Calculusllli
Practice Problems 3: Answers

1. LetL = cosO(t)l +sinB(t)J beaunit vecta -valuedfunctionoft in thexy-plare. Shav that

d de
LXK =gl

Answer. L andK areunit vectorssoL x K is aunitvectororthagonalto L andK suchthatL, K, L xK is
right-handed ThusL x K = —L+=sin6l —cos6J. Thus
. .de do

d de
a(l_ X K) —COSGEI —I—SII’]QEJ = EL

2. A particlemovesin theplaneaccodingto theequation
X(t) =tsintl 4 costJ
Findthe speedfangetial andnomal accelerionsandthe cunatureof thetrajectoy atthetimet = 27t
Answer . Differentiate;
V = (sint+tcost)l —sintd, A = (cos + cost —tsint)l —castJ .
Evaluging att = 2m, V =2m,A =2l —J. Then

ds

—=2m, T=1, N=-—
dt 7T7 ) J

sinceA is clockwisefrom T. ThisgivesusA = 2T + N, soa; = ay = 2 andk = an/(ds/dt)? = 2/(41).

3. A particlemovesin theplaneaccodingto theequation
X(t) = (2 +t+ )1 +t3]
Find thevelocity, speedaccelerationtangemn andnomal vectorsof the particleatary timet > 0.

Answer . Differentiate:
V=(2t+1)I+3%, A=21+6tJ.

Then ) )
d_s: T, T (2t + 1)1 4 3t4J , :—3tl+(2t+1)\]‘
dt V(2t+1)24+9t4 (2t+1)2+9t4
_2(2t+1)+(61)(3t?) _ —6tZ4(6t)(2t+1) 6t2 + 6t
T J@a+nzror TN T @+t J(2+ )2+ ad

Noticethatthechdce of signfor N wascorrect,sinceay > 0,




4. A particlemovesin the planeaccodingto theequation
X(t) =tl —IntJ

Find thevelacity, speedaccelerationtangem andnormd vectoss, andtangentiabndnomal acceleratiorof
theparticleatary timet > 0.

Answer. Differentiate:

t t2
ds _ /1+£_\/t2+1 S e I
dt t2 t V2§’ V21
1 1

ar=—————, =
T TeJErl N il

5. A particlemovesin theplaneaccodingto theequation
X(t) = €™ (costl + sintJ)
Shaw thatthe anglebetweerthe positionvecta andthetangent line to the trajectoy is constan
Answer. Letthatanglebe 8. We have
V = ae® (costl + sintJ) + €®(—sintl + costJ) .

We calculate:
_ VR _ ae?d _a
VIR (etvaZ+1)(et) a2+1’

so B is constant. The easiestway to do this calculationis to introdwe L = cogtl + sint + J, sothaR =
L, V=¢e%(aL +L=). Then,sinceL is aunitvecta, we have

V-R=ae®, |Rl=€, |V|=€'Va2+1.

cosB

6. A particlemovesin spaceaccordng to theformula
X(t) = costl 4 sintJ+cog2t)K .
Find thetangentiaendnornal acceleratioaandthecurvatureatt = /4.

Answer . Differentiating:
V = —sintl +costd —2sin(2t)K , A = —cogt| —sintJ—4cog2t)K .

Att=r/4
1 1 1 1

— 5l sI=2K, A= -l- .

We have ds/dt = /5. Noting thatA is orthogoral to V, we conclug thatA = ayN, sothata; = 0 and
ay = |A| = 1,andfinally, k = a,/(ds/dt)? = 1/5.

V=




7. A particlemovesin spaceaccordng to theformula
X(t) = cogtl +sintd +€K .
Find thetangentiabndnormal acceleratioafor this motion.

Answer. Differentiate:
V = —sintl +cost)+ €K, A(t) = —codl —sntI+€K .

Thends/dt = v1+€* and
e

Vit

Tofind a it is probaly easiesto usetheformua ay = |A x V|/|V|. This calculationgives

_[142e2
NV Tre

We canseethis with lesscalculationby introdwing L = costl + sintJ, sothat

aT:A'T:

X=L+6eK, V=L*+dK, A=-L+€K.

ThenV x A is easilycompitedsincethesystem{L, L+ K} is aright hanadsystemof orhagonalunit vec-
tors.WegetV x A =L — L +K, so|V x A]? = 1+ 2e*.

8. A particlemovesin spaceaccordng to theformula

X(t) = %tzl + %J—tK .

Finday,k atthepointt = 1.

Answer . Differentiate 1
V =tl —t—ZJ—K, A=1+=3J.

Att=1,weobtainV =1—-J+K, A=1+2J. Then

ds I -J+K -1
— = 3, T:*, ar = —.
a =3 V3 T3

We now calculate
—-1+J-K 41+5J+K

3 3
Then,ay, is themagritude of this vectoray = v/42/3 andk = v/42/9.

ayWN=A—a; T=1+2]—

9. Let U(t), V(t) beunit vectas which arealwaysorthogoral. Let W = U x V. Shaw thattherearescalar
functionsa, 8, y suchthat

du dv dw

EZGV‘FBW, a:—aU+y\N, FZ—BU—W



Answer. SinceU,V areorthagonalunit vectas, W is aunit vecta orthagonad to bothU andV. Now, since

duU/dt is orthogond to U, it liesin theplaneof V andW. Similarly, dV /dt liesin theplaneof U andW, and

dw/dt liesin theplaneof U andV. Thistells usthattherearescalarfunctionsa, 3, v, 0, i, v suchthat
du av _

EZGV‘{‘BW, dt

But now, sinceU andV areorthognal,U-V = 0so

U+ YW | dd—vtv=uv+vv.

du dv

or 0 = —a. Theotheridentities,u = — 3, v = —y arederivedin the sameway.

10.Let X = X(t) representhe motionof a particlein space.
a) Shaw thatif |V| is constat, thenA is orthognalto T.

Answer. Let |V| =c, sothatV = cT. Then

dav dT ds
A=—=c—=ck—N
dt dt do ’
so, sinceN is orthagonalto T, sois A. Anothe way to seethis is to notethatthe hypothesistells us that
speeds constantso
d’s

“a

ar
s0A = ayN, andthecorclusionfollows.

b) Shaw thatif A is constantthemotionliesin aplane.

Answer. By thehypahesisdV /dt = C, aconstanvector Integrating, we get
V=tC+V,.

Integratingagain
t2
X(t) = §c+tvo+xo ,

sothatX(t) — X, is alwaysin the planespannd by C andV .



