CHAPTER 17

Multiple Integration

§17.1. Integration on Planar Regions

Integrationof functiors in severalvariallesis donefollowing theideasof “accumuation” introducedin
Chapterd. There,for exampge, we calculatedthe areaunde a curve y = f(x) asx range from x = a
to x = b by accumlating the areaaswe sweptthe region outalongthe x-axisfrom ato b. If we define
the function A(x) to be the areasweptout up to the value x, thenwe calculated using figure 17.1,
dA = f(x)dx: theincremenin areais equalto theincremenin x timesthe heightof therectande atx.

Figurel7.1

dv A x dx
z fxy

We will shov thatthe sameidea,now for calculatingvolumes,works in two dimensiams, leadingto
whatis calledan“iteratedintegral”. In sectionl17.3we shallgive a more formal definition of thedoulde
integral, andthenseethatits computationusesthetechniqee of iterationintrodwcedin this section.

Definition 17.1 Let f(x,y) bea functiondefiredona regionRin theplare.
a) If f(x,y) is positivefor all (x,y) in theregion R, thenthe volumeof the solid lying over theregion R
andunderthegraphz= f(x,y) is thedouble integral of f overR,denoted

(171) / /R F(x,y)dA.
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b) For agenesdl f, thedoube integral (171) is thesignedvolumebowndedbythegraph z= f(x,y) over
theregion; thatis, the volumeof the part of the solid belowthe xy-planeis takento be negative

Propasition 17.1 (Iterated Integrals). We cancompte | [ fdA onaregionRin thefollowing way:
a) SupposeR lies betweerthelinesx = a andx = b. For ead x betweera andb, let A(x) bethesigned
areaof theregiondefnedby thegraphofz= f(x,y) over R, with x heldconstan (seefigure 17.2. Then

172) //Rf(x,y)dA:/:A(x)dx:/:[/f(x,y)dy]dx.

b) SuposeR lies betweerthelinesy = c andx = d. For each y betweert andd, let A(y) bethesigned
areaof theregiondefiredby thegraphofz= f(x,y) overR,with y heldconstan (seefigure 17.3. Then

d d
(173) [ [1oyda= [“amdy= ["[] fey)addy.
Figure17.2 Figure17.3
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For (17.2, we sweepout the volume alongthe x-axis, letting V (x) bethe volumeaccumulatd from
atox. Now, anapprximationto theincremem AV in V by moving a smalldistanceAx is the prodict
of the cross-sectionahreaA(x) with Ax (seefigure 17.2. This leadsto the the differertial equatio
dV = A(x)dx, which s just the differential form of thefirst equalityof (172). But, theareaA(x) is just
J f(x,y)dy. (17.3 is demastratedn the sameway by sweepingutin thediredion of the y-axs.

We have left out the limits of integrationin the innerintegrds of equatims (17.2) and (17.3 for
simplicity of notation. Determiningthemcouldbe quite comgicaed. We startwith somesimplecases.

Example17.1 Findthevolumeof thesolid over therectangldd < x < 1, 0 <y < 3 andboundedby the
xy-planeandtheplanez = x+y (seefigure17.4)
For x betweerD and1, we calculatethe areaof the sectionof the solid by the plare with x fixed,;

9

3 3 2
(174) A(x):/o zdy:/O (x+y)dy:(xy+y5)|§=3x+§.
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Thenthevolumeis

3 9
(175) /A X)dx = / (3x+ ~ )dx_(22+§x)é:6.
Figurel7.4 Figurel7.5
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Example 17.2 Suppsethata howseis situatedin onecornerof arectangllar plot of land 300feetby
200feet. The contaur of this plot of landis givenby the equation E(x,y) = 10~4(x? — xy/2) wherethe
houseis situatedat the origin andthe x-axisis the 300foot length It is desiredto level this property at
thelevel of thehouse . How muchfill hasto beremored(or browghtin) to accomtish this?

We wantto know thedifferencebetweerthe volumeof landabove howselevel andthatbelov house
level; thatis, we wantto find the signedvolumedetermired by the graphof z= E(x,y) over the plot of
landR. We have

(176) / /R E(x,y)dA= /0 " A,

whereA(x) is the cross-sectioal (signel) areaof the terrainprofile on a sectionperpedicularto the x
axisatadistancex from thehowse. Thisis

X zZ Xy

200 200
@ [TEeydy=10" [ 6¢ - Zdy = 107(x y—ﬁ> 200_ 02
0 0
Then
300 200 300 3 2
(178) // E(x,y)dA= / [ E(x,y)dy]dx = / (.02 — x)dx = (.02X§ - XE) 300,
0

This evaluatego 13.5 x 10* cubicfeetwhich, becausét is positive, have to beremoved. Werewe to ask
for the averag elevation of the property above houselevel, we divide this by the areaof the propety,
getting13.5 x 10*/(6 x 10*) = 2.25feet.

Example 17.3 Find the volume uncer the planez = x+ 2y + 1 over the trianglebourdedby thelines
y=0, x=1, y=2x(seefigure17.5)
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If we sweepoutalongthex-axis,we cancalculatethevolume as folA(x)dx, where for fixedx, A(X)
is theareauncerthecurve z= x+ 2y + 1 over theline sggmern atx in thetriande. Thisis theline from
y=0toy=2x. Thus

2x
(179) A(x):/o (X+2y+1)dy = (xy+y?+Y) §X=2x2+4x2+2x:6x2+2x.
Thenthevolumeis
1 r2x 1 1
(1710) Volume:/ [/ (x+2y+1)dy]dx:/ (6 +2dx = (2¢ )L =3.
0 JO 0

For confirmationthatwe cancalculateintegrals by iteratingin eitherorder, we’ll calculatethe volume
by sweepingutalongthey axisfirst. Now, y ranges from 0 to 2, andfor fixedy, x range fromy/2to 1.
This compuationleadsto

2 1
(1711) Volume = /O [ / 2+ k.
Y,

Theinnerintegralis

(1712) [ o ayenay= (5 + 241, = 34 2y 2
v/ Y=g 7oVl = 3 Y T gy
We thenget
23 3 9 3 3, 3,2 3 3
713 Volume= ["(G+3y-pAdy=Gy+ Y- gyii =8+ -3 =3

This lastexampe illustratestwo importantconsideratias:

1. We cantry to integrateby sweepingoutalongeithercoordnateaxis,andoneorder of integration may
be simplerthantheother

2. Tointegrateafunction f over adomain,first draw a diagramof thedoman to deteminethe preferred
(sometimespnly possible)order of integration. If we try sweepingout alongthe x-axis, first determire
therange in thevariablex,andthenassureyourselfthatary line x = constahintersectgheregion in an
interval. If not, sweepin theotherdirection sothatary line y = constants anintenval. Of courseboth
attemptamayfail; we’'ll look into this in the next section.If oneor the othercriterion holds,we saythe
region is reguar.

Definition 17.2 Aregionin theplaneis regular if it canbedescribedn eitherof thesetwo ways:
(type 1): asthesetof (x,y) wherex runsfromato b, andfor ead sud x, y lies betweenp(x and /(x);
(type 2): asthesetof (x,y) wherey runsfromcto d, andfor each sucy, x liesbetweernu(y) andv(y).
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Figurel7.6: Typel Figurel7.7: Type2
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Proposition 17.2 Suppsethat f is defiredover a reguar region R. Thenwe cancalculatethe doube

integral [ [z fdA asaniterated integral:

(1714) / / fdA = / [ / fooy)dyldx  (typel),
(1715) //fdA /[/ f(x,y)dx]dy (type2) .

If Ris reguar of bothtypesl and2, thenwe cancalculateeitherway, whicheveris morecorvenien.

Example 17.4 Let R be theregion in the first quadant betweenthe curvesy = 12x(1— x) andy =
X(1—x). Find | [zxydA.

Draw thefigure (seefigure 17 8). Thisis atype 1 region, wherefor ary x, y lies ontheinterval from
X(1—x) to 12x(1 —x). Thisinterval shrinks to a pointwhenx =0 or 1, sotherangeof xis 0 < x < 1.
Thus

(1716) //xydA / /m1 X)xyoy]dx

Theinnerintegralis

|12xl X _ 144x2(1 %2 —x2(1—x)?) = 143 234k

(1717) . 2 (x2

Thus

143 1 5 143 1 1 1 143
(1718) [ fvaa=5 [0 =2 exiax= "G -234 5= 55 -
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Figurel7.8

Figurel7.9
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X 4y
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1

y=x(1-Xx)

Example 17.5 Let R betheregionin thefirst quadantbetweerthelinesx—4y = 0 andx— 2y = 1.
Evaluge

X
1719 ——dA.
( ) //R 1+y?

