
CHAPTER 17

Multiple Integration

�
17.1. Integration on Planar Regions

Integrationof functions in severalvariablesis donefollowing theideasof “accumulation” introducedin
Chapter4. There,for example, we calculatedtheareaunder a curve y � f � x� asx ranges from x � a
to x � b by accumulating theareaaswe swepttheregion out alongthex-axisfrom a to b. If we define
the function A � x� to be the areasweptout up to the value x, then we calculated, using figure 17.1,
dA � f � x� dx: theincrement in areais equalto theincrement in x timestheheightof therectangle atx.
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We will show thatthesameidea,now for calculatingvolumes,works in two dimensions,leadingto
whatis calledan“iteratedintegral”. In section17.3weshallgivea more formal definition of thedouble
integral, andthenseethatits computationusesthetechnique of iterationintroducedin this section.

Definition 17.1 Let f � x � y� bea functiondefinedona regionR in theplane.
a) If f � x � y� is positivefor all � x � y� in theregion R, thenthevolumeof thesolid lying over theregion R
andunderthegraphz � f � x � y � is thedouble integral of f overR,denoted

(17.1) �	�
R

f � x � y� dA 
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b) For a general f , thedouble integral (17.1) is thesignedvolumeboundedbythegraph z � f � x � y� over
theregion; that is, thevolumeof thepart of thesolidbelowthexy-planeis takento benegative.

Proposition 17.1 (IteratedIntegrals). We cancompute ��� R f dA ona regionR in thefollowingway.
a) SupposeR lies betweenthelinesx � a andx � b. For each x betweena andb, let A � x� bethesigned
areaof theregiondefinedby thegraphof z � f � x � y� overR,with x heldconstant (seefigure17.2). Then

(17.2) ��
R

f � x � y� dA �� b

a
A � x� dx �� b

a � � f � x � y� dy� dx 

b) SupposeR lies betweenthelinesy � c andx � d. For each y betweenc andd, let A � y� bethesigned
areaof theregiondefinedby thegraphof z � f � x � y� overR,with y heldconstant (seefigure17.3). Then

(17.3) ���
R

f � x � y� dA �	� d

c
A � y� dy �� d

c � � f � x � y� dx� dy 
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For (17.2), we sweepout thevolume alongthex-axis,lettingV � x� bethevolumeaccumulated from
a to x. Now, anapproximationto theincrement ∆V in V by moving a smalldistance∆x is theproduct
of the cross-sectionalareaA � x� with ∆x (seefigure 17.2). This leadsto the the differential equation
dV � A � x� dx, which is just thedifferential form of thefirst equalityof (17.2). But, theareaA � x� is just� f � x � y� dy. (17.3) is demonstratedin thesamewayby sweepingout in thedirection of they-axis.

We have left out the limits of integration in the inner integrals of equations (17.2) and(17.3) for
simplicity of notation. Determiningthemcouldbequitecomplicaed.We startwith somesimplecases.

Example17.1 Findthevolumeof thesolidover therectangle0 � x � 1 � 0 � y � 3 andboundedby the
xy-planeandtheplanez � x � y (seefigure17.4).

For x between0 and1, wecalculatetheareaof thesectionof thesolid by theplane with x fixed;

(17.4) A � x��� � 3

0
zdy � � 3

0
� x � y� dy ��� xy � y2

2
���� 30 � 3x � 9

2
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Thenthevolume is

(17.5) � 1

0
A � x� dx �� 1

0
� 3x � 9

2
� dx ��� 3

2
x2 � 9

2
x� �� 10 � 6 


Figure17.4
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Example 17.2 Supposethata houseis situatedin onecornerof a rectangular plot of land300feetby
200feet. Thecontour of this plot of landis givenby theequationE � x � y��� 10 � 4 � x2 � xy� 2� wherethe
houseis situatedat theorigin andthex-axis is the300foot length. It is desiredto level this property at
thelevel of thehouse.How muchfill hasto beremoved(or brought in) to accomplish this?

We wantto know thedifferencebetweenthevolumeof landabove houselevel andthatbelow house
level; that is, we wantto find thesignedvolumedeterminedby thegraphof z � E � x � y� over theplot of
landR. We have

(17.6) ���
R

E � x � y� dA �� 300

0
A � x� dx �

whereA � x� is thecross-sectional (signed) areaof the terrainprofile on a sectionperpendicularto thex
axisata distancex from thehouse.This is

(17.7) � 200

0
E � x � y� dy � 10� 4 � 200

0
� x2 � xy

2
� dy � 10� 4 � x2y � xy2

4
���� 200

0 ��
 02x2 � x 

Then

(17.8) ��
R

E � x � y� dA �� 300

0 � � 200

0
E � x � y� dy� dx ��� 300

0
��
 02x2 � x� dx ����
 02

x3

3
� x2

2
� �� 300

0 

Thisevaluatesto 13
 5  104 cubicfeetwhich,becauseit is positive,haveto beremoved.Wereweto ask
for theaverage elevation of the propertyabove houselevel, we divide this by theareaof theproperty,
getting13
 5  104 �!� 6  104 �"� 2 
 25feet.

