Calculusllli
Practice Problems 1: Answers

1. Find thecompmentsof avecta V makinganangleof 45° with W = 2| — J.

Answer. Let a betheangleW malkeswith thehorizantal. We havetana = —1/2, soa = —26.6°. Thusthe
vectorV makesanangleof 18.4° with the horizantal, andwe cantake

V = (cos18.4°)l + (sin18.4°)J = .949 + .316J

Here’s anotfer solution. SinceW + hasthe samelengthasW andis orthogoral to W, we cantake V asthe
diagmal of therectande spannd by W andW + (seethefigure)

Thus, we take V = W + W = 3l +J. Notethatthefirst solutionis the unit vecta in the directionof
W+ Wi,
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2. Shaw thatthe diagmalsof a rhambus intersectat right andes. (A rhombus is a parallelogam with all
sidesof thesamdength)

Answer. LetV andW bethesidesof therhombus. ThediagoralsareV +W, V —W. To shav thediagmals
areorthagonal,we calculate

(V+W)-(V-W)=V-V-V-W+W.-V-W-W=|V2-|W?=0

sinceV andW have thesameéength

3. A riverferry runsata speedf 6 knots,acrossariver with a current of 2 knats. Assumethattheriver has
shoreswhich areparallelstraightlines. In whatdirectionshouldthe bage headin orderto crossthe river
perpadicularto theshores?

Answer. Theferry shouldheadupstreamat someanglea to the vettical, sothatthe resultan of the ferry
velocity V andthe streamvelacity C is directly vertical. (Seethefigure). SinceC is horizontal of magnitue
2,C=2l, andsince|V| = 6, V = —6sinal + 6cosaJ. ForV + C to be a multiple of J, we musthave
—6sina = 2,sosina = 1/3,anda = 19.47°.
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4. Find the areaof the parallelgramdetermired by thevectos V = 61 — 7J, W = 3| + 4J. Whatarethe
coordnatesof the vertex of this parallelgramfarthestfrom the origin?

Answer. Theareais |det(V,W)| =|6(4) — (—7)(3)| = 45. ThevectorV + W = 91 — 3] goesfromtheorigin
to the furthestvertex, sothatvertex hascoordnates(9,-3).

5. A planeflies at a grourd speedof 480mph The jet streamcomes from 30° north of westat 60 mph. In
whatdirectian shouldthe pilot directthe planeso asto be headimg directly east?How mary mileswill the
planecoverin 2 hous?

Answer. Let W bethevelocity vectorof thewind. Then by thefigure,we have
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Let V = al + bJ be the velocity vedor of the plane(relative to ground). The informationwe have is that
|V| = 480,andthesumV + W poirt in thedirectionof I, soits J-comporentis zero. This givestheequatim
b—30=0,sob = 30. Thena?+ 30% = 48(%, soa= 4791. Then

V =47911 +30, and V+W = (4791+30v/3)l =531J.

In two hoursthe planetravels 1062 miles.

6. LetV = 21 — 3J. FindthevectorW to theleft of V, of thesamelengthasV, andmakinganande of 60°
with V.



Answer. Recallthat,for ary vecta V, V+ is pergendicula to, andleft of V, andof the samelength. Thus,
ary vectorof theform W = cosaV +sinaV+ hasthesameengh asV andV+ andmakesanande a with
V.
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We canseethis from thefigureabove, but it alsocanbe computed:

|W|? = coga|V|>+2cosasinaV -V* +sifa|VE[2 = |V|?,

sinceV -V+ =0, and
W -V = |V[?cosa = |W||V|cosa ,

soa is theanglebetweerW andV. In ourcaseV* = 3| +2J anda = 11/3, sotheansweiis

W= cos(’—;) V+sin<7—31) vi= <2+§\/§> I+ <_3+TZ\/§> J.

7.Findabasel, M (in abasethevedorsareof lengthl andorthagonal)sothatL is ontheline y = 5x and
M is left of L. Any vecta X = xl +yJ canbewrittenin theform X = uL + vM. Find u, v asfunctionsof

X, Y.

Answer. A unitvectorontheliney = 5xisL = (I +5J)/+/26. Thus

I__I+5J _LL_—5I+J
V26’ V26
ForX =xl +yJ = uL +vM, we have
X+ 5y —5x+y
u=X-L= , V=X-M= .
V26 V26

8. Whatis thedistancebetweerthetwo parallellinesL; : x+2y=7, L, : x4+ 2y =117

Answer. LetV bethevectoronthey-axisjoining L, to L,. ThenV = 2J, andthe distancewe seekis the
lengthof the projection of V in thedirectionorthayona to thelines. Thevecta N = | + 2J is orthogonalto
thelines,thus
d V-N 4
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9. Findthedistancdrom thepoint P(3,-2) to theline L : 2x—y = 10.

Answer. SinceQ(5,0)is ontheline L, thevector PQ = 2| + J joins P to a pointin Q. Thus, the distance
sought is the lengthof the projection of PQ in thedirectionnormal to L. Thevecta N = 2| — 2] poirtsin

thisdirection. Thus
g PO-N _ (2+J)-(2-23) 1
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10. Find a poirt (x,y) ontheline 2x —y = 10 suchthatthe trianglewith vertices(0,0), (5,0, (x,y) hasarea
equalto 15. How mary suchpointsarethere?

Answer. Let P bethepoirt; sinceit is onthegiven line, y = 2x— 10. The hypothesigells usthatthe vectors
Xl + (2x—10)J and5| mustspana parallel@ramof area30. Thus

|det(xl + (2x—10)J,5I| =30 whichgivesus |(—5)(2x—10)| =30,

or, thetwo equatims 2x — 10 = 6, 2x — 10 = —6. Thusthe possiblesolutionsfor P are(8,6), (2,-6).