Draw thefigure (seefigure17.9) Thisis notatypelregion, butit is type2. Thepointof intersectio
of thelines s the simultaneas solutionof the two equatims” x = 2, y = 1/2. Thustheregion canbe
describedas0 <y < 1/2, andfor ary suchy, 4y < x < 1+ 2y. Thus

(1720) // X dA—/%[/HZy X dxd
RI+y2T Jo Uy 142 v

Theinnerintegralis

1 ¥y (14+2y)°-167°  14+4y—127°
1+y2 2% 2(1+y2) 2(1+¥?)

(1721)

We now wantto integratethis from 0 to1/2 To do so,we will needto dothelongdivision:

1+4y—12y% X 13
(1722) 20+ PPt i

Finally, thevalue of thedoube integral we seekis

: 2 13 13 1
172 _ i)+ Boaretand
(1723) /0 (—6+ T2 + 2(1_'_)(2))dx [—6x+In(1+x%) + 5 arc arx) 2

which evaluatesto —3+ In(1.25) + 6.5arctar{.5) = .2368.

§17.2. Applications

Justasin onedimension(referto Chapters), we canapplyintegraion to arny concep which is “accu-
mulative’: thatis, its valueover awholeis thesumof its valueof the parts.



§17.2 Applicdions 261

§17.2.1 Average

LetRbearegionin theplane.lts areais | [gdA. If f is afunction definedonR, its averagevalueis

_ JJrfdA
ave — ffRdA -

(1724)

We alreadycalculatecanaverag, in exampge 17.2 Hereis anotter example

Example 176 We canmodelthestateof Kansasastherectange K : 0 < x <500 0<y< 300,where
the units are miles. On a cold winter’s day the tempeatureat (x,y) was T (x,y) = .01x(1 — 10~5xy)
degreesCelsius.Whatwasthe averag tempeaturein the state?

To answerthe questim we considerT (x,y) asa measuref theamoun of “heat” at (x,y). Thenthe
total heatin the stateis

500 300
(1725) H = / / T(x,y)dA = / / (10~2x— 10~ "x%y)dydlx .
K 0 0
Theinnerintegralis
300 y2

(1726) / (1072x— 10~ "x%y)dy = (10~ *xy — 10—7x2§)gOO =3x—45x 1073 .

0
Finally

500( 3
(1727) H= / 3x—45x1073%)dx = EXZ —15x 1073350 =1875x 10* .
0

Sincetheareaof Kansass 15 x 10* squaremiles,theaverageis

H 1875x 10

AT Dxae D MEC

(1728)

§17.2.2 Mass

A thin platecoveling aregion R in the plare is calleda lamina. We suppaethe laminais filled with
someinhomgeneas material, whosedensityover the point (x,y) is (x,y). Thenthetotal massof the
plateis

(1729) Mass= / / SdA .
R

Example 177 SuppsetherectangleR: 0 < x< 3, 0 <y < 4 is filled with aninhonogeneusfluid
whosedensityat the point (x,y) is d(x,y) = xy/6. Find thetotal mass.

(1730) Mass://RX—GydAz %/()3[/04xyoy]dx.
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Theinnerintegralis

4 2
(1731) / xydy = xy?|g —8x,
0
SO
3
(1732) Mass— é / 8xdx = %(4x2)8 —6.
0

§17.2.3 Moment

Givena massm at a point P, its moment abou anaxisL is d-m, whered is the distanceof P to the
axisL. It is Archimedes’ principlethatmomentsareadditive, soif we have alaminacoveringa region
R, we canapprximateits total momen abou anaxisL by covering it with a grid of smallrectamgles,
andaddirg up the momerns of eachof the rectangles.n thelimit this beconesa douwble integral: the
momentof the lamina R about the axisL is

(1733) Mom, = / /R d_8dA

whered is thedensityfunctionandd, is thesigneddistancdromtheaxisL. We take thesigneddistance
becausewhenthe axis passeghrough the region the momentson oneside have the opposite effect of
the momerns on the other Thelaminais balancedalongtheaxisL if Mom; = 0. Thecenter of mass
of Ris apoirt P = (x,y) suchthatR is balanedalongevery axisthrough P. To calculatetheseusethe
following:

(1734) Mom,_, = / / X3dA
R
1735 Mom,_ =// odA
( ) Mo Ry
~_ Mom,_, ~_ Mom,,
(1736) X= "Mass ’ Y= "Mass

Example 17.8 Findthecenterof massof therectamgle in exampe 17.7.

