
Calculus III
Practice Problems 5: Answers

1. Let f
�
x � y � z ��� x lnz � 2yz. a)Whatis ∇ f ? b) Show that

∂ 2 f
∂ z∂x

� ∂ 2 f
∂x∂ z �

Answer. Differentiatewith respectto thevariables:

∇ f � lnzI � 2zJ � � x
z
� 2y � K �

Now differentiatethecoefficientof I with respectto z, andthecoefficientof K with respectto x andcompare;

∂ f
∂ z∂x

� 1
z
� ∂ f

∂x∂ z
� 1

z �

2. Find thedirection U of maximal change for the function w � x 3y2z � xyz2 at thepoint (2,-1,2). What is
DUw at this point?

Answer. Thedirectionof maximalchangeis thatof thegradient. We calculatethegradient:

∇w � �
3x2y2z � yz2 � I � � 2x3yz � xz2 � J � � x3y2 � 2xyz � K �

Evaluating at the given point, we have ∇w � 20I � 24J. U is the unit vector in this direction, so U ��
5I � 6J �	��
 61. At thispointDUw ��∇w ��� 4
 61.

3. Supposethatthefunction w � f
�
x � y � is differentiableatthepointP in theplane. Let V � I � 2J � W � I � J,

andthatDVw � 2 � DWw � 3 at P. Whatis ∇w
�
P � ?

Answer. Let ∇w
�
P ��� aI � bJ. Then∇w � V � DVw � 2 � ∇w � W � DWw � 3, giving theequations

a � 2b � 2 a � b � 3 �
Thesolutions area � 8� 3� b ��� 1� 3, so

∇w
�
P ��� 8

3
I � 1

3
J �

4. Supposez � f
�
x � y � is differentiableat (1,1), andsupposethat

d
dt

f
�
1 � t � 1 � t2 ��� t � 0 � 3 � d

dt
f
�
1 � 1 � t ��� t � 0 � 2 �

Whatis ∇ f
�
1 � 1� ?

Answer. Let ∇ f
�
1 � 1��� aI � bJ. We aretold thederivativesof f on thecurves

γ1 : X1

�
t ��� �

1 � t � I � � 1 � t2 � J � γ2 : X2

�
t ��� I � � 1 � t � J �

We have
dX1

dt
� I � 2tJ � dX2

dt
� J �



so,at t0, dX1 � dt � I � dX2 � dt � J and

on γ1 : 3 � d f
dt

� ∇ f � dX1

dt
� �

aI � bJ ��� I � a �

on γ2 : 2 � d f
dt

� ∇ f � dX2

dt
� �

aI � bJ ��� I � b �
so∇ f

�
1 � 1��� 3I � 2J.

5. A particlemoves in spaceaccording to theequation

X
�
t ��� t2I � � 1 � t2 � J � � 1 � t � K �

For w � xy � yz2 � xz2, find dw � dt alongthetrajectory. Whatis dw � dt whent � 2?

Answer. We know that
dw
dt

� ∇w � dX
dt �

Now,
dX
dt

� 2tI � 2tJ � K �
∇w � �

y � z2 � I � � x � z2 � J � 2z
�
x � y � K �

Calculatingthedotproduct:

dw
dt

� ∇w � dX
dt

� �
y � z2 � � 2t ��� � x � z2 � � 2t ��� 2z

�
x � y � �

At t � 2, wehavex � 4 � y ��� 3 � z ��� 1, so

dw
dt

� � � 3 � 1� � 4��� � 4 � 1� � 4��� 2
� � 1� � 4 � 3����� 22 �

6. Let w � xyz andlet γ bethehelix given by

X
�
t ��� costI � sintJ � tk �

Finddw � dt at t � 2π � 3.

Answer. ∇w � yzI � xzJ � xyK, andfor thehelix,

dX
dt

��� sintI � costJ � K �
At t � 2π � 3 � x � cos

�
2π � 3����� 1� 2 � y � sin

�
2π � 3����
 3� 2 � z � 2π � 3, so

∇w � 
 3
2

2π
3

I � � � 1
2
� 2π

3
J � 2π

3
K � π


 3
I � π

3
J � 2π

3
K � and

dX
dt

� 1
2

I � 
 3
2

J � K �
Thisgives

dw
dt

� ∇w � dX
dt

� π
2
 3

� π 
 3
6

� 2π
3
� 2π

3 �



7. Find theequationof thetangent planeto thesurface

x1� 2 � y1� 2 � z1� 2 � 0

at thepoint (4,9,25).
Answer. Take thedifferentialof thedefining equation:

1
2

x � 1� 2dx � 1
2

y � 1� 2dy � 1
2

z � 1� 2dy �
Multiply by 2 andevaluateat (4,9,25):

dx
2
� dy

3
� dz

5
� 0 �

andreplace thedifferentialsby theincrements:

x � 4
2

� y � 9
3

� z � 25
5

� 0 �
Whensimplified,thiscomesdown to 15x � 10y � 6z � 0.

8. Find theequationof thetangent planeto thesurface

x lnz � 2yz � 0

at thepoint
� � e2 � 1 � e2 � .

Answer. Takingthedifferential,we have

lnzdx � x
z

dz � 2ydz � 2zdy � 0 �
Evaluate at the given point to get

�
0� dx � e2 � e � 2 � dz � 2dz � 2e2dy � dz � 2e2dy � 0. Now replacing the

differentialsby theincrementsweobtain

�
z � e2 ��� 2e2 � y � 1��� 0 or 2e2y � z � 3e2

�


