Calculusllli
Practice Problems 12: Answers

1. A fluid hasdensity3 andvelodty field V = 4xl + 3z) — zK. Find the flux of the fluid out of the ball
centeredatthe origin andof radius4 throudh its boundary

Answer. For a fluid with constantdensityd, the flux through a surfaceis & [ JsF-NdS. We'll usethe
divegencetheoremfirst calculating+~V = 4+3—1=6. Thus

Fqu=3//SF-NdS:3///86dV=44(67T),

sincethevolume of theball of radius4 is (4/3) 1i(4) 3.

2. Let P betheparabdic cupz = x?+ y? lying over theunit discin thexy-plane.Let F(x,y,2) =yl —xJ +K.

Calculate
// curl F-NdS.
P

Answer. Let C bethebourdaryof P: thecirclex? +y? = 1,z= 1. Then,by Stokes’theorem

//CurIF-NdS:/F-dX:/ydx—xdy-i—dz.
P C C

If we paranetrizethis circle by theequatimsx = cosf, y = sinf, z= 1, then(sincedz = 0), thisbecanes
2n
/ (—si? 6 — cos?0)d6 — —277.
0
Alternatively, we canuseGreens theoemonthediscD : x? +y? < 1,z= 1, giving

/ydx—xdy+dz= —// dxdy = —2(Area(D)) = -2,
c D

3. Evaluate [ [SF - NdS, whereF(x,y,z) = xI +yJ + zK andSis the partof the paréoloid z= 4 — x2 — y2
whichlies above thexy-plane.

Answer. To calculatethe normal to the surface ,we consideiit parametzedas
X(%y) =X +yI+ (4 =YK, X +y*<4.

Then
Xx=1-2xK, Xy=J-2yK, XyxXy=2xI+2yJ+K.

We thencalculate
F-NdS=F- (Xx x Xy)dxdy = (2x% 4 2y* + 2)dxdy = (4+ X + y?)dxdy ,

sincez=4—x%2 —y? onS. Now, we integratein polarcoordnates:

2 2 3
//F-Nd8=/ /(4+r2)rdrd9:2n(4r+Q|§:%T,
S o Jo 3 3




4. Evaluge [ fs\/mdSwhereSis thesurfacegivenparamérically by
X(s,t) =scogtl +ssintJ+tK, 0<s<50<t<m/2.
Answer. We calculate
Xs=cogl +dntd, X;=—ssintl +scostJ+K , XgxX;=sintl —costJ+sK .

Then

V14+X2+y2dS= \/1+2|Xs x X;|dsdlt = /1 +2y/1+ 2dsdt ,
n/2 5
//\/1+x2+y2d8:/ / (1+52)dsdt:%T.
S 0 0

5. Let Sbethe part of the plane2x+y+ 3z = 12 which lies in thefirst octant,orientedupward Let the
bourdary dS of SheoriertedsothatSis to its left. Giventhevecta field F = 3xI +J+yK, find [,oF - dX.

Answer. Thebourdary consistsof threelines, eachof whichwill have to have its own paranetrization. So,
it maybeeasierto useStokes’ theoem:

/ F-dX=//curIF-NdS.
aS S

Firstwe calculatecurl F = I; that'sa goad sign. But now we have to calculateNdS. Thevector2l +J + 3K
(madeof the coeficientsof thedefiningequatia) is normal to the plane,sothe unit nomalis

N AHIH3K
Vid

Now, if we write theequatia of theplaneasz = (12— 2x—y)/3, andusetheformulafor dS of a gragh, we

have
dsS= \/1+ (—%)2+ (—%)dedyz \/Tl_éldxdy.

Theplanelies overtheright triangleT with sidelengtls 6, 12. Puttingthis altogethe,

ol +J+3K /14 2
curIF-NdS://I-i—dxd = “Area(T) = 24.
//s s rdy= e

6. Let Bt bethehalf-ballB: x> +y?+ 7> < 1, z> 0. Let F(x,y,2) = xl +yJ + K. LetH bethehemisphes
bourding BT above: H : x>+ y?+ 7% = 1, z> 0. Calculatetheflux of F from B+ acrossH.

Answer. Since=F = 2, we suspecthatthe bestway to compute this is by the divergene theorem B is
bourdedby H abore, andby the discD: x2 +y? < 1, z= 0 belov. The exterior nomalto D is —K, sothe

flux outof B* through D is
//F-—dedy:// dxdy = —rt.
D D

Now we applythedivergenceheorem

//HF-NdS—k//DF-NdS=///+FdV=2V0I(B+)=%T.

Thustheflux acrosH is 411/3+ m=7m1/3.




7. LetF = x?l +y?J + ZK. Calculatetheflux of F outof thesphereS of radius 3.

Answer. Let B betheball of radius3, andusethedivergen@ theorem Since+F = 2x+ 2y + 2z,

Fqu://SF-NdS:///B(Zx+2y+22)dV:0.

The calculation is straightfoward, but we getthe resultalsoby noting thatthe region is symmetic in each
plane andtheintegrandis anoddfunction of eachvariable.Of course,sincethenormad to thespherds X /p,
we calculatethatF - N = (x3 +y® + 2%)/p is alsoanoddfunction on the spheresotheflux mustbezero.

8. Let P bethe pieceof the plane2x+y+ 3z = 12 whichlies in thefirst octant,andlet F = 3xI + J + yK.
Calculatetheflux of F through P from below.

Answer . ParanetrizeP as

X:xl+yJ+(4—§x—%y)K, 0<x<6,0<y<12—2x.

Then 2 1 2 1
XX=I—§K, Xy=J—§K, Xxxxy=§l+§J+K,
and

F-NdS=F-(Xxx Xy)dxdy = (2x+y+ %)dxdy.

We cannow computein thex andy coordnates:

6 ,12—2x 1 6 1 2
Fqu:/ / (2x+y+§)dydx:/ (24— 4 + 2(12- 292+ 4 Sx)dx = 300
0 JO 0



