
Calculus III
Practice Problems 6: Answers

1. Find theequationof thetangent planeto thesurfacegivenparametricallyby

X
�
u � v ��� u3I � 2uvJ � v2K

at thepointwhereu � 1 � v � 2.

Answer. At thegiven valuesu � 1 � v � 2, wehaveX
�
1 � 2��� I � 4J � 4K. Thederivativesare

Xu � 3u2I � 2vJ ; valueat
�
1 � 2� : 3I � 4J �

Xv � 2uJ � 2vK ; valueat
�
1 � 2� : 2J � 4K �

We now calculateXu � Xv � 16I � 12J � 6K, whichwetake to bethenormal to thetangentplane.Thusthe
equation of thetangent plane,N 	 X � N 	 X0 is 16x � 2y � 6z �
� 8.

2. Let S bea surfacewhich goesthrough theorigin, andwhosenormal is thez-axis. Let Π bea planecon-
tainingthe z-axis,andγ thecurve of intersectionof thesurfaceS andtheplaneΠ. Show that theprincipal
normal to γ is � K.

Answer. Sincethecurve lies onthesurfaceΣ, its tangentvector T is in thetangent planeto Σ, sois orthogo-
nal to thez-axis.ThusT � aI � bJ for somea � b. Sincethecurve lies in theplaneΠ, its accelerationvector
lies in thatplane,andthusits principal normal lies in thatplaneandis orthogonalto T. Theonly unit vectors
of thatdescriptionare � K.

3. Let f
�
x � y � z ��� xyz � x3 � x2 � yz. Find thecritical pointsof f .

Answer. ∇ f � � yz � 3x2 � 2x � I � � xz � z � J � xy � yK. Theequationsfor ∇ f � 0 are

yz � 3x2 � 2x � 0 � xz � z � 0 � xy � y � 0 �
Fromthesecondequationeitherz � 0 or x �
� 1.

Casez � 0: Thefirst equationthentells usthateitherx � 0 or x � 2� 3. In eithercase,thelastequation tells
usthaty � 0. Thisgivesusthetwo critical points (0,0,0) and(0,2/3,0).

Casex �
� 1. Thefirst equationgivesyz � 5, andthelastequation0=0(nocondition). Thus all points of the
form

� � 1 � y � 5� y � with y �� 0 arealsocritical points.

4. Let
f
�
x � y ��� x3 � 4y3 � 3x2y � 18x � 6�

Findall critical pointsandclassifyasmaxima,minima, saddlepoints.

Answer. First wecalculatethefirst andsecondderivatives:

fx � 3x2 � 6xy � 18 � 3
�
x2 � 2xy � 6��� fy �
� 12y2 � 3x2 � 3

�
x2 � 4y2 ���

fxx � 6x � 6y � fxy � 6x � fyy �
� 24y �
D � fxx fyy � f 2

xy � 6
�
x � y � � � 24y ��� 36x2 �
� 36

�
x2 � xy � y2 ���



Now theequationfy � 0 tells us that x �
� 2y; substitutingthat in the formula for D, we have, that at any
critical point

�
x � y � : D ��� 36

�
4y2 � 2y2 � y2 ����� 36y2 � 5 � 1� is alwaysnegative. Thusall critical pointsare

saddlepoints.

5. Let
g
�
x � y � z ��� x2y2z �

Find thepointonthesurfaceg
�
x � y � z ��� 1 which is closestto theorigin.

Answer. We wantto minimize f
�
x � y � z ��� x2 � y2 � z2 subjectto theconstraint x2y2z � 1. Thegradients are

∇ f � 2xI � 2yJ � 2zK � ∇g � 2xy2zI � 2x2yzJ � x2y2K �
sotheequationsto solveare

�
a � xy2z � λx � �

b � x2yz � λy � �
c � x2y2 � λ z � �

d � x2y2z � 1 �
Notethatx � y � z � λ � 1 is a solutionof theseequations,soanansweris (1,1,1). However, if we divide�
a � by

�
b � , we gety2 � x2. Then

�
c � and

�
d � give usx2z � λ � x4 � λ z which leadsto x2 � z2.

�
d � tells us

thatz mustbepositive, sotheclosestpointsare
� � 1 ��� 1 � 1� .

