Calculusllli
Practice Problems 4: Answers

1. Considettheline L in theplanegiven by theequatia 2x+ 5y+ 10= 0. Findabase{U, V } with U parallel
to L, andV counteclockwiseto U. Find the equatim of theline in coadinates{u, v} relatie to the base
{U,V}.

Answer. Thevecta 2| + 57 is orthagonalto theline, so5l — 2J is in thedirection of theline. Thus we can

take
_5-2 |, _2+5

U , V= .
V29 V29
If X =xI +yJ=uU+ W, then
51 -2 21 +5] 5u+2v —2u+5v
uw+w =u +V = I+ J=x1+VyJ,
V2 Cms )= Oz '+ g PN

giving usx andy in termsof u,v. Puttingtheseexpressios in the equationgives the u, v equationof theline
as

S5u+2v —2u+5v 10
2 +5 +10=0, or v=———.
( V29 )+ V29 ) V29

2. An ellipsehascenteratthe poirt (2,1), andits majoraxisis theline x+ y = 3. Its majorradiusis 3 andits
minorradiusis 1. Whatis theequatia of theellipse?

Answer. Choosecoodinatesu,v asin thefigure onthe next page.In thesecoodinatesthe equatiao of the
ellipseis

(1) %2+v2:1.

Now avecta in thedirectionof theline x+y=>5is| —J, sothebase

1=

I +J
L= M_L

V2T V2
pointsin the directins of theaxesof the ellipse. Now, thechang of coordnatesX = xl +yJ =uL +VvM is
givenby

— (X _ Lo_Xx=2-(y-1) x-y-1
u=(X—-(2+J)-L= 7 ==
v g X—2+(y—-1) Xx+y-3
v=X—-(214+J))-M = 7 =7

Substitutingheseinto (1) givesustheequation
(x—y—1)24+9(x+y—23)>=18

which comes outto 10x? + 16xy + 10y? — 56X — 52y + 64 = 0.
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3. Shaw thattheintersectiorof a planewith aspheeis acircle.

Answer. Putthe origin of the coordnatesat the centerof the sphee. Thenthe equation of the sphereis
|X| = Rfor someR > 0. Let N betheunit normal to the plane sothatthe equatim of the planeis X-N = ¢
for somec. Then theintersectio of the sphee andthe planeis the circle in the planewith centercN and
radiusv/R2 — c2. To checkthat,suppsethatX is onthecurve. Then

X —cN[Z=(X—=cN)- (X —cN) =X -X —2cX -N+AN-N=R*—¢?,
since|X| =R, X-N=candN is of lengthone.
We could alsoargue this way: choosecoodinatessothatthe sphee is centeredat the origin, andthe plane
is pergendicularto the z axis. Thenthe equaion of the sphee is x2 + y2 + 2 = R?, andthe equation of the

planeis z = c. Theseequationsareequivdentto theequatimsx? 4+ y* = R? — ¢, z= ¢, which arethoseof a
circleontheplanez= c.

4. Considetthe setof all pointsP in spacesuchthatthevecta from O to P haslength2 andmalesanangle
of 45degreeswith | + J.

a) Whatkind of geonetric objectis this set?
b) Give equatios in cartesiarcoordnatesfor this set.

Answer. If X is in this set,the condtions are|X| = 2 andX - (I +J) = |X||l +J|cog45°). Writing X =
xl +yJ+ zK gives ustheequatims

Xy +Z =4, x+y=2\/§§=2-

Thusthesetis theintersectiorof thesphereof radius2 with theplanex+y = 2: by prodem 3, thisis acircle.

5. Write down the equdions of the paraoloid of revolution z= x2 + y? in cylindrical andspherichcoord-
nates.

Answer. In cylindrical coodinatesx? +y? = r?, sothe equationis simply z= r2. In sphericacoadinates,
this becanesp cosp = (psing)?, or p = cotpcscy, for 0< @ < 11/2.



6. a) Draw sometypical level curvesin the (x, y)-planefor thefunction
f(xy) = (1+x2+y?)~L
b) Sketchthesurfacez= f(x,y).

Answer.
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7. Let L betheline x=1, z= 3y. If we rotatethe line aboutthe z-axis, it descrilesa surface. Find the
equatia of thatsurface.

Answer. For eachz, the circle centeredat (0,0, z) andthroughthe point (1,z/3,2) is on the surface. The
radiusof this circleis 1+ z?/9, thuswe musthave

x2+y2=1+§,

whichis therebrethe equatiorof thesurface.

8. Considerthe helix X(t) = costl + sintJ+tK. For eacht, let L, betheline perpadicularto the z-axis
intersectinghe helix at X(t). Find the equationof the surfacesweptout by thelinesL;. Whatareits level
sets?

Answer. For ary s, the point X(s,t) = s(costl + sintJ) +tK is on L, sothisis the paranetric equatio of
thesurface To find theequationn cartesiarcoordnates we musteliminates,t for arelationbetweerx,y, z
Thisis foundby noting that .
y _ ssint
X  scog

for all pointsX(s,t). Thusthe equatiorof thesurfaceis y = xtanz.

=tant =tanz

9. Sketchor describethe surfacegivenby the equation
2
Y 7 =52

4 9



Answer. Rewriting the equationas

2 V.2 _
=7 +5=0,

we seethatthe surfaceis a conewith axisthey-axis,andwhosetrans\ersesectionsaresimilar ellipseswith
majoraxis parallelto the zaxisandtheratio (majorradius)/minorradius= 3/1. Seethefigure.

10. Sketchor describethe surfacegiven by theequation

X Z_
o a7

Answer. Thisis anelliptic parabdoid with axisthe positive y-axis,andwhosetrans\ersesectionsaresimilar
ellipseswith majoraxis parallelto the x-axis andthe ratio (majorradius)/minorradius = 3/2. Seefigurethe

figure.
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