Calculusllli
Practice Exam 3, Answers

1. Findthevolumeuncertheplanez = x+ 2y+ 1 overthetrianglebourdedby thelinesy = 0, x= 1, y= 2x.

Answer. We view this astheregion lying over thetriangle T andunderthe planez=x+2y+ 1. T is the
typeldoman 0< x< 1, 0<y<2x Thus

1 p2x
Volume://zdxdy:/ [/ (X+2y+ 1)dy]dx .
T 0 JO
Theinnerintegralis
2X
/0(x+2y+1)dy:(xy+y2+y)|(2)":6x2+2x.

Thus L 6
Volume:/ (6x2+2x)dx:§+1:3.
0

2. Let R betheregionin theplanebourdedby the curnesx = y?, x = 3— 2y?. Calculate

Iz//R(yz—x)dx.

Answer. Thisis theregion betweenwo parabdaswith axisthex-axis. Integratefirst with respecto x alorg
curvesy = constanfromy? to 3— 2y? . To find therange in y find the point of intersectiorof the parallas:
y? = 3—2y?; solutionsy = +1. Thus

1 3—y?2
I:/ [/ (V? — x)dx]dy .
—1-Jy2
Theinnerintegralis
X2 3-y2 9
-Gl = re -5
Integratingover y, we obtan

9 29

3. Let R betheregion in thefirst quadantbowndedby the curvesy = x andy = x 3. Whatarethe coordnates
of its centroid®

Answer. Risthetypelregion0< x< 1, x3 <y < x. Thus

1 px 1 1 1 1

Area_/0 /Xadydx_/O (x—x3)dx_§—Z_Z,
— = 2_ = - — - = —
Mom{)(:()}_/0 /x3 xdydx_/0 (x% —x"dx 3 E- T8

1 /x 142 1
_ — [ ax=L [ ®dx=E_H-2
Mom{y:()}_/0 /ngdydx_/0 (2|X3)dx_ 2/0 (x* —x°)dx = 2(3 7)_ 1
Thecentrad is at (8/15,821).



4. Whatis the massof the laminabourdedby the curvesy = 3x andy = 6x — x? wherethe densityfunction

is 5(x,y) = xy?

Answer. Thisis thetypelregion0< x< 3,3x <y < 6x— x2. Thus

3 pBx—x2
Ma$=// 5dA:/ [/ xydyldx .
R 0 Jax

Theinnerintegralis

6x—x2 X ) ) x3 )
x/ ydy = ~((6x—=32)% = (3%)2) = = (% — 12x+27) .
3x 2 2
Thus 13 9-81,1 4 3 729 7

5. As (u,V) runsthroudh theregion u? +v? < 1, thevecta function
X(u,v) = (U2 +V2)1 + (¥ = v?)J 4+ K
describesa surfaceS in threespace.Write down the douwble integrd which mustbe calculatedto find the
surfaceareaof S
Answer.
Xu=2ul +2uJ+ VK, Xy=2vl = 2]+ uK |
Xux Xy = (22 +20%)1 + (22 — 2u?)J — 4uvK ,

so,whenthesmole clearswe find
[Xu x Xy| = 2v2|u? = V?| .

Thus
S= 2&// I —2|dudv,
R

whereRis theunit disc. We now switchto polarcoorinates:u? — v? = r?(co€ 6 — sir? 8) = r?cos26, so
2m pl \/i 2r /4
S= 2&/ / |cos26|r3drd = 7/ |c0s26]d6 = 4&/ c0s20d0 =
o Jo 0 0

12
42.-2Y2=>
‘/_22

6. Findthevolume of theregionbound:dbelow by thesurfacez = 4x 2 + 25y?, andabove by theplanez= 100

Answer. This canbe viewed asthe volume of the region betweerthe surfacesz = 100andz = 4x? + 25y
whichlies above theellipseE : 4x? + 25y? < 10Q

Volume = / / (100— 4x2 — 25y?)dxdy .
E

Letu= 2x, v=5y. ThenE correspadsto thediscD : u?+v? < 100and100— 4x? — 25y? = 100— u? — V2.
Sincex = u/2, y = v/5, the Jacobiarof thetransformationis 1/10.Thisgivesus

Volume = //Df(x(u,v),y(u,v))zgﬁzz;dudv= 1—10//D(100—u2—v2)dudv.



Now, moving to polarcoordnatesin u,v spacethis becones

1 2m (10 T (100
= / / (100—r?)rdrd6 = = / (100— r?)dr = 500r.
10Jo Jo 5Jo

7. Find the centroidof theregionuncer theconez? = x? + y? lying overthediscx? +y? < 9.

Answer. In cylindrical coordnates this region is describeby theinequditiesr < 3,0< z<r. Thus,

2 p3 pr 3
Vqumez/ / / rdzdrd6 = 271/ r2dr = 18m.
o JoJo 0

Becausef the symmetryaboutthe z-axis, the centroidlies on the z-axis. To find z, we calculatethe moment

2m 3 pr 3r3 81T
Mom{zzo}_/o /O /0 radzdrd = 2n " Sdr = =27
Thusz= (81m/4)/(18m) = 9/8.

8. Find thevolumeinsidethe hyperbdoid x2 +y? — 22 =1,for0< z< 2.
Answer. In cylindrical coadinates theregionis describedby theinequalities0 < z< 2,0<r < vV1+ 7.

Thus
2 2 /142
Volume=/ // rdrdzdo .
0 0 JO

Theinnerintegralis

dr:T so Volume=2mr| —dz="—.

/V1+22r 1+ 27 21472 14m
0 0 2 3

9. Find the surfaceareaof the pieceof the paratloid z= x? + y? lying betweertheplanesz= 0, z= 2.

Answer. We startwith the equationdS= /1+ 2z + Zdxdy. Sincez = 2x, z = 2y, this givesus dS=

/14 4x2 + 4y2dxdy = v/1+ 4r2rdrd@, wherewe have switchedto pola coodinatesbecaseof thecircular
symmetry Thentheareais theintegrd of dSover thediscr < v/2:

2m V2 3 2
SurfaceArea=/ / (1+r2)1/2rdrd9=2n/ u2du = ?H(B\/C_’,—l),
0 0 1
usingthe substitutionu = 1+r2.

10. The partR of the sphereof radius 1 centeed at the origin which lies in the first octantis filled with a
materialwhosedensityfunction is 6(x,y,z) = z% + xy. Find themassof this object.

Answer. Themasss thetriple integrd over R of ddV. Switchingto sphericakoordnates R is descrited by
theinequalitiesd < 8 < 11/2, 0< @ < 11/2,0< p < 1,andd = p?(cos @+ sir? pcossing).

2 pm2 1
Mass:/ / / (p?(cog @+ sir? pcosd sind)p? sinpdedo .
0 0 0

Now, theintegral with respecto p is 1/5. To calculatetheintegral with respecto ¢, we use

/2 /2
/ cos psingdp = 1 / sirt pdg = 2
0 3 Jo 3

Thus
Mass= = (214 2c0s0sin0)dg = L(T 41
ass_l—S/O (1+2cosfsing) —1—5(§+).