_ _1 st 13,
(1737) Mom(zo_//Rxc‘SdA_é/o [/0 xydy]dx_é/o 8x2dx = 12.

13 4 1 364x
(1738) Morq,zo_//RxédA_é/o [/O xfayldx=z [ dx=16.

In exanple 17.7, we found themassto be 6, sothe centerof massis at (12/616/6)= (2,2.67).
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Finally (this corceptis usedwhenconsideriig therotationof alaminaR in motion), themoment of
inertia abou anaxisL is [ [rd?ddA, giving

(1739) o= / / 25dA
R

(17 40) lyo= / /R y?OdA .

If we areinterestedn rotationof theregion in its planeabouttheorigin, we take asthe square termthe
distanceto the origin (which canalsobe corsideredasrotation abaut the z-axis). Thusthe momern of
inertiaof theregion abou theoriginis

(1741) lo= / /R (x® +y?)5dA

Example 17.9 Consideralaminaover theregion R in thefirst quadrantboundedby the curves y = 2x
andy = x3. Thedersity of thematerialin thelaminais 6(x,y) = y. Find thecenterof massof R andthe
momert of inertiaabou the origin.

First,we draw a diagran of theregion R (figure 17.10).

Figurel17.10
y=X
; e
1
(1742) Mass—//adA /[/ yay] x—/ 202-x) %[% ;]zzil.
(1743) Mom,_ O_//chdA / /xydydx—/ol:—zl(x3—x7)dx=%[%—%]:1—16.

(1744) Mom/_o—//yédA / /yzdy]dx—/ 3x —x%)dx = %[% %)]:2_10'

Thus the centerof massis at (X,y), where

1/16 21 1/20 21

(1745) *TopiT3 YT om0
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Finally, themomentof inertiaabouttheorigin is

(1746) 0= [ [02+A30a= [1] 62+ yarjax.

Theinnerintegralis

12

a747) /:(x2y+y3)dy x2ﬁ+y4 | %_X__X_ 7
so,finally

(1748)

§17.3. Theoretical Considerations

Let f(x,y) be afunction definedfor all (x,y) in aregion R in the plane. The integral of f overRis
defined asin onevariable,asa limit of appraimating sums. Recallthatin onevariale, the interval
of integration was partitionedinto smallintenal, andfor eachinterval we formed the product f (X)Ax,
wherexis apoirt in theinterval, andAx is thelengthof theintenval. Thesum § f(X)Ax over all intervals
is theappoximatim to theintegral for this partition Now we dothesamething, takingsmallrectangles
insteadof intervals.

Selecta grid G of horizontalandvettical lines,andlet |G| representhe maximaldistancebetween
ary two successielines. Givensuchagrid, let G(R) bethesetof rectangeswholly containel insidethe
region R. Thenform thesum

(1749) > f(Xy)AA

over all rectamglesin G(R). Here,AA is the areaof onesuchrectangleand (x,y) is ary poirt in the
rectande. This sumis calledthebf Riemannsumfor f onR over thegrid G. If thegrid is veryfine (that
is, |G| is vety small),this is anappoximationto theintegral.

Definition 17.3 f is saidto beintegrable overtheregion Rif

(1750) \(Iaimoz f(x,y)AA

exists. In this case thelimit is the definite integral of f over R, denoted
(1751) / / £(x,y)dA
R

The questionof integrability of a fundion over aregion R is very difficult, but for reasonale func-
tionsandregionsis coveredby this
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Theorem 171 SupmsethatRisarectangle(a<x<b, c<y<d), andf is boundedandcontiruous
on R exceptalong a finte setof smoothcurvesthenf isintegrable on R; thatis, thelimit (17.50) exists.

