Calculusllli
Practice Problems 8: Answers

1. Whatis the massof the laminabourdedby the curvesy = 3x andy = 6x — x? wherethe densityfunction

is 5(x,y) = x?

Answer. Let Rrepresentheregion covered by thelamina.

Fromthe figure we seethatR is atype 1 domain bourdedabove by y = 6x — x? andbelow by y = 3x over
therange0 < x < 3. (To seethat,solve 6x — x? = 3x for x). Thusthemassis

6X—x2
Mass = //6dA // xydy] dx .

Theinnerintegralis

BX—x2
/ xydy = x—|6X X )—2(36x2—12x3+><4—9x2):%(x5—12x4+27x3)

3x

Thus
173 . 4 3 1.x8 125 2m*3 81,9 36 27
Mass_ifo (X—lZ( +27X)dX—§[€—T+T]O— 2(6 5+4)

whichis (81/2)(21/20) = 42.525.

2. A laminafilled with a homaeneais material(the densityis identicalyequalto 1) is in the shapeof the
region 0 < x < 1, 0 <y < sinx. Findits centerof mass.

T psinx T
Mass = / / dydx = / sinxdx = 2.
0 JO 0

Now, by symmetrythex-coadinateof the centerof massis x = 11/2. To find y, we calculate

T psinx 1 ,m T
Mom/zoz/o /0 ydydx == E/o sir? xdx = 7

Thysy = /8 andthe centerof massis (11/4, 11/8).

Solution.



3. ThesurfaceH, givenin cylindrical coadinatesby z= 26 is a helicoid. Whatis the volumeof theregion
R bounddabore by H,0 < 8 < 2m, belov by the planez = 0 andlying over thediscr < 1?

Answer. Herewe usepolarcoodinates.Thevolumeis

1 p2m 1 2n
// sz:/ZQ(rdrd9)=2/ / r9rdrd9=2/ rdr/ 6d6 = 212
R R 0 JoO 0 0

4. A beaclB is shapedn theform of acrescentWe mocel thisontheareabetweerthecircle of radiusl, cen-
teredattheorigin, andthecircle of radius3/4 centeredat the point (3/4,0), wheretheunitsarein miles. Sup-
posethatthe humandensityo decreaseaswe move from thebeachaccordim to o (x,y) = 100Qx % 4 y?) 2
peope persquaremile.Whatis the populationonthatbeacl?

Answer. We move to polarcoadinates(r, 8) Thenthe crescents the domainbounded by thecirclesr = 1
andr = (3/2) cosf. Thesecunesintersecwwhencost = 2/3, let +a repesenthoseangles.ThenB is given
bytherelations—a < 6 < o, 1 <r < (3/2) cosf, andthepopuationis theintegral of thepopulationdensity

onthisbeach:
o %cos@ 103
Population ://odA:/ / r—4rdrd9.
—-aJl

Theinnerintegralis

3
3c0s0 107 1 5 3cos8 10°, 4
/1 r—3dr_103(—§r )|? _7(1—§se@6).
Then
_ 10
Populatlonz—/ 1—— eé0)do (9——t no|’ 01—103 tana .

Sincecosa = 2/3, tana = 2/+/5, andthe populationis 3975 peqle.

5. Thecure z= (x—1)?,0 < z< 1 is rotatedabaut the z-axis, enclaing, togethe with the xy-plane,a
3-dimensionalregion R. Ris filled with a substancevhosedensityis inversely proportionalto the distance
from the z-axis. Find thetotal massof this objed.

Answer. Theregion is thatunderthe curve (usingpolarcoordnates)z = (r — 1) 2 above thediscR= {0 <
r < 1} onthexy-plane.Thedensityis 6 = k/r. Thus,themassis

2m 3
| [[zodrde = [ / krdr]d@ 2"~ )3=2%k

6. As (u,V) runs through theregion u?+ V2 < 1, thevecta function

X(u,v) = (U2 +VA)1 + (12 —v?)J 4+ K

describesa surfaceS in threespace.Write down the douwble integrd which mustbe calculatedto find the
surfaceareaof S.

