Calculusllli
Practice Problems 2: Answers

1. Findaunit vectororthagond to thevectos V = 61 — 7+ K, W = —I| +2J — 3K. Whatis thevolume of
theparalleloppeddeternined by thesethreevectos?

Answer. First, calculate

I J K
VxW=det| 6 -7 1 |=(21-2)I+(-1+18)J+(12-7)K
-1 2 -3

Now, the unit vecta in the direction of V x W haslength /192 4+ 172 + 52 = 25.98, sothe answeris U =
731 +.654 +.19X. SinceU is aunitvectorpergendicuar to theplaneof V andW, thevolumeis thearea
of thebase|V x W| = 2598,

2. Findavectorwhichmakesanangleof 30° with theplanedeterninedby thevectorsV =6l —7J+K, W =
—1+23-3K.

Answer. SincethevectasV andW arethe samevectas asin the above prablem, the unit nomal to the
planeof thevectasV andW is thevecta U found there;U = .731 +.654 +.192K.ThevectorX we seek
malkesan angleof 60° with U. Thereis suchavecta in the planedetermired by U andV (seethe figure)

So,if M is theunit vectorin thedirection of V, we cantake X = cos60°U + cos30°M. Firstwe calculate

V _ 8 -1+K _ 647 75874 108 .

TV T /3614911
Thus

X = cos60°U + c0s30°M = (.5)(.731 +.6541 +.192K ) + (.866)(.6471 — .755] +.108K)

=.92d —.327J+ .19 .

Of coursethereis a cone(asshavn in thefigure)of vectas solvingthis prodem; we chosethe unit vectorin
theplaneof V andV x W.

3. Findavecta nomalto the planegiven by theequation

X—2y+z=14.



Answer. 31 —2J+K.

4. Findavecta nomalto theplanethroughP: (0,0,0), Q: (1,0,—1), R: (0,1,1).
Answer. Thevectors@ =1 —-K, PR=J+K lie ontheplane,sothevectorwe seekis

W=POxPR=(I—K)x (J+K)=1-J+K .

5. Find theequatiorof the planethroughtheorigin which is normal to theline given parameically by
X=@+2]-K)+t(-1 +I+2K) .

Answer. ThevectorL = —I +J+ 2K is parallelto theline, so canbe taken asthe normal to the desired
plane.Thusthe equatiorof theplaneis —x+y+2z= 0.

6. FindV, - (V, x V) where
V,=—1+2J+K. V,=2-214+3K, V,=1-2K.

Answer.
V

L -1 2 1
V- (Vyx V) =det| v, | =det[ 2 -2 3 |=12.
Vs, 1 0 -2

7. Shaw thatif de{U,V,W) = |U||V||W|, thenthethreevectos aremutually orthogoral.

Answer. Let 3 betheanglebetweerlJ andthenormal to the planeof V andW, anda theanglebetweerv
andW. Then

|[detU,V,W)| = |U||V x W|cosB = |U||V||W|cosBsina .
If thisis |U||V||W|, thencosBsina = 1,s0B8 =0anda = ri/2 or 3 = manda = —11/2. In bothcaseghe
threevectas mustbe orthogonal.

8. Find the symmetricequationsof the line throudh the point (2,-1,3) which is pergendicula to the vectors
V=21-J+3KandW =1 -J+K.

Answer. Thecrossproduct (21 —J+3K) x (I —J+K) = 21 +J—K hasthe directionof theline. Since
(2,—1,3) is ontheline, the symmetricequatiors are

Xx—2 y+1 z-3
2 1 -1

9. Findtheparametic equatios of theline throughthepoint(2,-1,3) whichis parallelto thetwo planesgiven
by theequatims

X+z=4, X—2y+5z=1.
Answer. Theline is parallelto thetwo planessois perpewlicularto their normals. Thenormds areN ; =
3l +0J+K, N, =1-2J+5K, soN, x N, isin thedirection of theline. Wefind N; x N, = 2| —14J - 6K,
sotheparanetric equationsof theline are:

X=2+2t, y=-1-14,6 z=3-6t.



10. Find the equationof the planethroudh the point (2,-1,3) which s parallelto thevectorsl —2J+ 3K and
3l —2J+K.

Answer. Thenomal to the planeis the crossproduct of the two given vectas. Thisis N = 4l +8J + 4K.
TakingX, = 2l —J+ 3K, theequatim is (X — X;)) - N = 0, whichcomesto 4x + 8y + 4z = 12.

11. Find thedistanceof the poirt (2,0, 1) from the planegivenby the equation
X—2 y+1 z-1
3 + 4 + 2
Answer. Representhe givenpoirt by the vecta X = 21 + K. Thepoint X, = 2 —J+ K is onthe given
plane,andthenormal to theplaneis N = (1/3)I + (1/4)J + (1/2)K. Thedistancehenis
_ I(X=Xp)-NI _ [3-((1/3)1 +(1/4)J + (1/2)K)

d= - = .384.
IN| 651

0

12. LetL,, L, betwo linesin threedimensios which do not intersect. There arepointsP,, P, onL,, L,
respectiely suchthattheline joining P; andP, intersectseachline ataright angle. Thesearethe pointson
thetwo lineswhich areclosesttogeter. Find a formula for the distancebetweerP; andP,, in termsof the
equatimsof thelines
L0 X=Q;+tN; L, X=Q,+sN,.

Answer. Let I bethe planecontainirg theline L, andparallelto theline L,. Thenthe distancebetween
P, andP, is the sameasthe distanceof ary point onL; from the plare I (seethe figure belav). Now, the
normal to I is N, x N,, andQ, is apoint onL,. Thus,usingthe distanceformula, wherewe take Q , asa
pointonL, we get

d= 1(Qy—Qq) - (Ny x Ny ‘

INg x Ny

If thegeoméry isn’t clear we canargue asfollows: Sincetheline joining P, andP, is pergendicuar to
L, andL,, it hasthedirection N, x N,. Now, thedistancerom Q, to P; is the projectian of Q, — P, in this



direction sois
[(Qu—=Py)-(Ny xNy)|
INy X N,| '
But we don't know P;, sowe cant usethis formua. However, sinceQ, lies ontheline L;, we musthave
Q; = P, +tN;. Then,we canreplaceP; by Q,, asthis compuationshaws:

d=

(Qy,—Qq) - (N; xN,) =(Q,—P;+tN;)-(N; x N,) =(Q, —P;) - (N x N,) +tN; - (N; x N,) =(Q, —P;) - (N; x N,)

sinceN, is perpedicularto N; x N.,.