To evaluatetheintegral, we redice the prablemto the onevariablecalculus by addingthe termsin
(1750) first in the vertical columns,andthenaddingthe sumscorrespadingto the columrs. Supse
then,thatRis therectanglea < x < b, ¢ <y < d. For eachcolunm betweertwo grid linesonthex-axis,
form thesum § f(x,y)Ay. Now take theseexpressionsmultiply by the width of the colurm (Ax) and
sumoverall colurms, obtaining

(1752) S [Z f(x, yAy] Ax.

Takingthelimits (as|G| — 0, whichis thesameasAx — 0,Ay — 0) we obtain

(1753) //f(x,y)dA:/ab [/Cd f(x,y)dy] dx,

wheretheinnerintegralis takenwith x treatedasa constant Of couse,we cansumfirst over therows,
andthenaddthesesumsup they-axis:

(1754) //f(x,y)dA:/Cd[/abf(x,y)dx]dy.

Now, whatdowe doif theregion Ris more generathanarectangl® Thereis no gereralprocedire; but
for reguar domains,we candedice proposition17.2from theabove theorem Suppee,for examplethat
Ris atypel domain, boundedontheleft andright by linesx = a, x= b, andbelow by acurvey = ¢(x),

andabove by acurvey = @(x). Thenwe canenclosaheregionRin arectangleR , bourdedby thelines
Xx=a, x=Db, y=c, y=d. If weextendf to all of R, by definingit to be zerooutsideR, this extensim
is continouson R, exceptalongthecurvey = ¢(x), y = g(x), sothetheoremapplies.But now

®

d Y
(1755) / F(xy)dy = /(p LY

sincef(x,y) = 0fory < @(x) ory > g(x). Thuswe have

(1756) //Rf(x,y)dAz /ab [/(p(:((:) f(x,y)dy] dx.

Similarly, for a type 2 region R, boundedbelov andabove by linesy = ¢, y = d, andon the left by a
cunex = l(y), andontheright by acune x = v(y), thentheresultis

(1757) //Rf(x,y)dA:/Cd[/“‘:)(;/)f(x,y)dx]dy.

Thesearecalledtheiterated integrals, andprovide thetechniqe for evaluatingdoible integrals.

For a geneal region, we try to bre& it up into afinite setof nonoverlapping pieces.eachof which
is eithertype 1 or type 2. Thenwe evaluate over eachpieceby the iteratedintegral, and add them
all togetler. This usespart (a) of the following proposition, all of which canbe easily veiified asfor
integrationin onevariable.
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Propasition 17.3 If R corsistsof n noroverlappirg regionsR;,R,,.. ., Ry, then

b)//RfdA://R fdA+---+//RnfdA.
c)//R(f+g)dA:l//RfdA+//RgdA.3)IfCisaconstant

(1758) //RCfdA:C//RfdA.

e)If f > gthen

(1759) //RfdAz//RgdA.

f) TheareaoftheregionRis

(1760) A(R) = / /R dA.

g) If f is nonnegative the volume of the region lying over the region R in the xy-plare andunderthe
surfacez= f(x,y) is

(1761) //RfdA.

§17.4. Integration in Other Coordinates

Polar coordinates

Calculatiors of douwble integrals are often simplified by turning to appopriatecoadinates. If, for
exampe, theproblemsetupis suggestie of polarcoadinatesthechang canbe madeasfollows. Cover
theregionwith agrid thistime madeup of thecurvesr = constantf = constan{seefigure17.11). Then
formthesum

(1762) 3 (1, 0)0A,

wherenow AA is the areaof oneof thefigures cut out by this grid, and f is evaluatedat a pointin the
grid. If thegrid is veryfine, we cantake its areato betheproductof thelengtts of its sides respectrely
Ar andrA6. Usingthis appoximatian, in thelimit, we getdA = rdrd6, sothat

(1763) //RfdAz//f(r,G)rdrdG,

whichwe now canevaluateby appopriateiteration.So, if theregionRis of theforma <6 < f3, u(8) <
r < v(0), we calculatethedouble integral by theiteratedintegral:

(1764) //Rf(r,e)dAz/aB [/U\(/(ej)f(r,e)rdr]de.
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Figurel7.11 Figurel7.12

Example17.10 Find [ [zxdA whereR is theregion bourdedby the circle of radiws 1 centerd at the
origin andthecircle of radius1/2 centeedatthe point (1/20) (seefigure 17.12).

