
Calculus III
Practice Problems 3: Answers

1. Let L � cosθ
�
t � I � sinθ

�
t � J bea unit vector -valuedfunctionof t in thexy-plane. Show that

d
dt

�
L � K � � dθ

dt
L �

Answer. L andK areunit vectors,soL � K is aunit vectororthogonalto L andK suchthatL � K � L � K is
right-handed. Thus L � K ��� L 	 � sinθ I � cosθJ. Thus

d
dt

�
L � K � � cosθ

dθ
dt

I � sinθ
dθ
dt

J � dθ
dt

L �

2. A particlemoves in theplaneaccording to theequation

X
�
t � � t sintI � costJ

Find thespeed,tangential andnormal accelerationsandthecurvatureof thetrajectory at thetime t � 2π .

Answer. Differentiate;

V � � sint � t cost � I � sintJ � A � � cost � cost � t sint � I � costJ �
Evaluating at t � 2π , V � 2πI, A � 2I � J. Then

ds
dt
� 2π � T � I � N �
� J

sinceA is clockwisefrom T. ThisgivesusA � 2T � N, soaT
� aN

� 2 andκ � an � � ds � dt � 2 � 2� � 4π2 � .

3. A particlemoves in theplaneaccording to theequation

X
�
t � � � t2 � t � 1� I � t3J

Find thevelocity, speed,acceleration, tangent andnormalvectorsof theparticleatany time t � 0.

Answer. Differentiate:
V � � 2t � 1� I � 3t2J � A � 2I � 6tJ �

Then
ds
dt
�
 � 2t � 1� 2 � 9t4 � T � �

2t � 1� I � 3t2J � 2t � 1� 2 � 9t4
� N � � 3t2I � � 2t � 1� J � 2t � 1� 2 � 9t4

�
aT
� 2

�
2t � 1��� � 6t � � 3t2 � � 2t � 1� 2 � 9t4

� aN
� � 6t2 � � 6t � � 2t � 1� � 2t � 1� 2 � 9t4

� 6t2 � 6t � 2t � 1� 2 � 9t4
�

Noticethatthechoice of signfor N wascorrect,sinceaN � 0,



4. A particlemoves in theplaneaccording to theequation

X
�
t � � tI � lntJ

Find thevelocity, speed,acceleration,tangent andnormal vectors,andtangentialandnormal accelerationof
theparticleat any time t � 0.

Answer. Differentiate:

V � I � 1
t

J � A � 1
t2 J �

ds
dt
�
� 1 � 1

t2
��� t2 � 1

t
� T � tI � J� t2 � 1

� N � I � tJ� t2 � 1
�

aT
�
� 1

t2 � t2 � 1
� aN

� 1

t � t2 � 1

5. A particlemoves in theplaneaccording to theequation

X
�
t � � eat � costI � sintJ �

Show thattheanglebetweenthepositionvector andthetangent line to thetrajectory is constant.

Answer. Let thatanglebeβ . We have

V � aeat � costI � sintJ ��� eat � � sintI � costJ ���
We calculate:

cosβ � V � R�
V
���
R
� � ae2at�

eat � a2 � 1� � eat � � a� a2 � 1
�

so β is constant.The easiestway to do this calculationis to introduce L � costI � sint � J, so thatR �
eatL � V � eat � aL � L 	�� . Then,sinceL is a unit vector, wehave

V � R � ae2at � �
R
� � eat � �

V
� � eat  a2 � 1 �

6. A particlemoves in spaceaccording to theformula

X
�
t � � costI � sintJ � cos

�
2t � K �

Find thetangentialandnormal accelerations andthecurvatureat t � π � 4.

Answer. Differentiating:

V ��� sintI � costJ � 2sin
�
2t � K � A �
� costI � sintJ � 4cos

�
2t � K �

At t � π � 4:

V ��� 1� 2
I � 1� 2

J � 2K � A �
� 1� 2
I � 1� 2

J �
We have ds � dt � � 5. Noting that A is orthogonal to V, we conclude that A � a NN, so that aT

� 0 and
aN
� �A � � 1, andfinally, κ � aN � � ds � dt � 2 � 1� 5.



7. A particlemoves in spaceaccording to theformula

X
�
t � � costI � sintJ � etK �

Find thetangentialandnormal accelerations for thismotion.

Answer. Differentiate:

V ��� sintI � costJ � etK � A
�
t � ��� costI � sin tJ � etK �

Thends � dt � � 1 � e2t and

aT
� A � T � e2t

� 1 � e2t
�

To find aN it is probably easiestto usetheformula aN
� �A � V

� � �V � . Thiscalculationgives

aN
� � 1 � 2e2t

1 � e2t �
We canseethis with lesscalculationby introducingL � costI � sin tJ, sothat

X � L � etK � V � L 	 � etK � A ��� L � etK �
ThenV � A is easilycomputedsincethesystem� L � L 	�� K � is a right handedsystemof orhogonalunit vec-
tors.We getV � A � etL � etL 	�� K, so

�
V � A

� 2 � 1 � 2e2t .

8. A particlemoves in spaceaccording to theformula

X
�
t � � 1

2
t2I � 1

t
J � tK �

FindaN � κ at thepoint t � 1.

Answer. Differentiate

V � tI � 1
t2 J � K � A � I � 2

t3 J �
At t � 1, weobtainV � I � J � K � A � I � 2J. Then

ds
dt
� � 3 � T � I � J � K� 3

� aT
� � 1� 3

�
We now calculate

aNN � A � aT T � I � 2J � � I � J � K
3

� 4I � 5J � K
3

�
Then,aN is themagnitudeof thisvector:aN

� � 42� 3 andκ � � 42� 9 .

9. Let U
�
t ��� V

�
t � beunit vectors which arealwaysorthogonal. Let W � U � V. Show that therearescalar

functionsα � β � γ suchthat

dU
dt
� αV � βW � dV

dt
�
� αU � γW � dW

dt
�
� βU � γV



Answer. SinceU � V areorthogonalunit vectors,W is a unit vector orthogonal to bothU andV. Now, since
dU � dt is orthogonal to U, it lies in theplaneof V andW. Similarly, dV � dt lies in theplaneof U andW, and
dW � dt lies in theplaneof U andV. This tells usthattherearescalarfunctionsα � β � γ � δ � µ � ν suchthat

dU
dt
� αV � βW � dV

dt
� δU � γW � dW

dt
� µV � νV �

But now, sinceU andV areorthogonal,U � V � 0 so

dU
dt
� V � U � dV

dt
� 0 �

or δ �
� α . Theotheridentities,µ �
� β � ν �
� γ arederivedin thesameway.

10. Let X � X
�
t � represent themotionof a particlein space.

a)Show thatif
�
V
�
is constant, thenA is orthogonalto T.

Answer. Let
�
V
� � c, sothatV � cT. Then

A � dV
dt
� c

dT
dt
� cκ

ds
dt

N �
so,sinceN is orthogonalto T, so is A. Another way to seethis is to notethat the hypothesistells us that
speedis constant,so

aT
� d2s

dt2
� 0 �

soA � aNN, andtheconclusionfollows.

b) Show thatif A is constant,themotionlies in a plane.

Answer. By thehypothesis,dV � dt � C, a constantvector. Integrating,we get

V � tC � V0 �
Integratingagain:

X
�
t � � t2

2
C � tV0 � X0 �

sothatX
�
t � � X0 is alwaysin theplanespanned by C andV0.