Answer. We haveto integratedS= | X, x Xy|dudv:
Xu=2ul +2uJ+ VK, Xy=2vl —2vJ+uK



Xux Xy = (22 +20%)1 + (22 — 2u%)J — 4uvK ,

andtheensuingcalculationleadsto
Xy x Xy| = 2V/2|u? =V .

Thus
S= 2&// I —2|dudv,
R

whereRis theunit disc. We now switchto polarcoorinates:u? — v? = r?(cos 6 — sir? 8) = r?cos26, so

2 1 \/i 2 /4
S= 2&/ / |cos26|r3drd6 = 7/ |cosze|de:4ﬁ/ c0s20d0 .
0 0 0 0

Thelastequdity comesfrom the obsenration thattheintegra of |cos28| arourd thefull circleis 8 timesthe
integral of cos20 throwh 11/4 radians Thus

12
5_4\/’-57_2.

7. Find the volume of the region lying above the disc x2 + y? < 1 in the xy-plare, and below the surface

z=sin(m\/x2 +y2/2).

Answer. Switchingto polarcoadinatesthisis thevolumebourdedabove by thesurfacez = sin(rr /2) lying
aborethediscr < 1. Thus

V= //deAz/ozn/olsin(m/Z)rdrde=27T/01rsin(nr/2)dr.

Thisintegral we calculateby parts;

/Olrsin(nr/Z)dr = —%r cog(7m/2)|5 + %/Olcos(m/Z)dr

2 2 . 1 2 2
=—(A1+—=sin(rr/2)|,=—(1+—).
(L4 —sin(m/2)[y = ~(1+7)

8. Findthemassof thelaminaof theregion R lying betweertheellipsesx? + 4y* = 1 andx? + 4y? = 4, where
thedensityfunctionis 5(x,y) = X2+ y2.

Answer. Make the charge of coordnatesu = x, v=2y. ThenR correspondgo the region Sin uv-space
bourdedby the circlesof radius1 and2. Writing x andy in termsof u andv by x = u,y = v/2, we calculate

theJacobian: 5 1
M:det(l 9)2_.

a(u,v) 0 3 2
e Ma&://RchA://R(x2+y2)dxdy://S(x2+y2)%dudv
= %//S(u2+\/7j)dudv.

Now, we switchto polarcoordnatesin u,v spacepbtainirg

1 2 2 1
Mass = _/ / (r2co€ 6 + ~r2sir? 6)rdrd6 .
2Jo J1 4



Integratingfirst with respecto 8, since

2 21
/ o2 6d6 = / Si?6d6 = 7,
0 0

we finally obtan

5m (2 4 5m16—1 75m
;=g LT T T
We notethatwe couldhave madejust onecooinatechang, directly fromx,y tor, 8:
X =rcosf y:r3|2n9’

but doingit in two stepsis coneptuallyclearerandcomputationallyeasier

9. Findtheareaof theregion Rin thefirst quadantboundedoy thecuresy ? = 2x, y? = 5x, x2 =4y, x?> = 10y.

Answer. Make the charge of coadinates

2
u==, v=—
X y

sothatR correspadsto theregion Sin uv-spaegivenby theinequalities2 < u<5, 4<v<10.Then

Area(R)=//Rdxdy=//s|zg)u(”£|dudv.

To calculatethe Jacobianye have to solve for x,y in termsof u,v. After alittle bit of algelra, we find

x=UY3Z/3 g = 23

Now, compuing the partialderivatives,we find

a(x,y) _d 2323 2133\ g
a(u,v) et §u1/3v—1/3 %u2/3v—2/3 =9~

Area(R)z//S|gE)lj’7£|dudv= %/;Alodudv=6.

4_ 1
5 .

Finally




