17.5 Triple Integrals

These are just like double integrals, but with another integration to perform. Although
this is conceptually a simple extension of the idea, in practice it can get very complicated.
For example, in two variables, there are just two different ways to integrate by iteration,
depending on how we order the variables. But since there are six different orderings of
three variables, there are now six different types of iterated integrals. In this section we
shall illustrate the basic ideas, and not go into very much detail or complexity.

We begin with the definition of the integral of a function w = f(x,y, z) over a region
R in three dimensions. Cover R with a grid formed of the coordinate planes. and form

the sum
> flzy,2)AV

over all the cubes of the grid in R, where f is evaluated at a point of the cube, and AV is
the volume of the cube. Taking the limit as the grid becomes infinitely fine, we obtain

(12) ///Rf(x,y, 2)dV .

As remarked above, triple integrals can be evaluated as iterated integrals.

Proposition 17.5. Suppose that w = f(z,y, 2) is a continuous function on the rectangular
parallelipiped R: a <z <b, ¢ <y <d, p<z<gq. Then the triple integral (12) can be
evaluated by iteration in any of six ways, depending upon which variable is chosen first.
For example, if the variables are chosen in the order x,y, z, we have

(13) ///Rf(x,y,z)dV:/ab [/Cd [/qu(x,y,z)dz}dy}dx.

Example 20. Find the integral of 22 + yz over the region R: 0 <2 <2, 1<y <4,0<
z < 5. If we iterate in the order x,y, z we get

///R(:c2+yz)dV:/02 [[4[/05($2+yz)d2}dy]dx‘

The first integration gives

5 2
25
/ (22 4+ y2)dz = (222 + %)‘g = 5x? + 5V
0

The next integral is

4
25 25 25 375
/ (527 + 7y)dy = (5z%y + ng)}‘f = 20x% + 100 — 5z? + i 1522 + o
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Finally, the last integration gives the desired result:
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If we iterate in another order, the calculations are different (and could be easier or more
difficult), but lead to the same answer. For example, let us iterate in the order y, z, z:

///R(m2+yz)dvz/l4 [/05 [/02(x2+yz)dx}dz}dy

The first integral is

— zr| =2yz+ = .
g YT AET
The next integration leads to
8 40
=25 —
yz? + 3,2 Y+ 3

and the final integration is

4
40, 25y% 404 _ 455
25 dy = e [

Now, for the integral over a general region R, the situation can easily become quite com-
plicated. Here is one of the possibilities;

Proposition 17.6 Suppose that w = f(z,y, z) is a continuous function on the region R. If
R can be described as (z,y, z) such that a < 2z < b, u(z) <y < ov(z),¥(z,y) < z < ¢(z,y),
then

(14) ///f(m,y,z)dV:/ab[[J:j) ;:::) (2, y, 2)dz] dy] d

Each ordering of the variables leads to a different possibility of calculating the triple integral
by iteration; some of which may not work, and some of which may be easier than others.

Example 21 Find the volume of the region in the first octant bounded by the plane
3x+y+2z=12.

First we draw a diagram of the figure.

Figure 16——
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We see that we can order the variable in any way we please. Describing the region by the
inequalities 0 <z < 4, 0 <y <12 -3z, 0 < z < 12 — 3z — y we obtain the iterated

integral
4 12—3z 12—3z—y
Volume :/ [/ [/ dz] dy] dx .
0 0 0

The first integration gives 12 — 3x — y, and the second is

12—3a 2 2
—3z 12 —
/ (12—3x—y)dy:(12—3:c)y—%123 :%,
0

and finally

4 a2 9.3
Votume = [{(UZZ3E) 4y 028
0 2 18

Example 22. Find the z-coordinate of the centroid of the region of example 21.

