of Viral Escape

Possible mechanisms of viral escape that we considered:

� Target cell limitation

� Qualitative differences in killing between activated and memory cells
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Approaches: Quantitatively-Accurate Jumps

Possible mechanisms of viral escape that we considered:

� Target cell limitation

� Qualitative differences in killing between activated and memory cells

Possible models we worked with to produce the proper jumps included:

� Models with mass action or saturated-killing terms

� Models with sigmoidal infectivity rates

� Models with multiple infected stages

� Models with multiple compartments
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Basic Model

For T

on

� t < T

of f

:

dA

dt

= �A

dM

dt

= 0

dT

dt

= � g T P + � � �

T

T

dP

dt

= ^g T P � �( A + M ) P � �

P

P

For t � T

of f

:
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New Parameters:

T = number of target cells

P = number of infected cells

� = in�ux of new target cells (CD4 + )

�

T

= natural death rate of target cells

� = general immune killing rate

�

P

= natural death rate of infected cells

g and ^g = general infectivity rates
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Basic Model: QSS

Assuming immune levels ( A and M ) go to steady state faster than viral load,
the basic model for t � T

of f

reduces to:

dT

dt

= � g T P + � � �

T

T

dP

dt

= ^g T P � � I

of f

P � �

P

P

where I

of f

= A + M at steady state.
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Basic Model: Two Requirements for a Good Model

1. Lack of viral escape (with target cell limitation)

2. A nonlinear relationship between virus load, V , and initial number of
immune cells, A

0

.

In our model, this means the graph of P vs k is suf�ciently nonlinear,
where k = k ( I

of f

) .

105

k

Log P
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Single Compartment Model with Saturated Killing

dT

dt

= � � T cP + � � �

T

T

dP

dt

= � T cP �

�

�I
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h

I

+ P

+ �

P

�

P

From the basic model:

g = ^g = � c

� =

�

h

I

+ P

where

� = infectivity rate per virion,

c = burst size ( cP = V )

� = killing parameter

h

I

= Michaelis-Menton-like constant

k = �I

of f

A Summer of Mathematical Immunology in Utrecht – p. 12/17



Single Compartment Model with Saturated Killing
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Does it satisfy the two requirements: Yes

k

310

Log P

Disadvantages:

� Limit cycles appear with biologically feasible parameters due to two Hopf
bifurcations.

� Rapid drop-off of log P vs k disallows second nonzero viral steady state.
Patch: Multiple compartments.
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Multiple Compartment Models

Idea: Splinter infection is not target of immune killing.

With saturated killing this gives the following:

Compartment 1:
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Compartment 2:

dT

2
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T
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2
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Advantage: Allows for small nonzero viral load overall.
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Multiple Stage Models

Idea: Allows for a delay before infected cells begin actively producing virus.
Immune cells do not directly kill infected cells but instead affect a virion's ability
to infect new cells (e.g through cytokine secretion).

General form:

dT

dt

= � g ( k ) T P + � � �

T

T

dP

dt

= g ( k ) T P � �

P

P

where g ( k ) is the infectivity rate.

Does it satisfy the two requirements: Yes, if g ( k ) is sigmoidal.

105

k

Log P
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Conclusions

Models that best explained the data:

� Multiple compartment model with saturated killing in one compartment

� Multiple compartment, multiple stage model with sigmoidal infectivity rate
in one compartment

In every case, de Boer's on/off model of proliferation �t imm une data extremely
well.

Lastly, it's very dif�cult to get around Holland with a broke n bike. But it's worth
it if you can.
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