Calculusllli
Practice Problems5: Answers

1. Let f(x,Y,2) = xInz+ 2yz. a) Whatis Of? b) Shav that
9%t 9%f

0z0x ~ 0x0z°

Answer. Differentiatewith respecto thevariables:
X
Of =Inz +22J+(E+2y)K .

Now differentiatethe coeficientof | with respecto z, andthe coeficientof K with respecto x andcompae;
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90Xz’ %9z z°

2. Find the direction U of maxima charge for the function w = x3y?z+ xyz? at the poirt (2,-12). Whatis
D w atthis point?

Answer. Thedirectionof maximalchargeis thatof thegradent. We calculatethe gradent:
Ow = (3x%y?2+ y2)| + (28yz+ x2)J + (C°y? + 2xy2)K .

Evaluaing at the given point, we have Ow = 201 — 24J. U is the unit vectorin this directicn, soU =
(51 — 6J)/v/61. At thispointD,w = |Ow| = 4v/61

3. Supmsethatthefunctionw= f(x,y) is differentiableatthepointPin theplane LetV =1+2J, W =1 -],
andthatD,,w = 2, D,,,w = 3 atP. Whatis Ow(P)?

Answer. Let Ow(P) = al +bJ. ThenOw-V = D,,w = 2, Ow-W = D,,,w = 3, giving theequations
a+2b=2 a—b=3.

Thesolutiorsarea=8/3, b= —1/3,s0

1
Ow(P) = gl -3

4. Suppsez = f(x,y) is differentiableat (1,1), andsuppaethat

d d
af(l‘l‘tal‘*‘tz)h:o =3, af(lal‘i‘t)h:o =2.

Whatis O0f(1,1)?
Answer. Let Of(1,1) = al +bJ. We aretold thederivativesof f onthecurves
Vi X ) = @41+ 1+1D)I,  yr Xt) =1+ (1+1)J.

We have X X
e R 2
0 I +2tJ, gt J,



so,att0,dX,/dt =1, dX,/dt =J and
df dx,

on Vl . 3 dt Df T (al+bJ)| = 5
_ df dX, B
ony,: 2= e Df-w_(aH—bJ)-l_b,

soOf(1,1) =31 +2J.

5. A particlemovesin spaceaccordng to theequdion
X(t) =t21+ (1—t2)J+ (1-DK .
Forw = xy + yz% + xZ°, find dw/dt alongthetrajectoy. Whatis dw/dt whent = 2?
Answer. We know that
dat dt -

Now,
dX

dt
= (y+ ) + (x+2) I+ 2z(x+ y)K

=2l —2t1—K ,

Calculatingthedot product:

dw dX
5 = 0w =+ D)) — (x+ B) (@) - 220x+Y)

Att=2,wehavex=4,y=-3, z=-1,s0

A (341 - @+ 1)@ - 2-1)(@-3)= 22

6. Letw = xyz andlet y bethehelix given by
X(t) = codtl +sintJ +tk .

Find dw/dt att = 271/3.

Answer. Ow = yzl + xzJ + xyK, andfor the helix,

% = —sintl +costJ+K .

Att = 2m/3, x= cog2m/3) = —1/2, y = sin(2mr/3) = v/3/2, z= 211/3,s0

V32 1.2, 2m mnoom, 2 dX 1. 3
Ow= — 4+ (—2)=J+=K=—I1—-=J+—K — =4+ —J+K.
w 23+( 2)3J+3 3 3J+3 , and o 2+2J+
Thisgives
dw dX m™ m/3 2m_2nm

o V't 23 6 3 3




7. Find theequatiorof thetangen planeto thesurface
X2 4 yV/2 _F2 g

atthepoint(4,9,%5).
Answer. Take thedifferential of the definirg equation:

1 10 1 _ 1 1_1p
5% dx+ >y dy 52 dy.

Multiply by 2 andevaluateat (4,9,25):

dx dy dz
2737 59

andreplae thedifferentialsby theincremerts:

Xx—4 y-9 z-25

2 T3 5 0

Whensimplified, this comesdowvn to 15x+ 10y — 6z = 0.

8. Find theequatiorof thetangem planeto thesurface
xInz+2yz=0

atthepoint (—€?,1,€?).

Answer. Takingthedifferential,we have

Inzdx + )—Z(dz+ 2ydz+2zdy=0.

Evalude at the given point to get (0)dx — e?(e~?)dz + 2dz+ 2e?dy = dz+ 2e’dy = 0. Now replacirg the
differentialsby theincrenentswe obtain

(z—€)+28%(y—1)=0 or 2e’y+z=3€.



