Calculusllli
Practice Problems 6: Answers

1. Findthe equationof thetangem planeto the surfacegivenparanetrically by
X(u,v) = U3l + 2uvd 4+ V2K
atthepointwhereu=1, v= 2,
Answer. At thegiven valuesu = 1, v=2,wehave X(1,2) = | + 43 + 4K. Thedervativesare
Xy=3u?l+2vJ; valueat(1,2):31+4J,

Xy=2uJ+2vK ; valueat(1,2):2J+4K .

We now calculateX, x X, = 16l — 12] + 6K, which we take to bethe normal to thetangentplane.Thusthe
equatio of thetangem plane,N- X = N- X is 16x — 2y + 6z2= —8.

2. Let Sbeasurfacewhich goesthrowgh the origin, andwhosenorma is the z-axis. Let I be a planecon-
tainingthe z-axis, and y the cune of intersectiorof the surfaceS andthe planell. Show thatthe prindpal
normalto yis K.

Answer. Sincethecure liesonthesurfacez, its tangentvecta T is in thetangem planeto %, sois orthago-
nalto thez-axis. ThusT = al + bJ for somea, b. Sincethe curwe liesin theplanell, its acceleratiovecta

liesin thatplane,andthusits principal normal lies in thatplaneandis orthagonalto T. Theonly unit vectors
of thatdescriptiorare+K.

3. Let f(x,y,2) = xyz— x3+ x? + yz Findthecritical pointsof f.
Answer. Of = (yz— 3x% + 2X)| + (xz+2)J +xy+YK. Theequationsfor Of = O are

yz—3C+2x=0, xz+z=0, xy+y=0.
Fromthesecondequatioreitherz=0orx= —1.

Casez = 0: Thefirst equatiorthentells usthateitherx = 0 or x = 2/3. In eithercasethelastequatim tells
usthaty = 0. This givesusthetwo critical points (0,0, and(0,2/30).

Casex = —1. Thefirst equatiorgivesyz = 5, andthelastequation0=0(no condtion). Thus all points of the
form (—1,y,5/y) with y # 0 arealsocritical poirts.

4. Let
f(x,y) = x> — 4y® + 3x%y — 18x + 6.

Find all critical pointsandclassifyasmaxima, minima, saddlepoirts.
Answer. Firstwe calculatethefirst andsecondderivetives:
fy=3x*+6xy—18=3(x>+2xy—6), fy=—12%+3*=3(x* —4y?),
fix =6X+06y, fy=6x, fyy=-—24y,
D = ficfyy — f3 = 6(x+y)(—24y) — 36x* = —36(x* + Xy +Y?) .



Now the equationfy = O tells usthatx = +2y; substitutingthatin the formulafor D, we have, thatat ary
critical point (x,y) : D = —36(4y? & 2y* +y?) = —36y?(5+ 1) is alwaysnegative. Thusall critical pointsare
saddlepoirts.

5. Let
g(xy,2) = Xy’z
Findthepointonthe surfaceg(x,y,z) = 1 whichis closesto theorigin.

Answer . We wantto minimize f (x,y,z) = x* + y? + 2 subjectto the constraim x?y?z = 1. Thegradiens are
Of =2x1 +2yJ+22K , [Og= 2xy°2 + 2yz] + Xy°K |
sotheequatimsto solve are
(@ xy’z=Ax, (b) xyz=Ay, (c) x*=2Az, (d) **’z=1.
Notethatx =y =z= A = lis asolutionof theseequatims, soanansweris (1,1,1). However, if we divide

(a) by (b), we gety? = x2. Then(c) and(d) giveusx?z= A, x* = Azwhich leadsto x?> = . (d) tells us
thatz mustbepositive, sotheclosestpointsare(+1,+1,1).

6. (Thisis aCalculusl prodem. Youareto doit usingthemethod of Lagrang multipliers). JohnandMary
work part-timeat the Widgetfactory andarewilling to work asmuchas40 hours a week. Johngetspaid
$27/rour, andMary gets$45/rour. If Johnworksx hoursandMary worksy houss, they prodice3xy + (1/2)y 2
widgets.Thecompay hasallocated$16®/weekfor compensatiorto JohnandMary (togethe). How mary
hours shouldthey eachwork in order to producethe maximun nunberof widgets?

Answer. LetW bethe nurber of widgetsproducedwhenJohnworksx hous andMary works y hous. We
wantto maximze W = 3xy + (1/2)y? subjectto the constrait g(x,y) = 27x+ 45y = 1600. We calculatethe
gradiets,obtairing the Lagrang equdions

3y=27A, 3x+y=451, 27x+45 =160.

Thefirst two equatiois allow usto expressthethird in termsof A, gettingx = 12A, y = 9A. Herenoticethat
x = (4/3)y, sothat, no matterhow muchthereis to spendon labor, Johnworks 33% morethanMary. In
ourcasewe solve for A putting this informationin thelastequatio: (27)(124) + (45)(9A) = 1600, giving
A =2195 x=16.34, y=19.75

7. Thematerialfor the bottam of a box coststhreetimesasmuchpersquargoot asthematerialfor thesides
andtop. We wish to know the greatst volume sucha box canhave if the total maourn of money available
for materialis $12 andthe materialfor the bottomcosts$0.8 persquae foot. Find the systemof equatims
which mustbe solvedto gettheanswer

Answer. We wantto maxinizeV = xyz, subjectto the corstraint
C = .6xy+ .2xy+ 2(.2yz+ .2xz) = 12, Thegradentsof thesefunctiors are

OV = yzl 4 xzJ +xyK |



0OC = (.8y+ .42)| + (.8x+.42)J + (4y+ 4K ,

leadirg to thefour equatioms in four unknowns:

(1) yz=A(8y+.42), (2) xz=A(8x+.42), (3) xy=A(4y+.4%),
(4 8xy+2(2yz+2@) =12.

To solve, first multiply all equatios by 10 to getrid of the decimalpoints,andreplacelOA by A. Multiply
(1) by x and(2) by y, andsettheright handsidesequalto eachother

8Axy +4Ayz= BAxy+4Axz,

from which we getyz = xz. Sinceall dimersionsmustbe positive, we corcludethatx = y. Substitutingin
(3), we getx? = 8Ax, sonow we know x =y = 8A. Putthisin equation(2), andsolve for z, gettingz = 16A.
Now we find A, by puttingthis all in equation(4) andsolve, gettingA = /5/64 = 1/5/8). Thusthevalues
producingthe box of maximumvolumeare

x=v5 y=+v5 z=2/5.

8. Let f(x,y) = x? + 2y + 2x. Find theminimum andmaximum of f ontheball x? +y? < 16.
Answer. Thepoints we haveto checkarethoseinsidetheball whereOf = 0, andthenlook for themaximum
andminimum onthesphereg(x,y) = x* 4+ y? = 16.

Of = (2x+ 2)1 +4yJ, soOf = 0 atthepoint(-1,0).

To checkfor critical pointsonthe sphee, we usethe methal of Lagragemultipliers. Sinceldg = 2xI + 2yJ,
this leadsto the systenof equatims

2X+2=2Ax, 4dy=2Ay, szry2 =16.
Theseconcequationgives usthetwo casesy = 0,0rA = 2.
If y=0, from thelastequatio x = +4.
If A = 2, thefirst equationgivesx = 1, andthenthelastgivesy = +/15.

We now checkthevalue of f atthesepoints

(%,Y) f(x,y)
(—1,0) -1
(4,0) 24
(—4,0) 8
(1,+V15) 33

Thusthemaximum of f is -1, at(-1,0) , andthemaximum is 33, atthe points(1+ 1/15).