To do that, we find the moment of the region about the plane z = 0:

Momy.—gy :/// zdV .
R

In general, if we have a choice, it is best to leave the most involved integration to the last;
thus we may want to take the variables in the order z,x,y. This gives us the iterated

integral
6 12—2z (12—2z—y)/3
Momy.—o) :/ [/ [/ zdw}dy}dz.
o Jo 0

The first integral leads to z(12 — 2z — y)/3, and the second is

1 2 12-2: %

1222
_ 7 Y _ 2
5/0 2(12 = 2z —y)dy = g((12—2z)y—3) 0 = 8(12—22) .

After a little algebra, we obtain
9 (6
Momy,—gy = 3 / (362 — 1222 + 2%)dz = 72 .
0

Thus
Mom{z:()} B 72

Mass 96 =7

z =

Example 23. Let R be the region bounded by the xy-plane, the plane z = 1 and under
the surface z = 22 — y2. Find the centroid of R.

First we draw a diagram of the figure.



Figure 16——

We see that we can describe the region as: 0 <z <1, —z <y <z, 0<z <22 -2

Thus
1 T m2—y2 1 T 4 1 1
Volume = / [/ [/ dz|dyldz = / [/ (z? — y*)dy = —/ idr = - |
0o J-zJo 0 J-a 3 Jo 3
1 T xz?—y? 4 1 4
Momy,—oy = / [/ [/ xdz]dyldx = —/ slde = — .
0o J-zJo 3 Jo 15

The moment about the plane y = 0 is zero because of symmetry. Finally,

1z ra’—y? 1 Lo
Mom,—o :/0 [/ [/0 zdz|dy|dx = 5/0 / (22 — y?)2dydzx .

Working out the square, we find the inner integral to be

v 2 T 2 1 16
4 2,2 | 4 4 2,3 5 5
|t =t gty =ty = St D, =2t - S ) = e
Thus 1
8 4
M oy = — Sdey = —
omy.—o} 5, x dx 5
and 4/15 4 4/45 4
:E prm— /— = — y g prm— O . Z prm— /— = — .,
1/3 5 1/3 15

Integration in other coordinates.

First, we recall that the volume of the parallelipiped spanned by the three vectors
U, V,Wis |U x (V- W)| =|det(U, V,W)|, where the determinant is that of the matrix
whose rows are the components of U, V, W. Now, suppose that we want to evaluate the
triple integral

(15) ///Rfdxdydz

where R corresponds to a region S in u, v, w space under a change of variables
(16) X = X (u,v,) = 2(u, v, W)+ y(u, v,w)T + 2(u, v, w)K .

By a change of variables, we mean that the coordinates (u,v,w) in S uniquely determine
a point in R; that is, in principle, we could solve the equations (16) for u,v,w in terms of
x,1y,z. Now, we can perform the integration in u, v, w space by selecting a fine grid in 5,
covering R by the image of the grid, and forming the sum > f(X)AV, where AV is the
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volume of the figure in R corresponding to a typical cube in the grid on S. This will be
an approximation to (15), which gets better as the grid gets finer.

If the grid is sufficiently fine, we can, at each cube, approximate by the linear approx-
imation to the change of variables:

dX = X, du + X, dv + X, dw .

A cube in S of side lengths du, dv, dw corresponds to the parallelipiped in R spanned
by the vectors X, du, X,dv, X, dw, and the volume of that parallelipiped is

(17) dV = |det(X,, Xy, Xy ) |dudvdw .
The factor in (17) is called the Jacobian of the variable change, and is calculated as the

(absolute value of the) determinant of the matrix whose rows are X,, X,, X, . This
matrix is denoted by

Owy.2) _ [ 5e 8 o
Ouwv,w) \ 32 5y 5%

Proposition 17.7. Suppose that we are given the change of variables (16) so that the
region R in (x,y, z) space corresponds to the region S in (u,v,w) space. Then we can
calculate triple integrals by integrating over S as follows:

///f dxdydz_///f uvw|((§v dudodu |

Example 24. Find the volume of the region R given by the inequalities
0<z<4, 0<y+2<3, 0<z+y+2<5.