Example 17.3 Find thevolume under theplanez � x � 2y � 1 over the triangleboundedby the lines
y � 0 � x � 1 � y � 2x (seefigure17.5).
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If wesweepoutalongthex-axis,we cancalculatethevolume as � 1
0 A � x� dx, where,for fixedx � A � x�

is theareaunder thecurve z � x � 2y � 1 over theline segment at x in thetriangle. This is theline from
y � 0 to y � 2x. Thus

(17.9) A � x�"��� 2x

0
� x � 2y � 1� dy ��� xy � y2 � y� �� 2x

0 � 2x2 � 4x2 � 2x � 6x2 � 2x 

Thenthevolume is

(17.10) Volume � � 1

0 � � 2x

0
� x � 2y � 1� dy� dx � � 1

0
� 6x2 � 2x� dx ��� 2x3 � x2 ���� 10 � 3 


For confirmation thatwe cancalculateintegrals by iteratingin eitherorder, we’ll calculatethevolume
by sweepingoutalongthey axisfirst. Now, y ranges from 0 to 2, andfor fixedy� x ranges from y� 2 to 1.
Thiscomputationleadsto

(17.11) Volume ��� 2

0 � � 1

y# 2 � x � 2y � 1� dx� dy 

Theinnerintegral is

(17.12) � 1

y# 2 � x � 2y � 1� dy ��� x2

2
� 2xy � x� �� 1y# 2 � 3

2
� 3

2
y � 9

8
y2 


We thenget

(17.13) Volume � � 2

0
� 3
2
� 3

2
y � 9

8
y2 � dy �$� 3

2
y � 3

4
y2 � 3

8
y3 �� 20 � 3 � 3

4
� 3

4
� 3 


This lastexample illustratestwo importantconsiderations:

1. Wecantry to integrateby sweepingoutalongeithercoordinateaxis,andoneorderof integration may
besimplerthantheother.

2. To integratea function f over adomain,first draw adiagramof thedomain to determinethepreferred
(sometimes,only possible)order of integration. If we try sweepingout alongthex-axis,first determine
therange in thevariablex,andthenassureyourselfthatany line x � constant intersectstheregion in an
interval. If not,sweepin theotherdirection, sothatany line y � constantis aninterval. Of course,both
attemptsmayfail; we’ll look into this in thenext section.If oneor theothercriterion holds,we saythe
region is regular.

Definition 17.2 A region in theplaneis regular if it canbedescribedin eitherof thesetwo ways:

(type 1): asthesetof � x � y� wherex runsfroma to b, andfor each such x � y lies betweenφ � x andψ � x� ;
(type 2): asthesetof � x � y� wherey runsfromc to d, andfor each such y� x liesbetweenµ � y� andν � y� .
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Figure17.6:Type1
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Proposition 17.2 Supposethat f is definedover a regular region R. Thenwecancalculatethedouble

integral �%� R f dA asan iterated integral:

(17.14) ��
R

f dA �	� b

a � � ψ & x'
φ & x' f � x � y� dy� dx � type1�(�

(17.15) ��
R

f dA � � d

c � � ν & y'
µ & y' f � x � y� dx� dy � type2�(


If R is regular of bothtypes1 and2, thenwecancalculateeitherway, whichever is moreconvenient.

Example 17.4 Let R be the region in the first quadrant betweenthe curvesy � 12x � 1 � x� andy �
x � 1 � x� . Find �%� RxydA.

Draw thefigure(seefigure17.8). This is a type1 region, wherefor any x, y lies on theinterval from
x � 1 � x� to 12x � 1 � x� . This interval shrinks to a point whenx � 0 or 1, so therangeof x is 0 � x � 1.
Thus

(17.16) ���
R

xydA � � 1

0 � � 12x & 1 � x'
x & 1 � x' xydy� dx 


Theinnerintegral is

(17.17) x
y2

2
�� 12x & 1 � x'
x & 1 � x' � x

2
� 144x2 � 1 � x� 2 � x2 � 1 � x� 2 �"� 143

2
� x2 � 2x3 � x4 �)


Thus

(17.18) ���
R

xydA � 143
2
� 1

0
� x2 � 2x3 � x4 � dx � 143

2
� 1
3
� 2

1
4
� 1

5
�"� 143

60
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Figure17.8
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Example 17.5 Let R be the region in the first quadrant betweenthe lines x � 4y � 0 andx � 2y � 1.
Evaluate

