
Calculus III
Practice Exam 3, Answers

1. Findthevolumeunder theplanez � x
�

2y
�

1 over thetriangleboundedby thelinesy � 0 � x � 1 � y � 2x.

Answer. We view this asthe region lying over the triangleT andundertheplanez � x
�

2y
�

1. T is the
type1 domain 0 � x � 1 � 0 � y � 2x. Thus

Volume �����
T

zdxdy ��� 1

0 � �
2x

0 � x � 2y
�

1	 dy 
 dx �
Theinnerintegral is � 2x

0 � x � 2y
�

1	 dy � � xy
�

y2 � y 	
�� 2x
0
� 6x2 � 2x �

Thus

Volume � � 1

0 � 6x2 � 2x 	 dx � 6
3
�

1 � 3 �

2. Let R betheregion in theplaneboundedby thecurvesx � y 2, x � 3 � 2y2. Calculate

I � ���
R � y2 � x 	 dx �

Answer. This is theregionbetweentwo parabolaswith axisthex-axis. Integratefirst with respectto x along
curves y = constantfrom y2 to 3 � 2y2 . To find therange in y find thepoint of intersectionof theparabolas:
y2 � 3 � 2y2; solutionsy ��� 1. Thus

I ��� 1� 1 � �
3 � y2

y2 � y2 � x 	 dx � dy �
Theinnerintegral is

� y2x � x2

2
� �� 3 � y2

y2
� � 2y4 � 6y2 � 9

2
�

Integratingover y, we obtain

I ��� 1� 1 � � 2y4 � 6y2 � 9
2
	 dy � 2 � � 2

5
� � 2 � 9

2

 � � 29

5
�

3. Let R betheregion in thefirst quadrantboundedby thecurvesy � x andy � x 3. Whatarethecoordinates
of its centroid?

Answer. R is thetype1 region0 � x � 1 � x3 � y � x. Thus

Area � � 1

0

� x

x3
dydx � � 1

0 � x � x3 	 dx � 1
2
� 1

4
� 1

4
�

Mom � x � 0 � ��� 1

0

� x

x3
xdydx ��� 1

0 � x2 � x4 	 dx � 1
3
� 1

5
� 2

15
�

Mom � y � 0� � � 1

0

� x

x3
ydydx � � 1

0 � y
2

2
�� xx3 	 dx � 1

2
� 1

0 � x2 � x6 	 dx � 1
2 � 13 � 1

7
	 � 2

21
�

Thecentroid is at (8/15,8/21).



4. What is themassof thelaminaboundedby thecurvesy � 3x andy � 6x � x 2 wherethedensityfunction
is δ � x � y 	 � xy?

Answer. This is thetype1 region0 � x � 3 � 3x � y � 6x � x2. Thus

Mass �����
R

δdA ��� 3

0 � �
6x � x2

3x
xydy 
 dx �

Theinnerintegral is

x � 6x � x2

3x
ydy � x

2 ��� 6x � x2 	 2 � � 3x 	 2 	 � x3

2 � x2 � 12x
�

27	��
Thus

Mass � 1
2
� 3

0 � x5 � 12x4 � 27x3 	 dx � 9 � 81
2 � 16 � 4

5
� 3

4
	 � 729

2
7
60
� 42� 525

5. As � u � v 	 runs through theregion u2 � v2 � 1, thevector function

X � u � v 	 � � u2 � v2 	 I � � u2 � v2 	 J � uvK

describesa surfaceS in threespace.Write down the double integral which mustbe calculatedto find the
surfaceareaof S.

Answer.
Xu
� 2uI

�
2uJ

�
vK � Xv

� 2vI � 2vJ
�

uK �
Xu � Xv

� � 2v2 � 2u2 	 I � � 2v2 � 2u2 	 J � 4uvK �
so,whenthesmokeclearswe find �

Xu � Xv

� � 2 � 2
�
u2 � v2

� �
Thus

S � 2 � 2 ���
R

�
u2 � v2

�
dudv �

whereR is theunit disc.We now switchto polarcoordinates:u2 � v2 � r2 � cos2 θ � sin2 θ 	 � r2 cos2θ , so

