Calculusllli
Practice Problems 7: Answers

1. Whatis thevolumeof theregion uncer the surfacez = Inx+ y andovertherectandg in the xy-plare with

Answer. Let Rrepresentherectande, sothatRis givenby theinequalitiesl <x < 3,0 <y < 5. Thevolume
thenis given by dV = zdA, sois

vz//R(mx+y)dA=/13[/05(|nx+y)dy]dx.

Theinnerintegralis
5 2
/ (Inx+y)dy = (yInx+ y3)8 =5Inx+125.
0

Thus

3
V= / (5Inx+ 12.5)dx = 5(xInx— x)3 + 125x|3 = 15In3—- 15+ 37.5-5—-125=15In3+5.
1

2. Whatis the volume of the solid bourdedby the surfacesz = x3 andz = x2 + 2y? lying directly over the
rectanfp0<x<1, 0<y<3?

Answer. Notethatfor 0 < x < 1 we musthave x3 < x? < x? 4 2y?. Thuswe shallintegrateover therectande
0< x< 1, 0<y< 3,with theheigtt rangirg from x3 to x* 4 2y2. Thus

V:/Ol[/o3(x2+2y2—x3)dy]dx.

Theinnerintegralis 3x? 4+ 18 — 3x%, andthevolumeis 18.25.

3. Whatis the volumeof the solid boundedabave by the surfacez = y? — x? lying directly over thetriangle
T:0<y<2,-y<x<y?

Answer. Thisis atype?2 regulardomain so

Vqume=//Tszz/oz[/_i/(yz—xz)dx]dy.

[ 07 =i X, = 2.

o 3

Theinnerintegralis

Then 4 2 16
Vol :—/ dy==—.
oume 30y3y 3

4. Whatis the volume of the region underthe surfacez = e**¥ andover the trianglein the xy-planewith
vertices(0,0), (1,0), (0,2).

Answer. This is the volume underthe graph of z= e**Y andover atriangleT. T is boundedby thelines
x=0,y=0andy=2-2x. Thus

V://Tzdxdy:/01[/02_2Xe?<+ydy]dx.



Theinnerintegralis
2—-2x
| ety = e — @ e
0

Now we integratewith respecto x:

/ N k= (e b= 20 1.

5. Let R betheregionin theplanebourdedby the curvesx = y?, x = 3— 2y?. Calculate

I =//R(y2—x)dxdy.

Answer. Draw theregion describedy the curves:

x=3-2y?

\

Integratefirst with respecto x alongcurvesy = constanfrom y? to 3— 2y? . To find therange in y find the
pointof intersectiorof the pardolas:y? = 3 — 2y?; thesolutionsarey = +1. Thus

I :/i[/y:_yz(yz—x)dx]dy.

Theinnerintegralis
X2 3_y2_ 9
[yzx—7]|y2 = —2y4+6y2—§ )

Integratingover y, we obtdn | = —29/5.

6. Whatis the massof the laminabowundedby the curnesy = 1+ x andy = 1 — x3 andthe x-axis, wherethe
densityfunctionis o(x,y) = x??

Answer. Draw theregion describedy thecurves:



y=1+x

o

\y=1-¢

If weinsistonviewing thisasatype1 domain we mustsplit theregion into two parts:—1 < x<0, 0<y <
14+x 0<x<1,0<y<1-x3 andintegratedydx. As atype2 domain it is easier:itheregion is givenas
0<y<1, y—1<x< (1—y)Y/3 andintegratedxdy. In theseconctasethemassis givenby

1 p-y)¥3
Mass:/ [/ x2dx]dy .
0 Jy-1

1-y_ y-1°

3 3
Now, to comgetetheintegraion, malke thechang of variade u=1—vy:

Theintegral with respecto dx is

1

[ (a9 -5-19ay= [(@rwyu=1.

0

7. A laminafilled with a homaeneais material(the densityis identicalyequalto 1) is in the shapeof the
region R bourdedby thecurnesy = 1 andy = x2. Whatis its centerof mass?

Answer. Thisis theregion —1 < x< 1, x? <y < 1. Call the centerof mass(X,y). Becausef symmeéry,

x= 0. Now
Mass = ' ldd—4
ass_/_l/xzyx_g,

1,1 4
Mor‘rg,:O:/_l/xzydydx= 5

Thus(Xy) = (0,3/5).

8. Find themassof thesolid bourdedby thesurfacez= /%2 +y, thecoodinateplanesandtheplanesx=1,
y = 2, wherethedensityis d(x,y,2) = x.

Answer. Draw theregion bourdedby the surfaces:



Now, overaninfinitesimalrectangleof sidelengtts dx, dy, themasss dM = ddV = dzdxdy, so

1,2
Mass://zédxdy:/ / X/ X2 + ydydx .
R 0 Jo

2 2 2
| VR Ey = 502925 = S8+ 22—

2

1—5[35/2— 1.

1 2 °
Mass = %/0 (08 + 2% )= 5506 +2)72 =)} =