(17.19) ���
R

x
1 � y2dA 


Draw thefigure(seefigure17.9). This is notatype1 region,but it is type2. Thepointof intersection
of the lines is thesimultaneoussolutionof the two equations” x � 2 � y � 1� 2. Thustheregion canbe
describedas0 � y � 1� 2, andfor any suchy, 4y � x � 1 � 2y. Thus

(17.20) ��
R

x
1 � y2dA � � 1

2

0 � � 1+ 2y

4y

x
1 � y2 dx� dy 


Theinnerintegral is

(17.21)
1

1 � y2

x2

2
�� 1+ 2y
4y � � 1 � 2y� 2 � 16y2

2 � 1 � y2 � � 1 � 4y � 12y2

2 � 1 � y2 � 

We now wantto integratethis from 0 to1/2. To doso,we will needto do thelongdivision:

(17.22)
1 � 4y � 12y2

2 � 1 � y2 � � � 6 � 2
x

1 � x2 � 13
2 � 1 � x2 � 


Finally, thevalue of thedouble integral we seekis

(17.23) � 1
2

0 , � 6 � 2x
1 � x2 � 13

2 � 1 � x2 �.- dx �0/ � 6x � ln � 1 � x2 �1� 13
2

arctanx2 1
2
0

whichevaluatesto � 3 � ln � 1 
 25�!� 6 
 5arctan��
 5�"�$
 2368.

�
17.2. Applications

Justasin onedimension(refer to Chapter5), we canapply integration to any concept which is “accu-
mulative”: thatis, its valueover awholeis thesumof its valueof theparts.
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�
17.2.1 Average

Let R bea region in theplane.Its areais �%� RdA. If f is a function definedonR, its averagevalue is

(17.24) fave � ��� R f dA��� RdA



We alreadycalculatedanaverage, in example 17.2. Hereis anotherexample.

Example 17.6 We canmodelthestateof Kansasastherectangle K : 0 � x � 500� 0 � y � 300,where
the units aremiles. On a cold winter’s day the temperatureat � x � y� wasT � x � y�)�3
 01x � 1 � 10 � 5xy�
degreesCelsius.Whatwastheaverage temperaturein thestate?

To answerthequestion we considerT � x � y� asa measureof theamount of “heat” at � x � y� . Thenthe
totalheatin thestateis

(17.25) H ����
K

T � x � y� dA �� 500

0
� 300

0
� 10� 2x � 10 � 7x2y� dydx 


Theinnerintegral is

(17.26) � 300

0
� 10� 2x � 10 � 7x2y� dy ��� 10� 2xy � 10 � 7x2 y2

2
� 300
0 � 3x � 4 
 5  10� 3x2 


Finally

(17.27) H ��� 500&
0

3x � 4
 5  10 � 3x2 � dx � 3
2

x2 � 1 
 5  10 � 3x3 � 500
0 � 18
 75  104 


Sincetheareaof Kansasis 15  104 squaremiles,theaverageis

(17.28)
H
A
� 18
 75  104

15  104 � 1 
 254 C 

�
17.2.2 Mass

A thin platecovering a region R in the plane is calleda lamina. We supposethe laminais filled with
someinhomogeneousmaterial,whosedensityover thepoint � x � y� is δ � x � y� . Thenthetotal massof the
plateis

(17.29) Mass�����
R

δdA 

Example 17.7 Supposethe rectangleR: 0 � x � 3 � 0 � y � 4 is filled with an inhomogeneousfluid
whosedensityat thepoint � x � y� is δ � x � y��� xy� 6. Find thetotal mass.

(17.30) Mass � ���
R

xy
6

dA � 1
6
� 3

0 � � 4

0
xydy� dx 
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Theinnerintegral is

(17.31) � 4

0
xydy � x

y2

2 5 40 � 8x �
so

(17.32) Mass � 1
6
� 3

0
8xdx � 1

6
� 4x2 � 30 � 6 


�
17.2.3 Moment

Givena massm at a point P, its moment about an axis L is d 6 m, whered is the distanceof P to the
axisL. It is Archimedes’ principlethatmomentsareadditive, so if we have a laminacoveringa region
R, we canapproximateits total moment about anaxisL by covering it with a grid of small rectangles,
andadding up themoments of eachof the rectangles.In the limit this becomesa double integral: the
momentof the lamina Rabout the axis L is

(17.33) MomL � ��
R

dLδdA �
whereδ is thedensityfunctionanddL is thesigneddistancefrom theaxisL. Wetakethesigneddistance
because,whentheaxispassesthrough the region themomentson onesidehave theoppositeeffect of
themoments on theother. Thelaminais balancedalongtheaxisL if MomL � 0. Thecenter of mass
of R is a point P̄ ��� x̄ � ȳ� suchthatR is balancedalongevery axisthrough P̄. To calculatethese,usethe
following:

(17.34) Momx7 0 � ���
R

xδdA

(17.35) Momy7 0 �8���
R

yδdA

(17.36) x̄ � Momx7 0

Mass
� ȳ � Momy7 0

Mass



Example17.8 Find thecenterof massof therectangle in example 17.7.