If we moveto polarcoordnateswe have x = r cos8, theouterbowundaryof Risr = 1, andtheinner
bourdaryis givenby r = cosf. To proceed,we first noticethattheintegral is twice thatof the integral
over the partof Rin the upperhalf plane,by symmety. To reducetheintegralto iteratedintegrals,we
have to considerthe piecesin thefirst andsecondquadantsseparatelyDenotetheseby | andll asin
thefigure.

/2 pl /2 pl
(1765) / / xdA = / / (r cosB)rdrdf — / / r2cospdr]de .
| 0 cosf 0 cosO

Theinnerintegralis

rs 1 1
(1766) §CO£|COSG = 5(

Usingthedoule angleformulatwice, we find
3 cog26) coq40)

cosh — cos' 6) .

4 —_——
(1767) cos'0 = 8+ > + T
Then
1 [m/2 1 3n
(1768) //deA_ 5/0 (cosd —cod 6)d6 = Z(1-37).
Now aneasiercomputationgives
m 1 1
(1769) // di:/ / (rcosB)rdrd6 = —= |
I n/2J0 3

sothatfinally

(17:70) //Rdizz(%(l—i—g)—%)z—n/s.
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Example17.11 Findthecenterof massof theregion descriledin exampe 17.10 (seefigure 17.12).
Thatregion is bourdedon the outsideby a circle of radius1, andon theinsideby a circle of radius
1/2,sohasarearr— 11/4 = 3r1/4. In exanple 176, we calculatedhe momentaboutx = 0 to be

(1771) Morrg(:O://RXdAZ —7—8T,

sothex coodinateof thecenterof massis x = —(11/8)/(3m/4) = —1/6. Sincetheregion is symmetric
abou thex-axis, the centerof massis onthataxis,andthusis at (—1/6,0).

Our next exanpleis atrick calculation, obtainel by working backwards from theiteratedintegral to
thedoube integral.

Example 17.12 / e dx = V/71/2.
0
Obserefirst that

(1772) ( /0 e P2 = ( /O e /O “eVdy)

just by renaming the variableof integratian in the secondfactor But now, this lastcanbeviewedasan
iteratedintegral, andthenasa doubleintegral:

ar73) ([ eFa([ eVay = [ e D= [ [ e aa,

whereQ is thefirst quadant. Now, thisis theintegral of e overQ, whichin pola coordnatesis given
by0< 6 < m, 0<r <. Makingthecharmgeto polarcoordnateswe get:

00 > /2 poo 2
(1774) (/o e dx)zz/0 [/O e rdrjde = ’_21(%) = g.

Takingsquareoats, we gettheresult.

§17.4.1 General Coordinate Changes

LetL andM betwo vectasin theplanewhicharenotparallel,sothattheareaof the parallelgramthey

span,detL,M)|, is notzero.We cancovertheplanewith agrid of linesparallelto L andM (seefigure
17.13), sothatary point X in the planecanberepreseted by a vectorsumof the form uL +vM. We

will call u, vthe coadinatesof thepointrelative to thebasisL ,M. Now if we take the grid sufiiciently

fine,we canapprximatethe areaof aregion R by thesumof theareasof thegrid parallelogamswholly

contairedinsidetheregion;thatis, thelimit of thesesums asthegrid becongsinfinitely fine,is thearea
of theregion. If the sidelengthsof a typical parallelgram(in u,v coodinates)areAu, Av, the areaof

theparallelogamis | det(L ,M)|AuAv (seefigure17.14). Thus,in thelimit:

(1775) //RdA:IimZ|det(L,M)|AuAv://S|det(L,M)|dudv.
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whereSis theregion in u,v coodinatescorrespndingto R. Thustheareaof Ris |det(L ,M)| timesthe
areaof S. This sameargumentworksfor theintegral of afunctionover theregion R:

(1776) //Rf(x,y)dA:Iimzf()‘(,‘)|del(L,l\/I)|AuAv
(L777) - / /S F(x(u,v), y(u, V)| det(L,M)|dud .
Figure17.13 Figure17.14
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Rcanbedescribd asparallelogamwith sidesL =51 +3J, M = 2| 4 6J. We see(usingfigure17.14)

Example17.13 Find [ [;xdA, whereR s the parallelogamwith verticesat (0,0), (5,3), (2,6), (8,9)
thata point (x,y) isin Rif we canwrite thevecta X =xl +yJ=uL +vM with0<u<1, 0<v<1.
More predsely, xI +yJ = (5u+ 2v)l + (3u+ 6v)J, whichamourts to thechang of coodinates
(17.78) X=5uU+2v y = 3u+6v

realizesk astheimageof the unit squae Sin (u,v) spaceWe have

5 3

(1779) defL,M) = ‘ > &

‘:24.
Then

(1780) //Rdi://S(3u+6v)|det(L,M)|dudv:24/01[/01(3u+6v)du]dv=4.5.

