
Calculus III
Practice Problems 4: Answers

1. Considertheline L in theplanegiven by theequation 2x
�

5y
�

10 � 0. Findabase� U � V � with U parallel
to L, andV counterclockwiseto U. Find the equation of the line in coordinates� u � v � relative to the base
� U � V � .
Answer. Thevector 2I

�
5J is orthogonalto theline, so5I � 2J is in thedirection of theline. Thus we can

take

U � 5I � 2J�
29

� V � 2I
�

5J�
29 �

If X � xI
�

yJ � uU
�

vV, then

uU
�

vV � u � 5I � 2J�
29

	 �
v � 2I

�
5J�

29

	 �
� 5u
�

2v�
29

	
I
� � � 2u

�
5v�

29

	
J � xI

�
yJ �

giving usx andy in termsof u � v. Puttingtheseexpressions in theequationgives theu � v equationof theline
as

2 � 5u
�

2v�
29

	 �
5 � � 2u

�
5v�

29

	 �
10 � 0 � or v ��� 10�

29 �

2. An ellipsehascenterat thepoint (2,1), andits majoraxisis theline x
�

y � 3. Its majorradiusis 3 andits
minor radiusis 1. Whatis theequation of theellipse?

Answer. Choosecoordinatesu � v asin thefigure on thenext page.In thesecoordinatestheequation of the
ellipseis

� 1	 u2

9
�

v2 � 1 �
Now a vector in thedirectionof theline x

�
y � 5 is I � J, sothebase

L � I � J�
2
� M � I

�
J�

2

pointsin thedirectionsof theaxesof theellipse.Now, thechange of coordinatesX � xI
�

yJ � uL
�

vM is
givenby

u �
� X ��� 2I
�

J
	
	��

L � x � 2 ��� y � 1
	

�
2

� x � y � 1�
2

�

v ��� X ��� 2I
�

J
	
	��

M � x � 2
� � y � 1

	
�

2
� x

�
y � 3�
2 �

Substitutingtheseinto (1) givesustheequation

� x � y � 1
	 2 � 9 � x � y � 3

	 2 � 18

whichcomes out to 10x2 � 16xy
�

10y2 � 56x � 52y
�

64 � 0.
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3. Show thattheintersectionof a planewith a sphere is a circle.

Answer. Put the origin of the coordinatesat the centerof the sphere. Thenthe equation of the sphereis�
X
� � R for someR � 0. Let N betheunit normal to theplane, sothattheequation of theplaneis X

�
N � c

for somec. Then, the intersection of thesphere andtheplaneis thecircle in theplanewith centercN and
radius

�
R2 � c2. To checkthat,supposethatX is on thecurve. Then�

X � cN
� 2 �
� X � cN

	�� � X � cN
	 � X

�
X � 2cX

�
N
�

c2N
�
N � R2 � c2 �

since
�
X
� � R., X

�
N � c andN is of lengthone.

We couldalsoargue this way: choosecoordinatesso that thesphere is centeredat theorigin, andtheplane
is perpendicularto the z axis. Thentheequation of thesphere is x 2 � y2 � z2 � R2, andtheequationof the
planeis z � c. Theseequationsareequivalent to theequationsx2 � y2 � R2 � c2 � z � c, whicharethoseof a
circleon theplanez � c.

4. Considerthesetof all pointsP in spacesuchthatthevector from O to P haslength2 andmakesanangle
of 45degreeswith I

�
J.

a)Whatkind of geometricobjectis this set?
b) Giveequations in cartesiancoordinatesfor this set.

Answer. If X is in this set, the conditions are
�
X
� � 2 andX

� � I � J
	 � �X ��� I � J

�
cos� 45 � 	 . Writing X �

xI
�

yJ
�

zK gives ustheequations

x2 � y2 � z2 � 4 � x
�

y � 2
�

2

�
2

2
� 2 �

Thusthesetis theintersectionof thesphereof radius2 with theplanex
�

y � 2: by problem3, this is acircle.

5. Write down theequationsof theparaboloid of revolution z � x 2 � y2 in cylindrical andspherical coordi-
nates.

Answer. In cylindrical coordinates,x2 � y2 � r2, sotheequationis simply z � r2. In sphericalcoordinates,
this becomesρ cosφ ��� ρ sinφ

	 2, or ρ � cotφ cscφ , for 0 � φ � π � 2.



6. a)Draw sometypical level curvesin the � x � y 	 -planefor thefunction

f � x � y 	 �
� 1 � x2 � y2 	�� 1

�
b) Sketchthesurfacez � f � x � y 	 .
Answer.
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7. Let L be the line x � 1 � z � 3y. If we rotatethe line aboutthe z-axis, it describesa surface. Find the
equation of thatsurface.

Answer. For eachz, the circle centeredat � 0 � 0 � z 	 andthrough the point � 1 � z � 3 � z 	 is on the surface. The
radiusof thiscircle is 1

�
z2 � 9, thuswe musthave

x2 � y2 � 1
� z2

9
�

which is thereforetheequationof thesurface.

8. Considerthe helix X � t 	 � costI
�

sintJ
�

tK. For eacht, let Lt be the line perpendicularto the z-axis
intersectingthehelix at X � t 	 . Find theequationof thesurfacesweptout by the linesL t . Whatareits level
sets?

Answer. For any s, thepoint X � s � t 	 � s � costI
�

sintJ
	 �

tK is on Lt , so this is theparametric equation of
thesurface. To find theequationin cartesiancoordinates,we musteliminates � t for a relationbetweenx � y � z.
This is foundby noting that

y
x
� ssint

scost
� tant � tanz

for all pointsX � s � t 	 . Thustheequationof thesurfaceis y � x tanz.

9. Sketchor describethesurfacegivenby theequation

y2

4
� z2

9
� x2

�



Answer. Rewriting theequationas

x2 � y2

4
� z2

9
� 0 �

we seethatthesurfaceis a conewith axisthey-axis,andwhosetransversesectionsaresimilar ellipseswith
majoraxisparallelto thez-axisandtheratio (majorradius)/minorradius= 3/1. Seethefigure.
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10. Sketchor describethesurfacegiven by theequation

x2

9
� z2

4
� y �

Answer. This is anelliptic paraboloid with axisthepositivey-axis,andwhosetransversesectionsaresimilar
ellipseswith majoraxisparallelto thex-axisandtheratio (majorradius)/minorradius = 3/2. Seefigurethe
figure.
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