(17.37) Momx7 0 �	���
R

xδdA � 1
6
� 3

0 � � 4

0
x2ydy� dx � 1

6
� 3

0
8x2dx � 12 


(17.38) Momy7 0 �8���
R

xδdA � 1
6
� 3

0 � � 4

0
xy2dy� dx � 1

6
� 3

0

64x
3

dx � 16 

In example 17.7, we found themassto be6, sothecenterof massis at (12/6,16/6)= (2,2.67).
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Finally (this conceptis usedwhenconsidering therotationof a laminaR in motion), themoment of
inertia about anaxisL is ��� Rd2

LδdA, giving

(17.39) Ix7 0 � �	�
R

x2δdA �
(17.40) Iy7 0 �	���

R
y2δdA 


If weareinterestedin rotationof theregion in its planeabouttheorigin, we takeasthesquared termthe
distanceto theorigin (which canalsobeconsideredasrotation about thez-axis). Thusthemoment of
inertiaof theregion about theorigin is

(17.41) IO � �	�
R
� x2 � y2 � δdA

Example 17.9 Considera laminaover theregion R in thefirst quadrantboundedby thecurves y � 2x
andy � x3. Thedensity of thematerialin thelaminais δ � x � y�"� y. Find thecenterof massof R andthe
moment of inertiaabout theorigin.

First,we draw a diagram of theregion R (figure 17.10).

Figure17.10
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(17.42) Mass ��9�
R

δdA �� 1

0 � � x

x3
ydy� dx ��� 1

0

1
2
� x2 � x6 � dx � 1

2 � 13 � 1
7
�!� 2

21



(17.43) Momx7 0 �	�9�
R

xδdA �	� 1

0 � � x

x3
xydy� dx ��� 1

0

1
2
� x3 � x7 � dx � 1

2 � 14 � 1
8
�!� 1

16



(17.44) Momy7 0 � �9�
R

yδdA � � 1

0 � � x

x3
y2dy� dx � � 1

0

1
3
� x3 � x9 � dx � 1

3 � 14 � 1
10
�1� 1

20



Thus thecenterof massis at � x � y� , where

(17.45) x � 1� 16
2� 21

� 21
32
� y � 1� 20

2� 21
� 21

40
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Finally, themomentof inertiaabouttheorigin is

(17.46) IO �	���
R
� x2 � y2 � δdA �	� 1

0 � � x

x3
� x2 � y2 � ydy� dx 


Theinnerintegral is

(17.47) � x

x3
� x2y � y3 � dy ��� x2 y2

2
� y4

4
� �� xx3 � 3x4

4
� x8

2
� x12

4
�

so,finally

(17.48) IO �8� 1

0
� 3x4

4
� x8

2
� x12

4
�"� 44

585



�
17.3. Theoretical Considerations

Let f � x � y � be a function definedfor all � x � y� in a region R in the plane. The integral of f over R is
defined, asin onevariable,asa limit of approximatingsums. Recall that in onevariable, the interval
of integrationwaspartitionedinto small interval, andfor eachinterval we formed theproduct f � x̄� ∆x,
wherex̄ is apoint in theinterval, and∆x is thelengthof theinterval. Thesum ∑ f � x̄� ∆x over all intervals
is theapproximation to theintegral for thispartition. Now wedothesamething, takingsmallrectangles
insteadof intervals.

Selecta grid G of horizontalandvertical lines,andlet 5G 5 representthemaximaldistancebetween
any two successivelines.Givensuchagrid, let G � R� bethesetof rectangleswholly contained insidethe
region R. Thenform thesum

(17.49) ∑ f � x̄ � ȳ� ∆A

over all rectangles in G � R� . Here,∆A is the areaof onesuchrectangle,and � x̄ � ȳ� is any point in the
rectangle. Thissumis calledthebf Riemannsumfor f onRover thegrid G. If thegrid is veryfine(that
is, 5G 5 is very small),this is anapproximationto theintegral.

Definition 17.3 f is saidto be integrable over theregion R if

(17.50) lim:
G
: ;

0
∑ f � x � y� ∆A

exists.In this case, thelimit is thedefinite integral of f overR,denoted

(17.51) �	�
R

f � x � y� dA 

Thequestionof integrability of a function over a region R is very difficult, but for reasonable func-

tionsandregionsis coveredby this
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Theorem 17.1 Supposethat R is a rectangle(a � x � b � c � y � d), and f is boundedandcontinuous
onRexceptalong a fintesetof smoothcurves,then f is integrableonR; that is, thelimit (17.50)exists.