Now, supposethat we make a (nat necessarilylinear) chang of variablesin aregion R: x=
x(u,v), y = y(u,v). To saythatthis is a changeof variabes is to saythat the valuesof u andv are
determiredby thepoint(x,y) in R, thatis, in principle, we cansolve theseequatios for u andv in terms
of x andy.
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In termsof vectorswe canwrite this asX(u,v) = x(u,v)l + y(u.v)J. We canseehow to calculate
integralsin the (u,v) planeby following the above argumentfor alinear charge of variables. However,
now the factorby which we multiply is not constantand depeds at eachpoint upm the relationslip
betweendifferential rectandes at that point. This relatiorship is given by the linear appoximation at
thatpoint. Specifically If we selectatapointin (u,v) spacearectanglewith sidesin thecoordnatedi-
rections,andof sidelengtls du, dv, theimageis, in thelinearappoximation the parallelogamspannd
by thevectos X du andX,dv (seefigures17.15 and17.16).

Figure17.15 Figurel7.16
U= const.
dv
‘ v = const.
du
Xy
Xu

In this figure, the vectas X, and Xy play therole of thevectos L andM in thelinear casesince
they represent mave of oneunit in the respectre coordirate directins. This parallellyramthenhas

Definition 17.4 Givena charge of coominatesx = x(u,V), y = y(u,V), thedeterminah
ox 9y
(1781) def(Xy,Xy) =det{ 94 %

is calledthe Jacdbian of thechange of variablesandis denotedoy

a(x,y) ox 9y
(1782) =det| 9u gu
a(u,v) —"\’j %

Propasition 17.4 If x = x(u, V), y = y(u,V) is a change of coordinatesin theregion R, thenwe havethis
equdion for thedifferential of area:
x
det| Iy
ov

If Ris theimage of theregion Sin (u,v)-spaceand f is anintegrablefunctionon R, then

dudv .

<Ko

(1783) dA = |X, x Xy|dudv =

ox oy
(1784) /R (x,y)dxdy = /S F(x(u,v),y(uv)) [det 9¢ 39 |dudv.
ov  odv
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As we have seenin Chapterl3, the determimant det(X y, Xy) is the determinat of the two by two
matrix whoserows arethe compnentsof thevectors;thatis, thedeterninantin (1783). (17 84)follows
from (17.83)intuitively: we cancover theregion R by a grid formed of thelevel curvesof the functions
u andv, andgeta goad appoximatian by theright handside,for a grid fine enoud.

Toillustratethis, we returnto polarcoordnatesasthe chang of variablesx=r cos@, y =rsiné, or,
vectoially

(1785) X(r.8) =rcosfl +rsin6J .

Now, for adifferentialrectandg in r, 8-spaceof sidelengthsdr, d6, thecorrespndirg figurein x, y-space
is the parallelogambourdedby thevectas X dr andX ,d6 (seefigure17.1]). We have

(1786) erxezdet< cosf  sind ):r,

—rsin@ rcosf

andtheelemenbf areais

(1787) dA = |X,dr x X,d6| = rdrd6 .

Example 17.14 Show thattheareaof anellipseof majorradius a andminorradiusb is rrab.

We considettheellipseastheregion E boundedby thecune
22

2t =1L

(1788)

Thechang of variadesx = auy = bvrealizeshis ellipseastheimageof theunitdisk D in (u,v) space.
Thus

(1789) Areaz//dedyz//D@E)u(’X/;|dudv=ab//Ddxdy=nab,

sincethelastintegral is the areaof thediscof radius 1, whichis 1.

Example 17.15 Findtheareaof theellipseE boundedby the curve x? + 4xy+ 13y? = 16
If we completehesquareheequatiorbecones

(1790) (X+2y)?+9y* = 16.

