
Calculus III
Practice Problems 7: Answers

1. Whatis thevolumeof theregion under thesurfacez � lnx
�

y andover therectangle in thexy-plane with
vertices(1,0), (1,5), (3,0), (3,5)?

Answer. Let R representtherectangle, sothatR is givenby theinequalities1 � x � 3 � 0 � y � 5. Thevolume
thenis given by dV � zdA, sois
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�
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Thus
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12 � 5� dx � 5 � x lnx  x � 31 � 12� 5x � 31 � 15ln3  15
�

37� 5  5  12� 5 � 15ln3
�
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2. What is thevolume of thesolid boundedby thesurfacesz � x 3 andz � x2 � 2y2 lying directly over the
rectangle 0 � x � 1 � 0 � y � 3?
Answer. Notethatfor 0 � x � 1 wemusthavex3 � x2 � x2 � 2y2. Thusweshallintegrateover therectangle
0 � x � 1 � 0 � y � 3, with theheight ranging from x3 to x2 � 2y2. Thus

V ��� 1

0 � �
3

0 � x2 � 2y2  x3 � dy � dx �
Theinnerintegral is 3x2 � 18  3x3, andthevolumeis 18.25.

3. Whatis thevolumeof thesolid boundedabove by thesurfacez � y 2  x2 lying directly over thetriangle
T : 0 � y � 2 �� y � x � y?

Answer. This is a type2 regulardomain, so
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4. What is the volumeof the region underthe surfacez � e x � y andover the trianglein the xy-planewith
vertices(0,0), (1,0), (0,2).

Answer. This is the volume underthe graph of z � ex � y andover a triangleT . T is boundedby the lines
x � 0, y � 0 andy � 2  2x. Thus
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T
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Theinnerintegral is � 2 � 2x

0
ex � ydy � ex � y �� 2 � 2x

0
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Now we integratewith respectto x:

� 1

0 � e2 � x  ex � dx � �  e2 � x  ex � 10 � e2  2e
�

1 �

5. Let R betheregion in theplaneboundedby thecurvesx � y 2, x � 3  2y2. Calculate

I � ���
R � y2  x � dxdy �

Answer. Draw theregion describedby thecurves:

PSfragreplacements

x � y2

x � 3 � 2y2

Integratefirst with respectto x alongcurvesy = constantfrom y 2 to 3  2y2 . To find therange in y find the
pointof intersectionof theparabolas:y2 � 3  2y2; thesolutionsarey ��� 1. Thus
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 �
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Theinnerintegral is
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Integratingover y, we obtain I �  29� 5.

6. What is themassof thelaminaboundedby thecurvesy � 1
�

x andy � 1  x 3 andthex-axis,wherethe
densityfunction is δ � x � y � � x2?

Answer. Draw theregion describedby thecurves:



PSfragreplacements

x y2

x 3 2y2

y � 1 � x

y � 1 � x3

If we insistonviewing thisasa type1 domain, we mustsplit theregion into two parts:  1 � x � 0 � 0 � y �
1
�

x; 0 � x � 1 � 0 � y � 1  x3, andintegratedydx. As a type2 domain, it is easier:theregion is givenas
0 � y � 1 � y  1 � x � � 1  y � 1� 3 andintegratedxdy. In thesecondcase,themassis givenby
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0 � ���
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Now, to completetheintegration, make thechange of variable u � 1  y:

1
3
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7. A laminafilled with a homogeneousmaterial(thedensityis identicalyequalto 1) is in theshapeof the
region R boundedby thecurvesy � 1 andy � x 2. Whatis its centerof mass?

Answer. This is theregion  1 � x � 1 � x2 � y � 1. Call thecenterof mass � x̄ � ȳ � . Becauseof symmetry,
x̄ � 0. Now

Mass ��� 1

� 1

� 1

x2
dydx � 4

3
�

Momy # 0
� � 1

� 1

� 1

x2
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5
�

Thus � x̄ � ȳ � � � 0 � 3� 5�$�

8. Findthemassof thesolidboundedby thesurfacez �&% x2 � y, thecoordinateplanesandtheplanesx � 1,
y � 2, wherethedensityis δ � x � y � z � � x.

Answer. Draw theregion boundedby thesurfaces:
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Now, overaninfinitesimalrectangleof sidelengths dx � dy, themassis dM � δdV � δ zdxdy, so
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