
Calculus III
Practice Problems 2: Answers

1. Find a unit vectororthogonal to thevectors V � 6I � 7J
�

K � W � � I
�

2J � 3K. Whatis thevolume of
theparallelopipeddeterminedby thesethreevectors?

Answer. First,calculate

V � W � det

��
I J K
6 � 7 1� 1 2 � 3

�� �
	 21 � 2� I � 	 � 1
�

18� J � 	 12 � 7� K
Now, the unit vector in the direction of V � W haslength � 192 � 172 � 52 � 25
 98, so the answeris U �
 731I

� 
 654I
� 
 192K. SinceU is aunit vectorperpendicular to theplaneof V andW, thevolumeis thearea

of thebase,�V � W � � 25
 98.

2. Findavectorwhichmakesanangleof 30 � with theplanedeterminedby thevectorsV � 6I � 7J
�

K � W �� I
�

2J � 3K.

Answer. Sincethe vectors V andW arethe samevectors asin the above problem, the unit normal to the
planeof thevectors V andW is thevector U found there;U � 
 731I

� 
 654I
� 
 192K.ThevectorX we seek

makesanangleof 60� with U. Thereis sucha vector in theplanedeterminedby U andV (seethefigure).
So,if M is theunit vectorin thedirection of V, wecantake X � cos60 � U �

cos30� M. First we calculate

M � V�V � � 6I � 7J
�

K� 36
�

49
�

1
� 
 647I ��
 755J

� 
 108K 

Thus

X � cos60� U �
cos30� M ��	 
 5� 	 
 731I

� 
 654I
� 
 192K � � 	 
 866� 	 
 647I ��
 755J

� 
 108K �� 
 926I ��
 327J
� 
 190K 


Of coursethereis acone(asshown in thefigure)of vectorssolvingthisproblem;wechosetheunit vectorin
theplaneof V andV � W.
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3. Finda vector normal to theplanegiven by theequation

3x � 2y
�

z � 14 




Answer. 3I � 2J
�

K.

4. Finda vector normal to theplanethroughP : 	 0 � 0 � 0��� Q : 	 1 � 0 ��� 1��� R : 	 0 � 1 � 1��

Answer. Thevectors

���
PQ � I � K � � �PR � J

�
K lie on theplane,sothevectorwe seekis

W � ���
PQ � � �PR ��	 I � K ��� 	 J � K � � I � J

�
K 


5. Find theequationof theplanethroughtheorigin which is normal to theline given parametrically by

X ��	 3I
�

2J � K � � t 	 � I
�

J
�

2K ��

Answer. The vectorL � � I

�
J
�

2K is parallelto the line, so canbe taken asthe normal to the desired
plane.Thustheequationof theplaneis � x

�
y
�

2z � 0.

6. FindV1 � 	 V2 � V3 � where

V1
� � I

�
2J

�
K 
 V2

� 2I � 2J
�

3K � V3
� I � 2K 


Answer.

V1 � 	 V2 � V3 � � det

��
V1
V2
V3

�� � det

�� � 1 2 1
2 � 2 3
1 0 � 2

�� � 12 


7. Show thatif det	 U � V � W � � �U ���V ���W � , thenthethreevectors aremutually orthogonal.

Answer. Let β betheanglebetweenU andthenormal to theplaneof V andW, andα theanglebetweenV
andW. Then � det	 U � V � W ��� � �U ���V � W � cosβ � �U ���V ���W � cosβ sinα 

If this is �U ���V ���W � , thencosβ sinα � 1, soβ � 0 andα � π  2 or β � π andα � � π  2. In bothcasesthe
threevectors mustbeorthogonal.

8. Find thesymmetricequationsof the line through thepoint (2,-1,3) which is perpendicular to thevectors
V � 2I � J

�
3K andW � I � J

�
K.

Answer. The crossproduct 	 2I � J
�

3K �!� 	 I � J
�

K � � 2I
�

J � K hasthe directionof the line. Since	 2 �"� 1 � 3� is on theline, thesymmetricequations are

x � 2
2

� y
�

1
1

� z � 3� 1



9. Findtheparametric equationsof theline throughthepoint(2,-1,3)whichis parallelto thetwo planesgiven
by theequations

3x
�

z � 4 � x � 2y
�

5z � 1 

Answer. Theline is parallelto thetwo planes,so is perpendicular to their normals. Thenormals areN 1

�
3I
�

0J
�

K � N2
� I � 2J

�
5K, soN1 � N2 is in thedirection of theline. Wefind N1 � N2

� 2I � 14J � 6K �
sotheparametric equationsof theline are:

x � 2
�

2t � y � � 1 � 14t � z � 3 � 6t 




10. Find theequationof theplanethrough thepoint (2,-1,3)which is parallelto thevectorsI � 2J
�

3K and
3I � 2J

�
K.

Answer. Thenormal to theplaneis thecrossproductof the two given vectors. This is N � 4I
�

8J
�

4K.
TakingX0

� 2I � J
�

3K, theequation is 	 X � X0 � � N � 0, whichcomesto 4x
�

8y
�

4z � 12.

11. Find thedistanceof thepoint 	 2 � 0 � 1� from theplanegivenby theequation

x � 2
3

� y
�

1
4

� z � 1
2

� 0

Answer. Representthe givenpoint by the vector X � 2I
�

K. Thepoint X 0
� 2I � J

�
K is on the given

plane,andthenormal to theplaneis N �
	 1 3� I � 	 1 4� J � 	 1 2� K. Thedistancethenis

d � � 	 X � X0 � � N ��N � � � J � 	#	 1 3� I � 	 1 4� J � 	 1 2� K �
 651
� 
 384 


12. Let L1 � L2 be two lines in threedimensions which do not intersect.There arepointsP1 � P2 on L1 � L2
respectively suchthat theline joining P1 andP2 intersectseachline at a right angle.Thesearethepointson
thetwo lineswhich areclosesttogether. Find a formula for thedistancebetweenP1 andP2, in termsof the
equationsof thelines

L1 : X � Q1
�

tN1 L2 : X � Q2
�

sN2 

Answer. Let Π be the planecontaining the line L1 andparallelto the line L2. Thenthe distancebetween
P1 andP2 is thesameasthedistanceof any point on L1 from theplane Π (seethefigurebelow). Now, the
normal to Π is N1 � N2, andQ1 is a point on L1. Thus,usingthedistanceformula,wherewe take Q2 asa
pointonL2 we get

d � � 	 Q2 � Q1 � � 	 N1 � N2 ����N1 � N2 � 
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If thegeometry isn’t clear, we canargue asfollows: Sincetheline joining P 1 andP2 is perpendicular to
L1 andL2, it hasthedirection N1 � N2. Now, thedistancefrom Q2 to P1 is theprojection of Q2 � P1 in this



direction, sois

d � � 	 Q2 � P1 � � 	 N1 � N2 �$��N1 � N2 � 

But we don’t know P1, so we can’t usethis formula. However, sinceQ1 lies on the line L1, we musthave
Q1

� P1
�

tN1. Then,we canreplaceP1 by Q1, asthis computationshows:	 Q2 � Q1 � � 	 N1 � N2 � �%	 Q2 � P1
�

tN1 � � 	 N1 � N2 � �%	 Q2 � P1 � � 	 N1 � N2 � � tN1 � 	 N1 � N2 � �%	 Q2 � P1 � � 	 N1 � N2 �
sinceN1 is perpendicularto N1 � N2.