To evaluatetheintegral,we reducetheproblemto theonevariablecalculus,by addingthetermsin
(17.50) first in theverticalcolumns,andthenaddingthesumscorrespondingto thecolumns. Suppose
then,thatR is therectanglea � x � b � c � y � d. For eachcolumn betweentwo grid linesonthex-axis,
form the sum∑ f � x � y� ∆y. Now take theseexpressions,multiply by the width of the column (∆x) and
sumoverall columns,obtaining

(17.52) ∑ < ∑ f � x � y∆y= ∆x 

Takingthelimits (as 5G 5?> 0, which is thesameas∆x > 0 � ∆y > 0) we obtain

(17.53) ��� f � x � y� dA �� b

a
< � d

c
f � x � y� dy= dx �

wheretheinnerintegral is takenwith x treatedasa constant.Of course,we cansumfirst over therows,
andthenaddthesesumsup they-axis:

(17.54) ��� f � x � y� dA �� d

c
< � b

a
f � x � y� dx= dy 


Now, whatdowedoif theregion R is moregeneralthanarectangle? Thereis nogeneralprocedure;but
for regular domains,wecandeduceproposition17.2from theabovetheorem. Suppose,for examplethat
R is a type1 domain,boundedontheleft andright by linesx � a, x � b, andbelow by acurvey � φ � x� ,
andaboveby acurvey � ψ � x� . ThenwecanenclosetheregionR in arectangleR0 boundedby thelines
x � a � x � b � y � c � y � d. If we extend f to all of R0 by definingit to bezerooutsideR, this extension
is continuousonR0 exceptalongthecurvey � φ � x�@� y � ψ � x� , sothetheoremapplies.But now

(17.55) � d

c
f � x � y� dy �8� ψ & x'

φ & x' f � x � y� dy

since f � x � y�A� 0 for y B φ � x� or y C ψ � x� . Thuswehave

(17.56) ���
R

f � x � y� dA �� b

a
< � ψ & x'

φ & x' f � x � y� dy= dx 

Similarly, for a type2 region R, boundedbelow andabove by lines y � c, y � d, andon the left by a
curvex � µ � y� , andontheright by a curvex � ν � y� , thentheresultis

(17.57) ���
R

f � x � y� dA �� d

c
< � ν & y'

µ & y' f � x � y� dx= dy 

Thesearecalledthe iterated integrals, andprovide thetechnique for evaluatingdouble integrals.

For a general region, we try to break it up into a finite setof nonoverlapping pieces,eachof which
is either type 1 or type 2. Thenwe evaluate over eachpieceby the iteratedintegral, andadd them
all together. This usespart (a) of the following proposition,all of which canbe easilyverified asfor
integrationin onevariable.
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Proposition 17.3 If R consistsof n nonoverlapping regionsR1 � R2 ��
�
D
D� Rn, then

b) ���
R

f dA � ��
R1

f dA �E6D6�6�� �8�
Rn

f dA 

c) ���

R
� f � g� dA � ���

R
f dA � ��

R
gdA 
 3) If C is a constant

(17.58) ���
R

Cf dA � C ���
R

f dA 

e) If f F g then

(17.59) ���
R

f dA F ���
R

gdA 

f) Theareaof theregionR is

(17.60) A � R�G�$���
R

dA 

g) If f is non-negative, thevolume of theregion lying over theregion R in thexy-plane andunderthe
surfacez � f � x � y� is

(17.61) ��
R

f dA 

�
17.4. Integration in Other Coordinates

Polar coordinates
Calculations of double integrals areoften simplified by turning to appropriatecoordinates. If, for

example, theproblemsetupis suggestiveof polarcoordinates,thechangecanbemadeasfollows. Cover
theregionwith agrid this timemadeupof thecurves r � constant,θ � constant(seefigure17.11). Then
form thesum

(17.62) ∑ f � r � θ � ∆A �
wherenow ∆A is theareaof oneof thefigures cut out by this grid, and f is evaluatedat a point in the
grid. If thegrid is veryfine,wecantake its areato betheproductof thelengths of its sides,respectively
∆r andr∆θ . Usingthis approximation, in thelimit, we getdA � rdrdθ , sothat

(17.63) ���
R

f dA �	��� f � r � θ � rdrdθ �
whichwenow canevaluateby appropriateiteration.So,if theregionR is of theform α � θ � β � u � θ �G�
r � v � θ � , we calculatethedouble integral by theiteratedintegral:

(17.64) ���
R

f � r � θ � dA �	� β

α
< � v & θ '

u & θ ' f � r � θ � rdr = dθ 
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Figure17.11

PSfragreplacements

r∆θ

∆r

Figure17.12

PSfragreplacements

r∆θ
∆r

Example 17.10 Find �%� RxdA whereR is theregion boundedby thecircle of radius 1 centered at the
origin andthecircleof radius1/2centeredat thepoint (1/2,0) (seefigure 17.12).

