
Calculus III
Practice Problems 1: Answers

1. Find thecomponentsof a vector V makinganangleof 45
�

with W � 2I � J.

Answer. Let α betheangleW makeswith thehorizontal. We have tanα � � 1
�
2, soα � � 26� 6 � . Thusthe

vectorV makesanangleof 18� 4 � with thehorizontal,andwecantake

V ��� cos18� 4��� I 	 � sin18� 4��� J � � 949I 	
� 316J

Here’s another solution.SinceW � hasthesamelengthasW andis orthogonal to W, we cantake V asthe
diagonal of therectangle spanned by W andW � (seethefigure).

Thus, we take V � W 	 W � � 3I 	 J. Note that the first solutionis the unit vector in the directionof
W 	 W � .
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2. Show that the diagonalsof a rhombus intersectat right angles. (A rhombus is a parallelogram with all
sidesof thesamelength).

Answer. Let V andW bethesidesof therhombus.ThediagonalsareV 	 W � V � W. To show thediagonals
areorthogonal,we calculate� V 	 W

��� � V � W
� � V

�
V � V

�
W 	 W

�
V � W

�
W ���V � 2 � �W � 2 � 0

sinceV andW have thesamelength.

3. A river ferry runsat a speedof 6 knots,acrossa river with a current of 2 knots. Assumethattheriverhas
shoreswhich areparallelstraightlines. In whatdirectionshouldthe barge headin orderto crossthe river
perpendicularto theshores?

Answer. The ferry shouldheadupstreamat someangleα to the vertical, so that the resultant of the ferry
velocityV andthestreamvelocity C is directlyvertical.(Seethefigure).SinceC is horizontalof magnitude
2, C � 2I, andsince �V ��� 6, V � � 6sinαI 	 6cosαJ. For V 	 C to be a multiple of J, we musthave� 6sinα � 2, sosinα � 1

�
3, andα � 19� 47

�
.
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4. Find the areaof the parallelogramdetermined by the vectors V � 6I � 7J � W � 3I 	 4J. What arethe
coordinatesof thevertex of this parallelogramfarthestfrom theorigin?

Answer. Theareais � det� V � W � ����� 6 � 4� � � � 7
� � 3� ��� 45. ThevectorV 	 W � 9I � 3J goesfrom theorigin

to thefurthestvertex, sothatvertex hascoordinates(9,-3).

5. A planeflies at a ground speedof 480mph. Thejet streamcomes from 30
�

north of westat 60 mph. In
whatdirection shouldthepilot direct theplanesoasto beheading directly east?How many mileswill the
planecover in 2 hours?
Answer. Let W bethevelocityvectorof thewind. Then, by thefigure,we have

W � 60

���
3

2
I � 1

2
J ���

Let V � aI 	 bJ be the velocity vector of the plane(relative to ground). The informationwe have is that�V ��� 480,andthesumV 	 W point in thedirectionof I, soits J-componentis zero.Thisgivestheequation
b � 30 � 0, sob � 30. Thena2 	 302 � 4802, soa � 479� 1. Then

V � 479� 1I 	 30J � and V 	 W ��� 479� 1 	 30
�

3
�
I � 531J �

In two hourstheplanetravels1062 miles.
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6. Let V � 2I � 3J. Find thevectorW to theleft of V, of thesamelengthasV, andmakinganangle of 60
�

with V.



Answer. Recallthat,for any vector V, V � is perpendicular to, andleft of V, andof thesamelength.Thus,
any vectorof theform W � cosαV 	 sinαV � hasthesamelength asV andV � andmakesanangle α with
V.
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We canseethis from thefigureabove,but it alsocanbecomputed:�W � 2 � cos2 α �V � 2 	 2cosα sinαV
�
V � 	 sin2 α �V � � 2 ���V � 2 �

sinceV
�
V � � 0, and

W
�
V ���V � 2cosα ���W ���V � cosα �

soα is theanglebetweenW andV. In ourcase,V � � 3I 	 2J andα � π
�
3, sotheansweris

W � cos � π
3  V 	 sin � π

3  V � � �
2 	 3

�
3

2
� I 	 � � 3 	 2

�
3

2
� J �

7. FindabaseL � M (in a base,thevectorsareof length1 andorthogonal)sothatL is ontheline y � 5x and
M is left of L. Any vector X � xI 	 yJ canbewritten in theform X � uL 	 vM. Find u � v asfunctionsof
x � y.

Answer. A unit vectoron theline y � 5x is L ��� I 	 5J
� � �

26. Thus

L � I 	 5J�
26

� M � L � � � 5I 	 J�
26

�
For X � xI 	 yJ � uL 	 vM, we have

u � X
�
L � x 	 5y�

26
� v � X

�
M � � 5x 	 y�

26
�

8. Whatis thedistancebetweenthetwo parallellinesL1 : x 	 2y � 7 � L2 : x 	 2y � 11?

Answer. Let V be thevectoron they-axis joining L1 to L2. ThenV � 2J, andthedistancewe seekis the
lengthof theprojection of V in thedirectionorthogonal to thelines. Thevector N � I 	 2J is orthogonalto
thelines,thus

d � V
�
N�N � � 4�

5
�



9. Find thedistancefrom thepointP(3,-2) to theline L : 2x � y � 10.

Answer. SinceQ(5,0) is on the line L, thevector
�"!
PQ � 2I 	 J joins P to a point in Q. Thus, thedistance

sought is the lengthof theprojection of
�#!
PQ in thedirectionnormal to L. Thevector N � 2I � 2J points in

this direction. Thus

d � �"!
PQ

�
N�N � � � 2I 	 J

��� � 2I � 2J
�

2
�

2
� 1�

2
�

PSfragreplacements

V C
C
V
V

W
V

V
W
α $

2 %'& 6(
$
5 % 0(

$
8 % 6(

L

10. Find a point � x � y � on theline 2x � y � 10 suchthatthetrianglewith vertices(0,0), (5,0), � x � y � hasarea
equalto 15. How many suchpointsarethere?

Answer. Let P bethepoint; sinceit is on thegiven line, y � 2x � 10. Thehypothesistells usthatthevectors
xI 	 � 2x � 10

�
J and5I mustspana parallelogramof area30. Thus� det� xI 	 � 2x � 10

�
J � 5I �)� 30 whichgivesus ��� � 5

� � 2x � 10
� ��� 30 �

or, thetwo equations2x � 10 � 6 � 2x � 10 � � 6. Thusthepossiblesolutionsfor P are(8,6), (2,-6).