6. (This is aCalculusI problem. Youareto do it usingthemethodsof Lagrangemultipliers). JohnandMary
work part-timeat theWidget factory, andarewilling to work asmuchas40 hours a week. Johngetspaid
$27/hour, andMarygets$45/hour. If Johnworksx hoursandMaryworksy hours,they produce3xy � � 1� 2� y 2

widgets.Thecompany hasallocated$1600/weekfor compensationto JohnandMary (together). How many
hours shouldthey eachwork in order to producethemaximum numberof widgets?

Answer. Let W bethenumberof widgetsproducedwhenJohnworksx hours andMary works y hours. We
wantto maximizeW � 3xy � � 1� 2� y2 subjectto theconstraint g

�
x � y ��� 27x � 45y � 1600. We calculatethe

gradients,obtaining theLagrange equations

3y � 27λ � 3x � y � 45λ � 27x � 45y � 1600 �
Thefirst two equations allow usto expressthethird in termsof λ , gettingx � 12λ � y � 9λ . Herenoticethat
x � � 4� 3� y, so that, no matterhow muchthereis to spendon labor, Johnworks 33% morethanMary. In
our case,we solve for λ putting this informationin thelastequation:

�
27� � 12λ ��� � 45� � 9λ ��� 1600, giving

λ � 2 � 195� x � 16� 34 � y � 19� 75.

7. Thematerialfor thebottom of aboxcoststhreetimesasmuchpersquarefoot asthematerialfor thesides
andtop. We wish to know thegreatest volume sucha box canhave if the total maount of money available
for materialis $12, andthematerialfor thebottomcosts$0.60 persquare foot. Find thesystemof equations
whichmustbesolvedto gettheanswer.

Answer. We wantto maximizeV � xyz, subjectto theconstraint
C �
� 6xy ��� 2xy � 2

� � 2yz ��� 2xz ��� 12,Thegradientsof thesefunctions are

∇V � yzI � xzJ � xyK �



∇C � � � 8y ��� 4z � I � � � 8x ��� 4z � J � � � 4y ��� 4x � K �
leading to thefour equations in four unknowns:

�
1� yz � λ

� � 8y ��� 4z ��� �
2� xz � λ

� � 8x ��� 4z ��� �
3� xy � λ

� � 4y ��� 4x ����
4��� 8xy � 2

� � 2yz � 2xz ��� 12 �
To solve, first multiply all equations by 10 to getrid of thedecimalpoints,andreplace10λ by λ . Multiply
(1) by x and(2) by y, andsettheright handsidesequalto eachother:

8λxy � 4λyz � 8λxy � 4λxz �
from which we getyz � xz. Sinceall dimensionsmustbepositive, we concludethatx � y. Substitutingin
(3), we getx2 � 8λx, sonow we know x � y � 8λ . Putthis in equation(2), andsolve for z, gettingz � 16λ .
Now we find λ , by puttingthis all in equation(4) andsolve,gettingλ ��� 5� 64 �
 5� 8� . Thusthevalues
producingtheboxof maximumvolumeare

x �  5 y �  5 z � 2  5 �

8. Let f
�
x � y ��� x2 � 2y2 � 2x. Find theminimum andmaximum of f on theball x 2 � y2 ! 16.

Answer. Thepointswehaveto checkarethoseinsidetheball where∇ f � 0,andthenlook for themaximum
andminimumonthesphereg

�
x � y ��� x2 � y2 � 16.

∇ f � � 2x � 2� I � 4yJ, so∇ f � 0 at thepoint (-1,0).

To checkfor critical pointsonthesphere,weusethemethod of Lagrangemultipliers.Since∇g � 2xI � 2yJ,
this leadsto thesystemof equations

2x � 2 � 2λx � 4y � 2λy � x2 � y2 � 16 �
Thesecondequationgives usthetwo cases:y � 0, or λ � 2.

If y � 0, from thelastequation x �"� 4.

If λ � 2, thefirst equationgivesx � 1, andthenthelastgivesy �"�# 15.

We now checkthevalue of f at thesepoints
�
x � y � f

�
x � y �� � 1 � 0� � 1�

4 � 0� 24� � 4 � 0� 8�
1 ���$ 15� 33

Thusthemaximum of f is -1, at (-1,0) , andthemaximum is 33,at thepoints
�
1 �  15� .