If we move to polarcoordinateswe have x � r cosθ , theouterboundaryof R is r � 1, andtheinner
boundaryis givenby r � cosθ . To proceed,we first noticethat theintegral is twice thatof the integral
over thepartof R in theupperhalf plane,by symmetry. To reducetheintegral to iteratedintegrals,we
have to considerthepiecesin thefirst andsecondquadrantsseparately. Denotetheseby I andI I asin
thefigure.

(17.65) ���
I
xdA �� π # 2

0
� 1

cosθ
� r cosθ � rdrdθ �	� π # 2

0
� 1

cosθ
r2cosθdr � dθ 


Theinnerintegral is

(17.66)
r3

3
cosθ 5 1cosθ � 1

3
� cosθ � cos4 θ �(


Usingthedouble angleformulatwice,wefind

(17.67) cos4 θ � 3
8
� cos� 2θ �

2
� cos� 4θ �

4



Then

(17.68) ���
I
xdA � 1

3
� π # 2

0
� cosθ � cos4 θ � dθ � 1

3
� 1 � 3π

16
�)


Now aneasiercomputationgives

(17.69) ��
I I

xdA �� π

π # 2 � 1

0
� r cosθ � rdrdθ � � 1

3
�

sothatfinally

(17.70) ���
R

xdA � 2 � 1
3
� 1 � 3π

16
� � 1

3
�G� � π � 8 
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Example17.11 Find thecenterof massof theregion describedin example 17.10 (seefigure17.12).
Thatregion is boundedon theoutsideby a circle of radius1, andon theinsideby a circle of radius

1� 2, sohasareaπ � π � 4 � 3π � 4. In example 17.6, we calculatedthemomentaboutx � 0 to be

(17.71) Momx7 0 � ���
R

xdA � � π
8
�

sothex coordinateof thecenterof massis x � � � π � 8�D�H� 3π � 4�"� � 1� 6. Sincetheregion is symmetric
about thex-axis,thecenterof massis on thataxis,andthusis at � � 1� 6� 0� .

Ournext example is a trick calculation, obtained by workingbackwards from theiteratedintegral to
thedouble integral.

Example17.12 � ∞

0
e� x2

dx �I π � 2.

Observe first that

(17.72) � � ∞

0
e� x2

dx� 2 ��� � ∞

0
e� x2

dx�J� � ∞

0
e� y2

dy�(�
just by renaming thevariableof integration in thesecondfactor. But now, this lastcanbeviewedasan
iteratedintegral, andthenasa double integral:

(17.73) ��� ∞

0
e� x2

dx�?�K� ∞

0
e� y2

dy�"�� ∞

0 � � ∞

0
e� & x2 + y2 ' dy� dx ����

Q
e� & x2 + y2 ' dA �

whereQ is thefirst quadrant.Now, this is theintegral of e � r2
overQ, whichin polar coordinatesis given

by 0 � θ � π � 0 � r � ∞. Makingthechangeto polarcoordinates,we get:

(17.74) � � ∞

0
e� x2

dx� 2 � � π # 2
0 � � ∞

0
e� r2

rdr � dθ � π
2
� 1
2
�"� π

4



Takingsquareroots,we gettheresult.

�
17.4.1 General Coordinate Changes

Let L andM betwo vectors in theplanewhicharenotparallel,sothattheareaof theparallelogramthey
span,5 det� L � M � 5 , is notzero.Wecancovertheplanewith agrid of linesparallelto L andM (seefigure
17.13), so thatany point X in theplanecanberepresentedby a vectorsumof the form uL � vM . We
will call u � v thecoordinatesof thepoint relative to thebasisL � M . Now if we take thegrid sufficiently
fine,wecanapproximatetheareaof aregionRby thesumof theareasof thegrid parallelogramswholly
containedinsidetheregion;thatis, thelimit of thesesums,asthegrid becomesinfinitely fine, is thearea
of theregion. If thesidelengthsof a typical parallelogram(in u � v coordinates)are∆u � ∆v, theareaof
theparallelogramis 5 det� L � M � 5∆u∆v (seefigure17.14). Thus,in thelimit:

(17.75) ���
R

dA � lim ∑ 5 det� L � M � 5∆u∆v ���
S 5 det� L � M � 5 dudv 
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whereS is theregion in u � v coordinatescorrespondingto R. Thustheareaof R is 5 det� L � M � 5 timesthe
areaof S. Thissameargumentworksfor theintegral of a functionover theregion R:

(17.76) ���
R

f � x � y� dA � lim ∑ f � x � y� 5 det� L � M � 5∆u∆v

(17.77) � ���
S

f � x � u � v�J� y � u � v�D� 5 det� L � M � 5 dudv 

Figure17.13
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Example17.13 Find �%� RxdA, whereR is theparallelogramwith verticesat (0,0), (5,3), (2,6), (8,9).

Rcanbedescribed asparallelogramwith sidesL � 5I � 3J � M � 2I � 6J. Wesee(usingfigure17.14)
thata point � x � y� is in R if we canwrite thevector X � xI � yJ � uL � vM with 0 � u � 1 � 0 � v � 1.
Moreprecisely, xI � yJ ��� 5u � 2v� I �L� 3u � 6v� J, whichamounts to thechange of coordinates

(17.78) x � 5u � 2v y � 3u � 6v

realizesR astheimageof theunit square S in � u � v� space.We have

(17.79) det� L � M �"� ���� 5 3
2 6

���� � 24 

Then

(17.80) ��
R

xdA ���
S
� 3u � 6v� 5 det� L � M � 5 dudv � 24 � 1

0 � � 1

0
� 3u � 6v� du� dv � 4 
 5 


Now, supposethat we make a (not necessarilylinear) change of variables in a region R : x �
x � u � v�@� y � y � u � v� . To say that this is a changeof variables is to say that the valuesof u andv are
determinedby thepoint � x � y� in R, thatis, in principle, wecansolve theseequations for u andv in terms
of x andy.
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In termsof vectorswe canwrite this asX � u � v�M� x � u � v� I � y � u 
 v� J. We canseehow to calculate
integrals in the � u � v� planeby following theabove argumentfor a linearchangeof variables. However,
now the factorby which we multiply is not constant,anddependsat eachpoint upon the relationship
betweendifferential rectangles at that point. This relationship is given by the linear approximation at
thatpoint. Specifically, If weselect,atapoint in � u � v� space,a rectanglewith sidesin thecoordinatedi-
rections,andof sidelengthsdu, dv, theimageis, in thelinearapproximation, theparallelogramspanned
by thevectors Xudu andXvdv (seefigures17.15 and17.16 ).

Figure17.15
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In this figure, thevectors Xu andXv play the role of thevectors L andM in the linearcase,since
they representa move of oneunit in the respective coordinatedirections. This parallellogramthenhas
area 5 det� Xu � Xv � 5 dudv � 5Xudu  Xvdv 5 .
Definition 17.4 Givena change of coordinatesx � x � u � v�@� y � y � u � v� , thedeterminant

(17.81) det� Xu � Xv �G� det N ∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂y O

is calledtheJacobian of thechange of variablesandis denotedby

(17.82)
∂ � x � y�
∂ � u � v� � det N ∂x

∂u
∂y
∂u

∂x
∂v

∂y
∂y O

Proposition 17.4 If x � x � u � v�@� y � y � u � v� is a changeof coordinatesin theregion R,thenwehavethis
equation for thedifferentialof area:

(17.83) dA � 5Xu  Xv 5 dudv � ����� det N ∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂y O ����� dudv 


If R is theimageof theregionSin � u � v� -space, and f is an integrablefunctiononR,then

(17.84) �
R

f � x � y� dxdy ��
S

f � x � u � v�J� y � u � v�D� ����� det
∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂v

����� dudv 
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As we have seenin Chapter13, the determinant det� X u � Xv � is the determinant of the two by two
matrixwhoserowsarethecomponentsof thevectors;thatis, thedeterminantin (17.83). (17.84)follows
from (17.83) intuitively: we cancover theregion R by a grid formedof thelevel curvesof thefunctions
u andv, andgeta good approximation by theright handside,for a grid fineenough.

To illustratethis,wereturnto polarcoordinatesasthechangeof variablesx � r cosθ � y � r sinθ , or,
vectorially

(17.85) X � r 
 θ �"� r cosθ I � r sinθJ 

Now, for adifferentialrectangle in r � θ -spaceof sidelengthsdr � dθ , thecorrespondingfigurein x � y-space
is theparallelogramboundedby thevectors X rdr andXθ dθ (seefigure17.11). We have

(17.86) X r  Xθ � det P cosθ sinθ� r sinθ r cosθ Q � r �
andtheelementof areais

(17.87) dA � 5X rdr  Xθ dθ 5 � rdrdθ 

Example17.14 Show thattheareaof anellipseof majorradius a andminor radiusb is πab.

We considertheellipseastheregion E boundedby thecurve

(17.88)
x2

a2 � y2

b2 � 1 

Thechangeof variablesx � auy � bv realizesthisellipseastheimageof theunit diskD in � u � v� space.
Thus

(17.89) Area �$��
E

dxdy ����
D
�� ∂ � x � y�∂ � u � v� �� dudv � ab ��

D
dxdy � πab �

sincethelastintegral is theareaof thediscof radius 1, which is π .