S � 2 � 2 � 2π

0

� 1

0

�
cos2θ

�
r3drdθ � � 2

2
� 2π

0

�
cos2θ

�
dθ � 4 � 2 � π � 4

0
cos2θdθ �

4� 2 � 1
2
� 2
2
� 2

6. Findthevolumeof theregionboundedbelow by thesurfacez � 4x 2 � 25y2, andaboveby theplanez � 100.

Answer. This canbeviewedasthevolume of theregion betweenthesurfacesz � 100andz � 4x 2 � 25y2

which lies above theellipseE : 4x2 � 25y2 � 100:

Volume �����
E � 100 � 4x2 � 25y2 	 dxdy �

Let u � 2x � v � 5y. ThenE correspondsto thediscD : u2 � v2 � 100and100 � 4x2 � 25y2 � 100 � u2 � v2.
Sincex � u  2 � y � v  5, theJacobianof thetransformationis 1 10.Thisgivesus

Volume � ���
D

f � x � u � v 	!� y � u � v 	�	 ∂ � x � y 	∂ � u � v 	 dudv � 1
10
�"�

D � 100 � u2 � v2 	 dudv �



Now, moving to polarcoordinatesin u � v space,this becomes

1
10
� 2π

0

� 10

0 � 100 � r2 	 rdrdθ � π
5
� 100

0 � 100 � r2 	 dr � 500π �

7. Find thecentroidof theregionunder theconez 2 � x2 � y2 lying over thediscx2 � y2 � 9.

Answer. In cylindrical coordinates,this region is describeby theinequalities r � 3, 0 � z � r. Thus,

Volume � � 2π

0

� 3

0

� r

0
rdzdrdθ � 2π � 3

0
r2dr � 18π �

Becauseof thesymmetryaboutthez-axis,thecentroidlies on thez-axis.To find z̄, we calculatethemoment

Mom � z � 0 � ��� 2π

0

� 3

0

� r

0
rzdzdrdθ � 2π � 3

0

r3

2
dr � 81π

2
�

Thusz̄ � � 81π  4	# � 18π 	 � 9 8.

8. Find thevolumeinsidethehyperboloid x2 � y2 � z2 � 1, for 0 � z � 2.

Answer. In cylindrical coordinates,theregion is describedby the inequalities0 � z � 2, 0 � r � � 1
�

z2.
Thus

Volume � � 2π

0

� 2

0

� � 1$ z2

0
rdrdzdθ �

Theinnerintegral is

� � 1$ z2

0
rdr � 1

�
z2

2
so Volume � 2π � 2

0

1
�

z2

2
dz � 14π

3
�

9. Find thesurfaceareaof thepieceof theparaboloid z � x 2 � y2 lying betweentheplanes z � 0 � z � 2.

Answer. We startwith the equationdS �&% 1
�

z2
x
�

z2
ydxdy. Sincezx

� 2x � zy
� 2y, this givesus dS �'

1
�

4x2 � 4y2dxdy � � 1
�

4r2rdrdθ , wherewehaveswitchedto polar coordinatesbecauseof thecircular
symmetry. Thentheareais theintegral of dS over thediscr � � 2:

Sur f ace Area � � 2π

0

��( 2

0 � 1 � r2 	 1� 2rdrdθ � 2π � 3

1
u1� 2du � 2π

3 � 3 � 3 � 1	)�
usingthesubstitutionu � 1

�
r2.

10. Thepart R of thesphereof radius 1 centered at the origin which lies in thefirst octantis filled with a
materialwhosedensityfunction is δ � x � y � z 	 � z2 � xy. Find themassof this object.

Answer. Themassis thetriple integral over R of δdV . Switchingto sphericalcoordinates,R is describedby
theinequalities0 � θ � π  2� 0 � φ � π  2 � 0 � ρ � 1, andδ � ρ 2 � cos2 φ � sin2 φ cosθ sinθ 	 .

Mass � � π � 2
0

� π � 2
0

� 1

0 � ρ2 � cos2 φ � sin2 φ cosθ sinθ 	 ρ2sinφdφdθ �
Now, theintegral with respectto ρ is 1/5. To calculatetheintegral with respectto φ , we use

� π � 2
0

cos2 φ sinφdφ � 1
3

� π � 2
0

sin2 φdφ � 2
3
�

Thus

Mass � 1
15
� π � 2

0 � 1 � 2cosθ sinθ 	 dθ � 1
15 � π2 � 1	��


