Calculuslll
Practice Problems 11: Answers

1. Let C be the boundary of the triangle with vertices at (0,0), (3,0), (4,5), oriented in the counterclockwise
sense. Find | 3ydx+ 6xdy.

Answer. Green’s theorem tells us this is

// (6—3)dA = 3(Area(T)) = = |
T 2

since T has base length 3 and altitude 5.

2. Find foxy?dx+ x2ydy where C is the line from (2,3) to (5,1).

Answer. Notice that the differential has a potential function:
2,2
xy2dx+ x2ydy = d(%) .

Thus -
gy~ XY 5y _ 11
/nyzdx-i-x ydy = T|(2’3) ==

3. Let C be the boundary of the square 0 < x < 11, 0 < x < 1, traversed in the counterclockwise sense. Find
/ sin(x+y)dx+ cos(x+y)dy .
C
Answer. Let | be the integral to compute; by Green’s theorem
T m
| = / / (=sin(x+y) —cos(x+y))dydx .
o Jo

The inner integral is
(cos(x+y) —sin(x+Y)) |§ = —2C0SX+ 2sinX)

using the trig identities: cos(x+ 11) = —cosx, sin(x+ 1) = —sinx. Then

m
I :2/ (sinx—cosx)dx=4.
0

4. Let C be the boundary of the triangle with vertices (0,0), (1,0), (1,2), traversed in the counterclockwise
sense. Find [ x2dx+ xydy .

Answer. The curve is the boundary of the triangle D : 0 <x <1, 0 <y < 2x. Green’s theorem gives us

1 2 1 (952
/xzdx+xydy :/ / ydydx:/ @dx: Z
C o Jo o 2 3

5. The cycloid is the curve given parametrically in the plane by

Xx=t—sint, y=1-cost, t>0.



Find the area under one arch of the cycloid.

Answer. The arch A is bounded below by y =0, 0 < x < 21, and above by the cycloid traversed in the
direction opposite to the given parametrization. Using Green’s theorem we have

2

2n
Area:—fé ydx:/ (1—cost)(l—cost)dt:/ (1—2cost 4 cos?t)dt = 27T+ 1= 371.
A 0 0

6. A function of two variables is harmonic if
ot 0%t _
ox2 ' ogy?

Let R be a regular region in the plane with boundary C, N the exterior normal to C. Show that
74 Of -Nds=0.
fo

Answer. By the divergence theorem,

}fo-Nds://mfdA.
C

of of 0%f  9%f
=0Of —T(&I"’a_y\])— W‘Fa—yz

But
=0,

since f is harmonic.

7. Let F(X) =e¥(1 +J), and let Rbe the rectangle 0 < x < 2, —1 <y < 1. For C the boundary of R traversed

counterclockwise, Calculate
3) fF-Tds b) 7§F-Nds,
c C

where T and N are the tangent and normal to the curve C.

Answer. a). By Stokes’ theorem:

yﬁF-Tds:ﬁé‘y(dXery)=//R(ye?“/—xe?‘y)dA

1 2 2 rl
:/ /ye"ydxdy—/ / xe¥dydx .
-1Jo 0J-1

/Ozyexydx:ezy—l /_txexydy:ex—e_x,

The inner integrals are

and

1 e2 —2 2
/_l(e2y—1)dy= E—%—z, /O (& —eX)dx=+e2-2,

SO 1 3
F-Tds=-—=&®— e 2.
jé: ds 2 2°

b). By the divergence theorem, and finally, using the same computations as above, we get

F-Nds= ¢ €¥(—dx+dy)= [ [ (y&¥+xe¥)dA= 3eile2 4,
AR Ik 22



This may be a case where direct computation is easier than Green’s theorem, because the boundary consists
the four line segments C, :y= -1, C,:x=2, C5:y=1, C,: x=0. This gives us (taking into account the

endpoints of the intervals and their orientations):

2 1 0 -1
fF-TdSZ}{exy(dx-i-dy):/ e‘de+/ ezydy+/ ede—i-/ dy,
C C 0 -1 2 1

four easier integrations to perform.

8. Let F = xI +xy2J. Let C be the circle x> + y? = 1 traversed in the counterclockwise sense. Find

/F-Tds, /F-Nds
C C

where s represents arclength along the circle, T is the unit tangent vector, and N is the unit external normal

vector.
Answer. Remember that, along any curve, where s denotes arc length, we have

dX =dxl +dyJ =Tds,

so, since N is orthogonal to and to the right of T,
Nds=dyl —dxJ .

Using the parametrization of C: X(6) = cos 8l +sin6J, 0 < 6 < 27, we have
2 1 rem
/F-Tds:/xdx+xy2dy=/ (—cosBsin B+ cos?Bsin?6)dO = Z/ sin?(26)de
c c 0 0
i

L 6))d6
=35 [ @-2cosa0))de =7

Similarly
21
/F-Nds:/xdy—xyzdx:/ (cos?@ +cosBsin®0)dO = 1.
c c 0

Using Green’s theorem the calculations are a little easier. Letting D denote the unit disc:

2 pl
/F-Tds://curIF-dedy://yzdxdyz/ / r3cos?Odrde = =,
c D D o Jo 4

2m pl
/F-Nds://div FdA://(l+2xy)dA:/ / (1+r2cos@sin@)rdrdd = 1.
c D D o Jo

9. Let F =yl +2xJ. Let C be the curve y = x? from x = 0 to x = 2. Find the flux of F across C from left to

right, that is, for N the unit normal to the right along C, find

/F-Nds.
C

Answer. C has the parametrization X(x) = xI +x2J, 0 < x < 2. Thus dX = (I 4 2xJ)dx, so Nds = (2xI —

J)dx. Along the curve F = x| + 2xJ. We thus have

B 2 _X4 212 16 .
/CF-Nds_/O((sz—Zx)dx_ —X= 4=



10. Let F = x31 +y3J. Let C be the circle x2 +y? = 9 traversed in the counterclockwise sense. Find

/F-Nds.
C

where srepresents arclength along the circle, and N is the unit external normal vector.

Answer. Here , if you work directly, parametrize the circle by X = 3cos 01 + 3sin8J. Then Nds = dyl —
dxJ = 3(cosOI +sin6J)dO and, since x=3cos 8 and y = 3sin 8 along the curve:

2
/F-Nds = 34/ (cos*@ +5sin*0)d6 .
c 0

That’s an ugly integral: use a table of integrals. Alternatively, use the double angle formulae several times to
get

. 1
cos*0 +sin* 6 = §+ Zcos46 )

Then,
2 3 1
/F-Nds :34/ (= + > cos48)d6 = 3°m/2.
C o 4 4

On the other hand, the divergence theorem gives us

F-Nds = div FdA = (3% +3y%)dA,
JoFoos = [ [avran= [ |

where D is the disc X2 + y? < 9. Changing to polar coordinates:

/CF-Nds :/02"/03(3r2)rdrd9 — 3(2m)(3%) /4 == 357/2.