Example17.15 Find theareaof theellipseE boundedby thecurvex2 � 4xy � 13y2 � 16.
If wecompletethesquaretheequationbecomes

(17.90) � x � 2y� 2 � 9y2 � 16 

If we let u � x � 2y� v � 3y, this is theimageof thediskD in � u � v� spaceboundedby u2 � v2 � 16. The
radiusis 4, andtheareais 16π. Solving for x � y in termsof u � v, we have x � u � 2v� 3 � y � v� 3. The
Jacobianof thechangeof variables is

(17.91) det P 1 0� 2
3

1
3 Q � 1

3



Thus

(17.92) Area� E �G� ��
E

dxdy � 1
3
��

D
dudv � 1

3
� Area� D ���G� 16π

3



Example 17.16 Find the areaof the region R in the first quadrant boundedby thecurvesx � y� x �
2y� xy � 1 � xy � 5.
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Figure17.17

PSfragreplacements

u � 2

u � 1

v � 1

v � 5

Make thechangeof variablesu � x� y� v � xy. Thentheregion canbedescribedby theinequalities
1 � u � 2 � 1 � v � 5. Let Srepresentthis region in u � v space.To integratein u � v space,wehave to find
theJacobian.First we solve theequationsfor x andy in termsof u andv, obtaining:

(17.93) x � I uv � y ��R v
u
�

sothat

(17.94) det N ∂x
∂u

∂y
∂u

∂x
∂v

∂y
∂v O � det N 1

2 S v
u

� 1
2u S v

u
1
2 S u

v
1
2 T 1

uv � O � 1
4
R v

u2v
� 1

4u
R vu

uv
� 1

2u



Thus

(17.95) Area� R�G����
R

dxdy ����
S

1
2u

dudv � 1
2
� 2

1 � � 5

1

1
u

dv� du � 2 � 2

1

du
u
� 2ln2 


�
17.4.2 Surface Area

ConsiderasurfaceS in threedimensionsgiven parametricallyby

(17.96) X � u � v�"� x � u � v� I � y � u � v� J � z� u � v� K
where � u � v� lies in a region R. To approximatetheareaof S we cut R up into small rectanglesgiven by
a fine grid, calculatetheareaof theparallelogram(in the tangentplaneat a point in R) approximating
theimageof therectangle on S, andaddthis up over all rectangles,aswe did for theplane(seefigures
17.15 and17.16; now theright handfigure is a grid on a surfacein space).Turningto the languageof
differentials,let dSrepresentthedifferentialof thesurfacearea.This is theareaof therectanglein space
spannedby thevectors Xudu andXvdv. Thus

(17.97) dS � ��Xudu  Xvdv �� �
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andthustheareais

(17.98) Area� S�G�$���
R

dS ����
R
��Xu  Xv �� dudv � Surfacegivenparametrically �(


Example17.17 Find theareaof thepieceof theparaboloid z � x2 � y2 cut off by theplanez � 1.
Parametrizethesurfaceusingcylindrical coordinates:

(17.99) X � x � y�"� r cosθ I � r sinθJ � r2K � 0 � θ � 2π � 0 � r � 1 

Then

(17.100) X r � cosθ I � sinθJ � 2rK � Xθ � � r sinθ I � r cosθJ 

(17.101) dS �0��Xr  Xθ �� drdθ � r S 1 � 4r2dr 

(17.102) Area � � 2π

0
� 1

0
r S 1 � 4r2drdθ � π

6
� I 125 � 1�(


If thesurfaceis thegraph of a function z � f � x � y� , we canlook at thisasgivenparametrically by

(17.103) X � x � y�"� xI � yJ � f � x � y� K �
andwefind Xx � I � fxK � Xy � J � fyK andso,from (17.97): dS � T 1 � f 2

x � f 2
y dxdy andwe have

(17.104) Area� S�G����
R

dS ��	�
R T 1 � f 2

x � f 2
y dudv � Surfacegivenasa graph�(


Example 17.18 Find the areaof the cone z2 � x2 � y2 lying over the triangle in the first quadrant
boundedby theline 2x � y � 2.

We representthe surfaceasthe graphof the function f � x � y�U� S x2 � y2 over the region ��� x �
1 � 0 � y � 2 � 2x. Differentiating:

(17.105) fx � xS x2 � y2
� fy � yS x2 � y2

�
so

(17.106) dS �WV 1 � x2

x2 � y2 � y2

x2 � y2dxdy � I 2dxdy 

Thus

(17.107) Area � I 2 � 1

0
� 2 � 2x

0
dydx � I 2 


Example17.19 If thefunction is givenin polarcoordinates:z � f � r � θ � . wewrite

(17.108) X � r � θ �"� r cosθ I � r sinθJ � f � r � θ � K 

ThenXr � cosθ I � sinθJ � frK � Xθ � � r sinθ I � r cosθJ � fθ K andthecalculationgives

(17.109) dS � T r2 � r2 f 2
r � f 2

θ drdθ 

Notice,if thesurfaceis theplanez � 0, thendS is just theelementof areain polarcoordinates:rdrdθ .