If weletu=x+ 2y, v= 3y, thisis theimageof thedisk D in (u,v) spacebourdedby u®+v? = 16. The
radiusis 4, andthe areais 1671. Solvingfor x,y in termsof u,v, we have x = u—2v/3, y=v/3. The
Jacobiarof the changeof variables is

(1791) det( L ?):1.
-3 3 3
Thus
167T
(1792) Area(E) = / / dxdy = = / / dudv= > Area(D))

Example 17.16 Find the areaof theregion R in thefirst quadantbowndedby the curvesx =y, x =
2y, xy=1, xy=>5.
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Figurel7.17
u=2

Make the charge of varialesu = x/y, v = xy. Thentheregion canbe descriled by theinequalities
1<u<2,1<v<5b. LetSrepresentthisregionin u,v space.To integratein u,v spacewe have to find
the JacobianFirstwe solve theequaionsfor x andy in termsof u andyv, obtainirg:

(1793) X=4uv, y= \/g,
sothat
ax dy l\/Y _1 /v 1
30 Fu 2V 2uVu \Y 1 /vu 1
(1794) det( 2u gu):um(l L h ):—,/—+_1/_:_.
x VT 3 E = 4\ uv  4u\uv  2u

Thus

(1795) Area(R)://Rdxdy://Sz—tdudv: %/j[/j%dv]duzz/lzd—lf —2In2.

§17.4.2 Surface Area
ConsiderasurfaceS in threedimersionsgiven paranetrically by
(1796) X(u,v) = x(u,v)I +y(u,v)J + z(u,v)K

where(u,V) liesin aregion R. To appoximatetheareaof S we cut R up into smallrectandes given by
afine grid, calculatethe areaof the parallelogam (in the tangent planeat a pointin R) appioximating
theimageof therectande on S, andaddthis up over all rectandes, aswe did for the plane(seefigures
17.15 and17.16; now theright handfigure is a grid on a surfacein space).Turningto the langiageof
differentials let dSrepresenthedifferential of the surfacearea.This is theareaof therectanglén space
spannedy thevectas X ,du andXdv. Thus

(1797) dS= |Xydu x Xydv| ,
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andthustheareais
(1798) Area(S)=//dS=// |Xux Xy|dudv  (Surfacegivenparamrically) .
R R

Example 17.17 Findtheareaof thepieceof the paralloid z = x? + y? cutoff by theplanez= 1.
Paranetrizethe surfaceusingcylindrical coodinates:

(1799) X(xy) =rcosfl +rsin@J+r?K , 0<0<2m 0<r<1.
Then

(17100) Xy =cos0l +sn8J+ 2K, X, =—rsinBl +rcosbJ.
(17101) dS= [Xr x Xo|drde = rv/1+4r2dr .

(17102) Area= /O o /0 Cr/T3 ardrdo = ’—g(\/ﬁs— 1.

If thesurfaceis thegragh of afunction z= f(x,y), we canlook at this asgivenparamérically by
(17103) X(xy) =x +yJ+ f(x,y)K ,

andwe find Xy = | + fxK, Xy = J + f,K andso,from (17.97): dS= ,/1+ f2 4 fZdxdy andwe have

(17104) Area(S)z//RdS: //R,/1+fxz+fy2dudv (Surfacegivenasagragh) .

Example 17.18 Find the areaof the core z2 = x? + y? lying over the trianglein the first quadrant
bourdedby theline 2x+y= 2.

We representthe surfaceasthe graphof the function f(x,y) = 1/x2+ Y2 over theregion ) < x <
1, 0 <y < 2—2x. Differentiating:

X y

17105 fym——  fy=

S0
_ x y? _

(17.106) ds= \/ 1+ ZIV + mdxdy = v/2dxdy .

Thus
1 p2-2x
(17107) Area= /2 / / dydx = /2.
0 Jo

Example 17.19 If thefunctionis givenin polarcoodinates:z= f(r,8). we write
(17108) X(r,8) =rcosfl +rsin6J+ f(r,0)K .
ThenX; = cosfl +sinBJ + K, X, = —rsinfl +rcos6J + f,K andthecalculationgives

(17109) dS= 4 /r2+r2f2+ f2drd6 .

Notice,if thesurfaceis theplanez = 0, thendSis justtheelemenibf areain polarcoadinates:rdrdf.