This region is a parallelipiped, so by the appropriate change of coordinates, can be made
to correspond to a rectangular parallelipiped. That is, we make the change of variables

u=r+y+z, v=yY+z, wW==z

so that R corresponds to the region S given by the inequalities 0 <u <5, 0 <v <3, 0<

w < 4. Thus
x, Y, %
Volume—/// da:dydz—///| ’dudvdw
O(u, v, w)

Now, to calculate the Jacobian, we solve for x, ¥, z in terms of u, v, w:
r=u—v, y=v—w, Z=w,
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so that

1 0 0
0.9.2) _ el —1 1 o) =1
8(“7”:“’) 0 0 1

Thus

5 3 4
Volume = / / / dudvdw = 60 .
o Jo Jo

When we make a linear change of variables the Jacobian is a constant (but not always 1,
as above). By using the following fact about determinants, we need not actually solve for
x,1y, 2z in terms of u, v, w:

d(x,y, z) O(u,v,w)
d(u,v,w) d(z,y, z)

(18) =1.

Example 25. Let u =3x —y+ 2, v=2+4+y+ 22, w = x — z. Find the volume of the
parallelipiped given by the inequalities -2 <u <3, 0 <v <4, 2<u<T.

We calculate

3 1 1
O vw) e[ Z1 1 0 | =—7.
oz,y,2) 1 92 -1
Thus, by (18), o ) )
r,Y,z2) -
o(u,v,w) T

so that

3 4 T
Volume = / / / 1dudvdw = £.O .

Usually, we change coordinates only when the statement of the problem strongly
suggests a different set of coordinates. Thus, if the problem has symmetry about the z-
axis, we may change to spherical coordinates, and if there is symmetry about the origin, an
change to spherical coordinates is indicated. The calculation of theJacobians for cylindrical
and spherical coordinates leads to these expressions:

Cylindrical coordinates: dV = rdrdfdz.
Spherical coordinates: dV = p? sin ¢dpdfde.

Example 26. Find the volume and the centroid of the region bounded by the hyperboloid
2?2 4+ y? — 22 =1 and the planes z =0, z = 2.

Here, because of the symmetry about the z-axis, we are led to cylindrical coordinates. In
these coordinates, the region is given by 0 < 6 <27, 0 < 2<2, 0 <r <+/1+4 22. Thus

27 2 V1422
Volume:/// dxdydz:/// rdrdzd@z/ [/ [/ rdr|dz]do .
R R o Jo Jo

6



The inner integral is

1—|—Z2 1 2
/ rdr = re ,
0 2

and the next integral is

/21—|—22d z+z3|2 7
Z = — —_ —_— =
. 2 2 TG0 3

and the final integration gives the volume as 147/3. Now, because of the symmetry,
=0, y = 0. To calculate z, we need

2m 2 V1422
Momyg,—oy = /// zrdrdzdf :/ [/ [/ zrdr|dz]do .
R o Jo Jo

This time the first integral gives us z(1 + 22)/2, and the next is

2 3 2 4
Z+z z 2% 2
/ dz=—+§‘0=37
0

2 4

so that Momy,_gy = 6. Thus
67

7=
Example 27. The region R between the spheres of radius 4 and 5 is filled with a material
whose density is given by §(z,y, z) = 1 + 22 + y?. Find the mass of this region.

In spherical coordinates, the region is given by the inequalities 0 < 0 < 27, 0 < ¢ <
7, 4<p <5, and § = 1+ p?sin® . Thus

27 ™ 5
Mass = / [/ [/ (14 p? sin? ¢) p? sin ¢pdp|dep)|de .
0 0o Ja
The innermost integral is

5
1 2101
/ (1 + p?sin? ¢)p? sin ¢dp = %sindH— 0
4

sin® ¢ .
Now, to integrate with respect to ¢, we calculate

/Oﬂsin<bdgz5:2, /Oﬂsin?’(ﬁdgb:/Oﬂ(l—c032¢)sinq§dgz5:%,

and the integration with respect to 6 introduces a factor of 2. Thus

1 2101 4
Mass = 271'(%(2) + T()g) = 1201.877 = 3775.67 .



